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Dr. J. C. Read (communicated): One of the possible appli- 
‘ions of the shunt RC damping circuit discussed in the mono- 
aph is for reducing inverse voltage overswing in extra-high- 
tage rectifiers, which results from commutation oscillations 
from hole storage effects in semi-conductor rectifiers, such 
germanium rectifiers). It may therefore be of interest to recall, 
f the sake of completeness, that the main characteristics of 
this shunt RC circuit were published in a paper of mine in 1945,+ 


*FIniay, E. ee Monograph No. 97 U, May, 1954 (see 101, Part IV, p. 266). 
j READ, J. C.: ‘High-Voltage Steel-Tank Mercury-Arc Rectifier Equipments for 
dio ee iismnitiors’, Journal I.E.E., 1945, 92, Part I, p. 453. 


§ DISCUSSION ON 
‘THE SUPPRESSION OF SWITCHING TRANSIENTS BY A SHUNT RC CIRCUIT’* 


in eqns. (8)-(12). In that paper the damping circuits were 
only a minor incident in a larger subject, so for brevity the 
derivation of the formulae was not given. The author’s 
monograph has performed a useful purpose in remedying this 
omission. 

Mr. E. A. Finlay (in reply): I wish to thank Dr. Read for 
drawing my attention to his paper, in which the conditions 
derived in the monograph for the occurrence of non-oscillatory 
transients had already been stated. I regret that no reference 
was made in the monograph to his paper, which was not known 
to me at the time the monograph was written. 


DISCUSSION ON 


4 

\: 
Mr. S. R. Deards (communicated): 1 should be interested to 
how the well-known rule relating to the physical signi- 
ce of the components of a network loop-impedance matrix 
to be attributed to Mr. Austen Stigant. The rule dates 
to MaxwellA and has since appeared in one form or another 
writings of Campbell,? Carson,© Guillemin,> Burington™ 
me," and can be found, together with the dual rule for 
- node-admittance matrix, in almost SE book on electrical 
work analysis. 


N BLL, J. C.: ‘A Treatise on Electricity and Mag- 
-netism’ (Oxford, 1892), Vol. I, 3rd edition, Chapter VI, 
_ Art. 282b. 

CampBELL, G. A.: ‘Cisoidal Oscillations’, 
the American I.E.E., 1911, 30, p. 873. 

L S, W. E., and Banks, J. H.: Monograph No. 125 S, April, 1955 (see 102 C, 


Transactions of 


103, PART C: 


“MATRIX METHODS FOR THE EVALUATION OF SIMULTANEOUS FAULTS IN 
THREE-PHASE SYSTEMS”* 


(C) Carson, J. R.: “Electric Circuit Theory and the Operational 
Calculus’ (McGraw-Hill Book Co., Inc., New York, 
1926), Chapter I. 

(D) GuILLemin, E. A.: ‘Communication Networks’ (John Wiley 
and Sons, Inc., 1931), Vol. I, Chapter IV, Art. 3. 

(E) BuRINGTON, R. S.: ‘Matrices in Electric Circuit Theory’, 
Journal of Mathematics and Physics, 1935, 14, No. 4, 
Dieses. 

(F) Bopg, H. W.: ‘Network Analysis and Feedback Amplifier 
Design’ (D. van Nostrand Co., Inc., New York, 1945), 
Chapter I. 


Messrs. W. E. Lewis and J. H. Banks (in reply): As this rule 
is of great use in matrix analysis it would be as well if further 
suggestions were made in order that an agreed name or title 
for it could be established. 
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RELATIVE DYNAMIC STABILITY OF LARGE SYNCHRONOUS GENERATORS 


By H. K. MESSERLE, M.Eng.Sc., 


(The paper was received 16th June, 1955. 


SUMMARY 


The steady-state stability limit of a synchronous machine can be 
modified considerably by controlling field excitation and prime-mover 
torque by means of regulators and governors. In the paper the effects 
of the individual alternator parameters and controller constants on the 
dynamic stability limit (i.e. the steady-state limit of a controlled 
alternator) are investigated, and optimum operating conditions for 
various types of regulator and governor are established. 

The investigation covers a general comparison of the relative 
dynamic stability of the common types of large alternator. In 
addition, the variation in dynamic stability with a change in output 
rating is discussed. 


LIST OF SYMBOLS 
(a) For Alternator. 


d : ee 
ps ae Time derivative. 


AP,,, = Variation in prime-mover output. 
AP., = Variation in alternator output. 
A6é = Variation in direct axis of alternator with respect to 
stator. 
M = Arfoll. 


Hs = Per-unit inertia constant. 
So = Frequency (50c/s throughout). 
D = System damping plus effect of damper windings. 
v = Applied field voltage. 
Yq = Equivalent field voltage = 
ip = Field current; ig = Xjyyir. 
Pgs = = Field flux; Og = X,~Dp4/X;. 
= Reactance of field winding. 
afd = Mutual reactance between field and direct-axis armature 
windings. 
Tio = Xp| Ry = open-circuit alternator field time-constant. 
Ry = Field-winding resistance. 
X= Direct-axis synchronous reactance. 
X, = Quadrature-axis synchronous reactance. 
Xj = Direct-axis transient reactance. 
= External impedance. 
bah ic iia woes es 
US x, Se ¥, 70 
T, = Period of natural mechanical vibrations of turbo- 
alternator set as determined by inertia and electrical 
restoring torque. 
v, = Terminal voltage. 
Vy = Infinite busbar voltage. 
v, = Voltage behind transient reactance. 
v4, = Direct-axis component of »,. 
v, = Quadrature-axis component of ¥,. 
i = Armature current. 
q — Direct-axis component of 7. 
= Quadrature-axis component of 7. 


X yal Ry. 


= Effective field time-constant. 


Iq 


Correspondence on Monographs is invited for consideration with a view to 
publication. 
Mr. Messerle is at the University of Sydney, New South Wales. 
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(b) For Regulator. 


7, = Exciter field time-constant. 
= Stabilizer time-constant. 
4, = Stabilizer ratio (effective). 
/so = Optimum stabilizer ratio = p,,,,, + K,. 
sin = Minimum value of uw, for which a regulator provid 
stable operation. 
= Constant. 
p’ = Amplifier gain. 
p. = Effective overall feedback gain. 


ft) = Optimum feedback gain = bmin, + 3(M@inax, — Pmin,)« 


Mmax, = Maximum stable pu for uw, = bso. 
Leming = Minimum stable pz for hy = Mos 
T, = Amplifier time-constant. 
7, = Compensator time-constant. 
/4. = Compensator ratio. 
-maxo 


s, = Optimum stability ratio = 
mino 
S, = Optimum operating condition in <p, j,> plane. 


(c) For Governor. 
r = Regulation. 

F., = Subsidiary controller transfer function. 

4, X, = Subsidiary controller constants. 
71, T2 = Governor time-constants. | 
7, = Subsidiary controller time-constant. | 
Aw = Variation in alternator speed with respect to sy 
chronous speed. 


(1) INTRODUCTION 


The steady-state stability of synchronous alternators can 
modified by controlling prime-mover torque and field volta; 
and the steady-state stability limit of a controlled alternator 
defined as the dynamic stability limit. This limit is determin] 
largely by the feedback parameters introduced by governors a} 
continuously acting regulators. Very important also are {| 
alternator characteristics, the load and the system to which {| 
alternator is connected. 

In recent years particular attention has been focused on | 
dynamic limit for leading-power-factor operation following {| 
trends in the developments in modern power systems.!>2;! 
The effects of several types of load system on the dynar 
limit of an alternator have been investigated in some rec 
publications!»2 considering the leading-power-factor region. 
particular, the improvement that can be achieved by using f/ 
continuous output-voltage regulation has been of special intere) 
The effect of some of the feedback parameters introduced | 
regulators has been discussed for a few typical machines operati| 
at unity power factor,3»4 and methods for investigating the co! 
bined effects of governors controlling the prime-mover torc| 
and regulators controlling the alternator field excitation hi! 
been investigated in a separate paper.* 

In the present paper the differences in dynamic stability 
the various types of available alternators is discussed in relat’ 
to the differences in their construction and output rating. JE 


i 
] 


lysis is based on the methods mentioned,’ using the general 
ry for synchronous machines and allowing for the effects of 
ermors and regulators. 
he effects of changing feedback and alternator parameters 
n the dynamic stability limit will be investigated, using as a first 
mple a typical 30 MW turbo-alternator. For any given type 
alternator, however, only small differences in the main 
wameters arise in practice,>»6 even with alternators from 
farious manufacturers. Thus any big variation in the para- 
meters on a per-unit basis means effectively a change in output 
ng or construction, and so the analysis of the 30 MW alternator 
ads to a comparison of the relative dynamic stability of various 
ypes of alternator for the same and for different output ratings. 
The average values of two important alternator parameters 
are plotted in Figs. 3a and 3B, which show the change in alternator- 
Id time-constant 7/,, and inertia constant H with output rating. 
ese Figures are based on data obtained from References 5 
d 6 and from various manufacturers. In general, the most 
portant parameters are: 


(@) The open-circuit alternator-field time-constant 7/,, and 
the effective field time-constant 7’,, related by the 
expression 


P AGA, 
a X xX T do 
d am e 
where X, is the external reactance between the alternator 


and the main system if the alternator is assumed to feed 
into an infinite busbar through the reactance X,. 


ig 
| _ (b) The per-unit inertia constant H, which is defined as 
_ 4%w 2 _ stored energy (joules) 


Grating (volt-amperes) 


2 H 
'? 
| 


where .% = inertia of alternator set including prime 
mover, allowance being made for rotating 
water inertia in water-wheel drives. 
@o = 27f 6, the rated speed in radians per second. 
G = rated output of alternator. 


" (c) Alternator reactances. 
Of these parameters, 7/,, and H will be investigated in detail 
the paper; in general it will be shown that an increase in 7/,, or 
eduction in H improves the stability of an alternator. The 
effect of alternator reactances has been discussed in Reference 1, 
d it is shown that the stable operating range for an alternator 
can be extended by reducing any of the alternator reactances. 
ever, in practice a small reactance requires a large frame size 
h makes the design very expensive, particularly for the higher 
atings. ‘The high reactances of very large alternators causing 
Stable operation in modern systems are often the main reason 
the use of fast and continuously acting automatic voltage- 
ators. 
For the calculations presented in the paper the author has had 
use of two automatic computers: (a) the mechanical differential 
ser of the Mathematical Instruments Section, C.S.I.R.O., 
ey, and (b) the electronic aircraft simulator of the Aero- 
tical Engineering Department, University of Sydney. 


(2) ALTERNATOR ANALYSIS 
important consideration in this investigation is the 
natical representation of the alternator. The representa- 
re is based on the analysis given in Reference 4, and the 
ons in the alternator currents and voltages are related as 
in Fig. 1. This is tne vector diagram for a synchronous 
tor, on the assumption that variations in alternator speed 
all disturbances have a negligible effect on the electrical 
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aXq 


ta 


Fig. 1.—Vector diagram relating alternator voltages and currents. 


variables. Damper windings are allowed for in the power 
equation, which is 


Mp?A8 + DpAS=AP,—AP, . . . (D 


The effects of transients and transient saliency are allowed for 
by considering the relation between field current Ai, and applied 
field voltage Av, where the symbol A always implies small 


variations in the variable concerned. Thus 
Av = R,-Aip + pAD gy . (2) 


When per-unit notation is used eqn. (2) can be changed into 


Avg = Aig + 7, PAD p, é (3) 
where Avy, = 7,,Av 
Nig = X yahis 
xX 


The magnitude of ,, is related to the other variables as shown 
in Fig. 1. A detailed derivation of these relations is given in 
Reference 4. 

Any control quantities from the regulator and governor can 
be introduced in eqns. (1) and (3). The mechanical input torque 
is controlled by the governor, and the control effect can be 
allowed for in eqn. (1) as a variation AP,,. A regulator controls 
the field voltage, which is Av,, in eqn. (3). 


DAMPING D PU. 


800 


1000 


Fig. 2.—Damping required for stability of a typical 30 MW alternator 
with speed governor under following assumed conditions. 


(a) Xa = Xy = Xa = 1°39 p.u. at 1:Op.f. and 1-0p.u. current. 

(b) Xa = X= Xa = 0:22 p.u. at 1:Op.f. and 1-0p.u. current. 

(c) Xa = Xq = 1-39, Xa = 0-22p.u. at 1-Op.f. and 1-0p.u. current. 

(d) Xq = Xq = 1°39, Xq = 0-22p.u. at 1-Op.f. and 1-3p.u. current, 
Regulation r = 1:25 % in all cases. 
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INERTIA CONSTANT H PU. 


° 20 40 60 ~+~«80 
MVA RATING 


Fig. 3A.—Variation of average inertia constant H with generator 
rating. 


(a) 1500r.p.m. | 
(6) 3000r.p.m. { 
(c) 3000r.p.m. turbo-alternators, non-condensing. 
(d) 500r.p.m. | 
(e) 100r.p.m. f 


turbo-alternators, condensing. 


water-wheel generator allowing 15% for water wheel. 


OPEN-CIRCUIT FIELD TIME=CONSTANT Tdo SEC 


100 


20 40 60 80 


MVA RATING 
Fig. 38.—Variation of average open-circuit field time-constant tj, 
with generator rating. 
(a). 1500 and 3000r.p.m. turbo-alternators. 


Se 703 ee water-wheel generators. 


The usual practice is to use a much simpler representation for 
the alternator. However, as will be seen from Fig. 2, any 
’ simplification in the machine analysis has to be considered with 
care. The curves in Fig. 2 provide the damping D required 
[see eqn. (1)] to stabilize a typical 30 MW alternator which is 
controlled by a speed governor,8 and D is plotted against 
(7; +72), the overall time delay in the governor; curve (c) has 
been computed by the use of the generalized approach given 
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above for the alternator operating at unity power factor an 
1-Op.u. current. 

Neglecting transient reactance and representing the machin 
by its synchronous reactance, the analysis becomes much simple 
This, however, leads to a considerable difference in the valu 
of D required for stabilization, as follows from curve (a) in Fig. 
when compared with curve (c). Curve (a) was computed b 
increasing X7; and making it equal to Xj. It follows that th 
general steady-state representation of an alternator can provid 
only very rough results. 

To allow for transient properties of the alternator the magn 
tudes of X, and X, are usually reduced and made equal to th 
transient reactance Xj. This assumption is used for curve (i 
(Fig. 2), and again there is a very marked difference when con 
paring this curve with curve (c). Thus it was found necessar 
to use the generalized approach for the work discussed in th 
paper. 

Another important factor is the load system into which tt 
alternator operates. In particular, if various alternators are t 
be compared they should be operating under similar condition: 
Usually, most of the larger alternators are connected to a lars 
distribution system which can be approximated by an infini 
busbar. The alternator can then be assumed to be connecte 
to an infinite busbar through an external impedance Z,. Ar 
local load or intermediate load close to the alternator termina 
can be allowed for in Z, by the use of Thevenin’s theorem 
The value of Z, is usually mainly inductive, and varies betwee 
0-2 and 0-8p.u., according to the rating of the alternator. F< 
the analysis here, an average value was taken, such that 


Z, =jX, =j0-4p.u. 
The characteristic constants of the 30 MW turbo-alternat« 


(condensing type) used as a basis of this investigation are (ant 
stated otherwise) 


H=60 7, = 650 

D=3-0 Kgs X= 1-39 | 
Tj = 1880p.u. = 5-8sec Xi = 0°22 | 
C—O | 


All quantities are in per-unit notation based on rated pow 

and voltage of the alternator. 

(3) EFFECT OF ALTERNATOR AND CONTROL FARM 
-ON DYNAMIC STABILITY LIMIT 


(3.1) Constant Prime-Mover Torque | 


(3.1.1) Variation of Regulator Constants. 


A fast continuously acting regulator controlling field exci 
tion usually: improves the dynamic stability of the alternat | 
but the actual performance depends largely upon the speed | 
response. The controlling quantity is usually the outy) 
voltage,3>4 and in that case the main purpose of a regulator isi 
keep the output voltage constant, requiring a high overall fe) 
back gain. The improvement in the steady-state stability li! 
may be of secondary importance for alternators below aby 
30MW. For bigger alternators having large reactances <¢! 
operating near unity power factor, the steady-state stability li 
can become very critical, and regulators may be necessary 
stable operation. 

A typical regulator is shown in Fig. 4. It generally cons: 
of four components,3.4 namely the exciter, the amplifier, 
stabilizer, and the error compensator. The amplifier usu: 
consists of a fast-acting amplidyne, metadyne or magn’ 
amplifier, and thus in most cases the time delay in the ampli 
stage can be neglected when compared with other cir 
components.4 


AMPLIFIER a 


KH ALTERNATOR 
fier p WINDING *eS 


EXCITER 


col PENSATOR —_ 


Fig. 4 


—A ee regulator with the transfer function 
mae UcTeP 1 + tsp 
“i (j “t = p> ivf ai + [te + ts(1 + Us)] Dp + ot 


_ The regulator in Fig. 4 is used here to show the effect of the 
feedback elements on the dynamic limit. By varying the time- 
tants and gains it is possible to determine the effect of 
rent regulators. The parameters used for the regulator, 
ess stated otherwise, are 


T, =T, = 500p.u. (approximately 1-6 sec) 
He = 7, =0 
Tz = 30p.u. (approximately 0-1 sec) 


bas shown in Figs. 54—Sp the effective feedback gains and the 
s tabilizer constants 1, for which the alternator is stable can now 


a 10 

a 

q $ 

, x 

i * / ae | 

ia) ames 
IL ae 
S) 20" 40 700 


‘ 


gs, 54.—Effect of exciter time-constant t, on stability ranges for 


voltage-regulated alternator, at unity power factor and 2:2p.u. 
. current. 
'H = 6; D = 3:03 Uo = 1-0; Xq = Xz = 1:39; Xq = 0:22; Xe = 0-4; 74, = 1880; 
' ts = 500. 
, (a) te = 500p.u. (= 1-6sec). 
a (b) <2 = 125 
(c) te = 250 p.u. 
(d) te = 1000 
10 


any) AE a 
| ie 
Mee 


Fig . 5B.—Effect of exciter time-constant t, and stabilizer time-constant 
_ Ts on stability ranges for voltage regulated alternator, at unity 

_ power factor and 2-2 p.u. current. 

6; D = 3-03 Ui = 1:0; Xa = Xy = 1:39; XQ = 0:22; Xe = 0:4; 77, = 1880. 

(a) t = 500; ts = 500 


& 
8 Te = Ts = 2000 


MESSERLE: RELATIVE DYNAMIC STABILITY OF LARGE SYNCHRONOUS GENERATORS 


237 


be determined. The load condition considered in Figs. 5A—-SD is 
a 2:2p.u. current at unity power factor, and the stability curves 
provide the stable operating regions for different values of pu 
and p,. Considering, for example, curve (a) in Fig. 54, we find 
that the operation is stable inside the curve and unstable out- 
side—i.e. for a particular value of pu, (say, 4, = 4) the alternator 
must be unstable for low feedback gains and also for high feed- 
back gains, leaving only a limited stability range for jz, which is 


16:0 < uw < 47°8 (for p, = 4) 


The feedback gain yw and the stabilizer constant pu, are chosen 
as the variable parameters in Figs. 5A—Sp since px and p., are the 
only parameters in the system, not excluding those of the 
alternator, that can be readily changed even on a completed unit. 
In addition, the diagrams provide a means of defining optimum 
operating conditions such that the designer of regulators, or the 
power-system engineer, can determine the relative performance 
and suitability of different types of regulators. 

The general design requirements for a regulator are a high 
value for 4 and a low value for u,. In practice the overall 
feedback gain may become as large as 100, whereas ju, is usually 


60 80 100 


Fig. 5c.—Effect of alternator-field time-constant t/, and inertia con- 
stant H on stability ranges for voltage-regulated alternator, at 
unity power factor and 2:2 p.u. current. 

D = 3-0; % = 1:0; Xq = Xq = 1:39; Xq = 0-22; Xe = 0-4; te = ts = 500. 

H=6. 


(a) tio = 1880 
(6) tdo = 3760 
(c) tao = 1040 H=6. 
(d) tap = 1880 
Oe a 
(f) tao = 3760 


p.u. 


2 
(i 
9} 
5p.—Effect of alternator-field time-constant tg, exciter time- 


constant t, and stabilizer time-constant Tt; on stability ranges for 
voltage-regulated alternator, at unity power factor and 2:2p.u. 


Fig. 


current. 4 

= 12; D = 3-0; % = 1:0; Xa = Xz = 1:39; X4 = 0:22; Xe =0°4 
(@) ta = 1880; t. = ts = 500 
(b) tao = 3760; te = ts = 500 


(c) tag = 7520; te = ts = 500 aa 
(d) tg = 3760; te = 1000; ts = 500 - 
(©) tyo = 3760; te = ts = 1000 


(Sf) t3o = 3760; t, = 250; ts = 500 
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kept below 10. Thus for optimum performance the stability 
curves should cover high values of the feedback gain pw at low 
values of stabilizer constant jz,, and the stability ranges therefore 
become a measure of the degree of stability for any combination 
of machine and regulator parameters. 

All stability curves in Figs. 5A and 58 apply to changes in 
regulators, and the relative dynamic stability can be determined 
by comparison. To put this comparison into a quantitative form 
it is necessary to define the optimum operating condition S, for 
a regulator. 


(3.1.1.1) Optimum Operating Conditions. 


The optimum operating point S, is determined by the shape 
and location of the stability curve and is defined by the co- 
ordinates jz, and p,,. The shapes of all stability curves are 
very similar; they all have a minimum value ,,,;, and the high- 
gain and low-gain branches are nearly parallel in most cases, 
the slopes being within the range 


du, 
0-2 6-4 
du 
The main difference in the curves lies in p4,,,;, and the distance 
between the nearly parallel branches. Hence the optimum 
operating point S, is defined by 


(2) bso = (Msmin + Ks), Where, in general, k, = 2 suffices, 
and () Ho = Bmino ate A (aes L+ming) 
where Max, = (maximum stable value of ym for 
Hs = bso) 3 
Liming = (Minimum stable value of wp for 
Ls = Mso)3 


and the stability range for u,, is determined by the stability 
ratio s, expressed by 


__ Bmax 


ming 


So 
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The choice of the optimum stabilizer constant j.,, has tt 
move S, well into the stability range to allow for some stability 
margin. In addition S, should lie between the two paralle 
branches of the stability curve since this leads to an optimun 
stability ratio s. However, u,, should be kept as low a 
possible, and this leads to a value of 2 for k, in the expressioi 
under (a). 

Once pz,, has been fixed, the choice of the optimum feedbac! 
gain yz, depends on the performance of the alternator within th 
stability range. As can be seen in Reference 4, the alternator i 
more oscillatory towards the upper end of the range, and it ha 
been found that best performance cannot be obtained when usin; 
an average value for ,, but only when po is taken as sa 
approximately one-third of the stability range from [yi,,. 

As an example, consider curve @ in Fig. 5A for which th 
optimum operating point at S,, is given by 


Piso eee 


and My = 22 


The stability range is measured by the ratio Myax,/Mmings whic 
in this case is 5, = 3-1. | 

The values of Lo» Hsos and s, will be used in the followin 
discussion when considering the effect of changing the machin 
and regulator parameters as shown in Table 1. | 


(3.1.1.2) Variation in Exciter Time-Constant 7,. 


. The change in the stability region for a variation in the excit« 
time-constant 7, is shown in Fig. 5A. It follows that an increas 
in 7, requires an increase in the stabilizer constant ,. Howeve: 
if jz, is increased as well, it becomes possible to use higher oy 
back gains, and this is very desirable. 

The change in optimum operating parameters [,, [éso and | | 
is shown in Table 1 (cases 1, 2, 3 and 4). In consequence, the 


is a considerable improvement in the optimum feedback gain 4, 


with increasing t,. However, the value of 1, increases rapid) 


Table 1 


OPTIMUM OPERATING CONDITIONS 


Alternator and regulator parameters Optimum conditions ‘ 
Aeiabce JIA tear Current mene: |; Cua 
Te Ts H a5 Uso Wo So 
p.u. p.u. p.u. p.u. 

1 1:0 Die, 125 500 6 1880 1:0 Uv 4-2 SA (b) 

2 250 500 6 1880 IRE G 13, 356 5A (c) 

3 500 500 6 1 880 OFT 22 3-1 5A (a) 

4 1000 500 6 1880 51 45 2°5 5A (d) 

5) 500 125 6 1880 953 58 1-4 B):) (d) 

6 500 250 6 1880 Bach 29 2:4 SB (c) 

7 500 1000 6 1880 2°4 20 3-8 3B (6) 

8 125 125 6 1880 0-9 6°8 5:8 SB (g) 

9 250 250 6 1880 eg NPI) 4-3 SB (Sf) 
10 1000 1000 6 1880 4-2 36 3-4 5B (e) 
1] 2.000 2000 6 1880 6°8 52 2:7 5B (A) 
12 500 500 12 1880 sho) 20 2:0 Sc (d) 
13 500 500 24 1880 55) 25 1-4 Sie! (e) 
14 500 500 6 1080 533} 27 L753 Sc (c) 
15 500 500 6 3 760 2 26 10:7 316 (b) 
16 500 500 12 3 760 1:8 16 6:2 5D (d) 
17 0:7 ilo7 250 500 6 1880 1:8 7 2h 6 (b) | 
18 500 500 6 1880 4-5 15 Le 6 (a) | 
19 1000 500 , 6 1880 8-9 30 1S 6 (c) 
20 500 500 6 3 760 2:0 12 3°8 6 (e) 


the same time, and another drawback is a decrease in the 
ility ratio s,, which implies a relative decrease in the stability 
gin. 
Thus, with an increase in 7, goes a slight improvement in the 
bility limit for high values ‘of feedback gain x and a marked 
ioration for low values. The reduction in stability for low 
ies of pz is due to the drop in speed of response of the regulator 
h increased time-constant t,, which leads to hunting of the 
ernator. The increase in stability for high feedback gain is 
e to the fact that instability for the high gains is caused by 
mance between feedback oscillations in the feedback loop 
id the natural mechanical vibrations of the alternator, which 
e determined by the alternator inertia and the electrical 
toring torque. An increase in 7, reduces the frequency of 
e feedback oscillations, and so for a larger value of 7, a larger 
yalue of x is required to produce instability. 


6G. 1.1.3) Variation in Stabilizer Time-Constant 7,. 


_ The effect of changing 7, is shown in Fig. 58 by curves (d), 
, (a), and (b), and in Table 1 as cases 5, 6, 3, and 7. An 
crease in t, considerably reduces the required stabilization 
, as long as T, <7, and the stability ratio s, improves as well. 
he optimum gain drops, but this is not very “critical because of 
| “the increase in s,. 

It therefore follows that the stability performance improves 
with an increase inz,. An increase in t, beyond the magnitude 
_ of the exciter time-constant 7, has little effect on the stability 
ange. Thus, for design purposes, the values of 7, and 7, should 
be made equal (see cases 3 and 7 in Table 1). 

The effect of altering +, and 7, together (assuming that 
=1,) is similar to that of a change i int, alone. However, oe 
Overall stability improves if both values are made equal, 

“fo llows from cases 8, 9, and 10 in Table 1. 

B For large values of 7, and rT, the required stabilization repre- 
sented by jz,, becomes large, whereas for small values of 7, andr, 
€ optimum feedback gain becomes very small. The optimum 
mdition between these two extremes arises for a magnitude of 
and 7, of the order of 500 to 1000p.u., and this means that 
€ optimum values of 7, and 7, are approximately equal to the 
ective field time-constant of the alternator, 7, = 650. It 
follows that the time-constants in the regulator should be made 
approximately equal to 7/,, for optimum conditions. 


(3.1.2) Variations in Alternator Parameters 


1.2.1) Open-Circuit Alternator Field Time-Constant 7’,,. 


_ The change in the optimum parameters due to a variation in 
follows from cases 14, 3 and 15 in Table 1, and curves (a), 
and (c) in Fig. 5c. As is shown, an increase in 7/,, con- 
erably improves the stability. For example, if 7, is doubled 
m 1880 to 3760p.u. the stability ratio is effectively trebled, 
optimum gain pz, increases from 22 to 26 and the stabilizer 
Astant z,, drops from 2-7 to 2:0. 


1.2.2) Inertia Constant ‘H. 


An increase in the inertia constant H has an adverse effect, 
follows from cases 3, 12, and 13 in Table 1 and curves (a), 
), and (e) in Fig. 5c. The effect is not so marked as for 
ges in 7’, although this difference occurs only because the 
W gain limit is hardly affected by changes in H. A change in 
ia alters only the high gain limit, since it alters the natural 
ency of the mechanical vibrations. 

n changing H and 7’,, together, as shown by curves (a) 
(f) in Fig. 5c, the upper stability limit is hardly affected 
h are increased in the same proportion. This is to be 
cted, since an increase in H increases the period of the 
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mechanical vibrations and an increase in 7’, increases the period 
of the feedback oscillations in the feedback loop. Thus the 
changes tend to counterbalance. However, the low-gain part 
of the stability curve is independent of H, as is demonstrated by 
curves (f) and (b) in Fig. 5c. For low gains, curve (f) differs 
from curve (a) and corresponds more to curve (b), and curves 
(f) and (4) apply to the same value of 7/,. 

In Fig. 5p the effect of the variations in the parameters is 
considered for a machine with twice the original per-unit inertia 
constant. It can be seen that the conclusions drawn so far 
apply here too, and they can be taken as quite general. 

In Figs. 6 and 7 some additional stability curves are plotted 


VY 
aCe 


100 


Fig. 6.—Stability-range curves similar to Fig. 5p for 30 MW turbo- 
alternator at 0-7 power factor and 1:7p.u. current. (H = 6.) 


(a) To = = 1880; te = t; = 500 


() To = 1880; te = 250; ts = 500 
(c) To = 
(d) tao = 1880; te = ts = 1000 


1880; te = 1000; | p.u 


(e) Tp = 3760; te = ts = 500 


40 60 
fe 


Fig. 7.—Stability ranges for 30 MW turbo-alternator at 0:3 power 
factor and 1-1 p.u. current as affected by changes in Ts, Te, Tyo, 


80 100 


r, U1 and 72. 
(a) ts = te = 500; to = 1880p.u. 
(b) ts = 500; te = 125; ty = 1880p.u. + no regulator. 
(c) ts = te = 500; tap = 3 760 p.u. 


(d) ts = te = 500; tg) = 1880p.u.; r = 0-025; ty = t2 = 200p.u. 
(e) t; = te = 500; Tao = 1880p.u.; r = 0:025; 1) = t2 = 0. 


for power factors of 0:7 and 0-3, and it is shown that the con- 
clusions mentioned above apply also at different power factors. 
For lower power factors the stability ranges shift somewhat into 
a lower range of ju values, as can be seen by considering cases 17 
to 20 in Table 1. For constant alternator and regulator para- 
meters, however, the optimum feedback gain, z,, does not alter 
very much even when the ‘power factor is reduced to 0:3. 


(3.2) Variable Prime-Mover Torque 
(3.2.1) Governors. 


The prime-mover torque is, in general, controlled by means 
of a governor, and the control quantity is usually the alternator 
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speed. Other control quantities are synchronous time, output 
power, and tie-line power. 

The effect of a governor on the steady-state and dynamic 
stability limits depends mainly on the governor regulation and 
overall time delay. So far as the control quantities are con- 
cerned, the most effective is the alternator speed, as will be shown. 

The simplest mathematical representation of governor per- 
formance for a steam turbine involves a second-order time-delay 
function7:8.4 relating the variations in mechanical input torque 
AP,,, to the actual control quantities as follows: 


J 1 
iN pa ( Aw + F .) 
m+ pr) + pra) \r ‘ 
1 1 
Aw + o& AP ), 
Gt pry (a, QT Xp Ab oy 
71,72 = Governor time-constants, (7, + 72) being the 
overall delay, and 
%, &2 = Constants. 


where F, = 


The transfer function for a water-turbine governor is more 
complex, but its main difference lies in the longer overall transient 
time delay required to prevent excessive shock waves in the 
penstock. 


MESSERLE: RELATIVE DYNAMIC STABILITY OF LARGE SYNCHRONOUS GENERATORS 


4 


The general effect of speed governors can be deduced fron 
Fig. 2, which shows the stabilization required for a 30MV 
turbo-alternator feeding into an infinite busbar through : 
reactance X, =0-4p.u. Curve (d) is derived for 1:°30p.u 
power at unity power factor and shows an unstable operatin, 
region for a range of overall time delay in the governor. / 
maximum amount of damping D is required when 2(7, + 7; 
is equal to the period of the natural mechanical vibrations of th 
alternator set, as should be expected. Curve (c) in the sam 
figure has been computed for a lower power output of 1:0p.u 
at unity power factor, and it follows that there is little variatio1 
in the unstable region over a wide range of power. The actua 
steady-state stability limit is at 1-35 p.u. current. 

It is interesting to note that the governor has a stabilizin; 
effect, not only for small but also for larger time-constants 
leaving an unstable region in between. This differs from pre 
viously published results, where negative damping is possibl 
only for small time delays.’ 


(3.2.3) Effect of Governor on Dynamic Stability Limit. 


The effects of various governor parameters on the dynami 
limit of the voltage-regulated alternator are shown i 


Figs. 7, 8A and 88. The optimum operating conditions of th 


Table 2 
OPTIMUM OPERATING CONDITIONS FOR GOVERNOR CONTROL AT 1:0P.F. AND 2:2P.U. CURRENT 


Alternator and governor parameters Optimum conditions ; 
ialianes patho: Curve 
r 71 72 H D Uso Lo So 
p.u p.u. 
1 ice) — —_ 6 3 HG 22 Sed 8A (d) 
2 0-025 200 200 6 3 2-0 20 3-8 8A (b) 
3) 0-050 200 200 6 3 Das 21 32, 8A (a) 
4 fo) — — 12 3 3*2 20 2-0 8A (e) 
3 0-025 200 200 12 3 2:4 igi 2:3 8A (c) 
6 0:05 50 50 6 3 2:8 28 4:5 8B (da) 
7 0-05 100 100 6 3 PID) 24 Se) 8B (e) 
8 0-05 500 500 6 5 2° 22 3-0 8B () 
9 0-05 100 50 6 3 2-6 26 41 8B (g) 
{OIA A) eo is as 6 0 27 22 2-9 8B (a) 
11 ca) — — 6 20 3-0 25 333 8B (c). FI 
| ; ] 


Governors can be designed to have time-constants as low as 
0-5sec, and for steam turbines the tendency is to make them as 
low as possible, since this improves the steady-state stability.8 
For water turbines the time delay must be at least 5sec 
(approximately 1600p.u.), and this makes water-turbine 
governors practically ineffective so far as the steady-state and 
dynamic stability limits of the alternator are concerned. 

The regulation r on steam turbines is of the order of 2-15% 
and, as has been shown,® with a lower value of r, i.e. a smaller 
speed droop, the alternator operation usually becomes more 
unstable if there is no regulator controlling the excitation. For 
a regulated alternator it is possible to improve the dynamic- 
stability ranges by reducing r if the governor time delay is low 
enough, as is shown in Section 3.2.3.1. 


(3.2.2) Effect of Governor on Steady-State Stability Limit. 


The effect of a speed governor on the steady-state stability of 
an alternator (i.e. an alternator without a continuously acting 
regulator) has been investigated in some detail.8 However, as is 
shown in Fig. 2, the simplified approaches that have béen used 
in previous publications should indicate general trends only. 


-indicated by curves (c) and (e). 


i 
regulator are affected only to a relatively small extent, as can |) 
seen in Table 2, and the limit curves hardly change for low ra 
back gains even for extreme variations. However, there a! 
changes in the dynamic limit for high feedback gains, since tl 
governor must affect the natural vibrations of the turbo-alternati_ 
if its time delay is low enough. ' 


(3.2.3.1) Regulation r. j 


A variation in the regulation r affects the dynamic limit, i 
shown in Fig, 8A. There the stability curves are computed fork 
normal governor time delay7, = 72 = 200p.u. (equal to 0-65 sec 
and, as may be seen from curves (a), (6), and (d) the changes | 
the high-gain limits are inversely proportional to the regulation) 
This conclusion applies to other alternator parameters, as | 


(3.2.3.2) Time-Constants 7, and Tp. 
In general, the dynamic stability limit for high-gain feedba’ 
increases for the following range of overall time delay: 


30p.u. < @ +7) = T, 


ig. 8A.—Stability ranges allowing for governor effects, at unity power 
factor and 2:2 p.u. current, as affected by changes in r and H. 


tio = 1880; D = 3:0: % = 1:0; Xg = Xy = 1-39; Xq = 0:22; Xe = 0°4; 
aia) 1500, 

t (a) r = 0-050; t, = t2 = 200p.u.; H = 6. 

F (6) r = 0-025; t1 = t2 = 200p.u.; H = 6. 
(c) r = 0-025; 1) = t2 = 200p.u.; H = 12. 
(d) r = 0 (mo governor); H = 6. 
(e) r = 0 (mo governor); H = 12. 
GY) r=0- 3 71 = t2 = 200p.u.; H = 6; a = 0-001. 


400 


™%,tT and D. (H=6 


(a) D= 

(6) D= no governor. 

(2) D=20 

(2) _ Di= 3: r = 0-05; 71 = t2 = 50 

@ D=3; r=0-05; 1%] = Tt. = 100 i 
(f) D = 3; r = 0:05; 7 = tT = 500 Pp 
(g) D = 3; r= 0-05; t = 100; t2 = 50 J 


which is the period of natural mechanical vibrations of turbo- 
alternator set, as appears from Fig. 8s. If the time delay 
‘imcreases beyond the period of the natural mechanical vibrations 

a reduction in the stability ranges for high stabilizer constants 
pt, follows. However, the governor effect becomes negligible as 
soon as T; +72 > 37,, as can be seen in Fig. 8B, curves (6) 


and (f). 


3.2.3.3) Subsidiary Controller Constants. 


_ Curve (f) in Fig. 84’ shows the effect of integrated speed 
control due to the factor 


ae Sxis — Ad) 


where Ad = Variation in the electrical power angle. 
Ady = Initial value. 
a, = 0-001 in this example. 
A telatively large value of «, is chosen, since, for practical 


tants (which are of the order of one-tenth of this value’), 
here is hardly any noticeable effect on the dynamic limit. 
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Despite the large value of x, only a small variation in the dynamic 
limit arises, even when assuming 7; = 0, i.e. no time delay in 
the subsidiary controller. 

The effect of electrical power control is much the same as 
that of integrated speed control, since the electrical torque 
variation is approximately proportional to A6, the variation of 
the machine power angle with respect to the infinite busbar.4 
It therefore follows that the subsidiary controls under normal 
conditions have only a very minor effect on the dynamic stability 
limit. 


OF RESULTS TO ALTERNATORS OF 
NORMAL DESIGN 

The discussion so far has been based on a 30 MW S0c/s con- 
densing type turbo-alternator, with particular reference to the 
effects of variations in the alternator and feedback parameters. 
The next step is to apply the conclusions to a comparison 
of different alternators and to find a basis for a general 
investigation. 

As follows from Section 3, the effects due to the alternator 
parameters (i.e. 7, and H) are practically independent of the 
variation in feedback parameters. This means, for example, 
that an increase in the alternator-field time-constant 7/,, con- 
siderably improves the dynamic stability for all practical regulator 
and governor combinations. Similarly, a reduction in the per- 
unit inertia H effectively improves the optimum operating 
conditions for any set of feedback parameters. Thus, knowing 
the magnitudes of H and 7, for different alternators we can 
compare their relative dynamic stability simply by making use of 
Table 1 and Figs. 34 and 3s. 


(4) APPLICATION 


(4.1) Comparison of Various Types of Alternators of the same 
Output Rating 
(4.1.1) Steam Turbo-Alternators. 

Alternators having the same output capacity are compared 
first. For example, two 30MW _ condensing-type turbo- 
alternators, one with two poles and the other with four poles, 
have the same field time-constant, as follows from Fig. 38, 
but the per-unit inertia constant is 60% higher for the slower 
machine. Considering now cases 3 and 12 in Table 1 we find a 
deterioration in the optimum operating conditions for the 4-pole 
alternator. The optimum feedback gain ju, and the optimum 
stabilizer constant p,, do not alter noticeably, although the 
stability ratio s, drops by about 40%, thus reducing the stability 
margin considerably. 

When comparing a 2-pole non-condensing type of turbo- 
alternator with the 2-pole 30 MW condensing type, we find the 
inertia to be nearly 40% lower, whereas the time-constants are 
the same. It follows that the stability ratio should improve in 
the non-condensing alternator. The improvement applies to the 
high-gain limit only, since only A varies (see Fig. Sc). 

The conclusions drawn for 30 MW alternators apply also if 
alternators of higher or lower ratings are compared. 


(4.1.2) Water-Wheel Generators. 


For water-wheel generators both H and 7, vary with speed. 
Considering, for example, a 30 MW 500r.p.m. alternator and 
comparing it with a 100r.p.m. alternator, we find that there is a 
drop of 25% in H and of 40% in 7’, for the low-speed machine. 
The decrease in H hardly affects w, and p,,, but increases the 
stability ratio by about 10%. However, the reduction in the 
time-constant reduces the stability ratio by about 20% and 
raises p,, by 40%. It follows that the optimum operating con- 
ditions deteriorate for the lower-speed generators, and this 
applies to any output rating. 
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Comparing the water-wheel generators with a 3000r.p.m. 
condensing-type turbo-alternator, we find that fast water-wheel 
generators are much more stable. Low-speed (100r.p.m.) 
generators, however, provide a lower stability for ratings above 
approximately 30 MW. 


(4.2) Comparison of Alternators of Different Output Rating 


(4.2.1) Steam Turbo-Alternators. 


In general, an increase in output capacity means a reduction 
in H and an increase in 7/,, for a steam turbo-alternator. For 
example, when doubling the capacity of a condensing-type 2-pole 
generator from 30 to 60 MW we find that there is an increase of 
25% int’, and a drop of 25% in H. These changes improve the 
stability markedly on a per-unit basis. The decrease in H affects 
only s,, and increases it by roughly 10%. The increase in 7/,, 
increases 5s, by at least another 70% and improves j, and p,, 
as well. This means that the stability ranges are nearly doubled 
by the doubling of the output rating, and it follows, for example, 
that one single generator should provide much more stable 
operating conditions than a combination of two units of half 
the rating. 

For other types of steam turbo-alternators similar improve- 
ments in the stability conditions arise with an increase in rating. 


(4.2.2) Water-Wheel Generators. 


For water-wheel generators the stability does not improve as 
markedly as for the steam turbo-alternator, since here the inertia 
constant # increases slightly with output rating. However, the 
relative increase in 7’, is much greater, overriding the effects 
of H. Hence there is still a considerable overall increase in the 
dynamic stability ranges. 


(5) CONCLUSION 


The operation of an alternator under dynamic conditions is 
better for machines with lower per-unit inertia constant and 
larger field time-constant. This means that the relative dynamic 
stability of alternators can be determined by considering the 
magnitude of these two parameters if the alternator impedances 
do not vary. 
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Changes in alternator impedances also affect the dynamié 
stability limit and have to be allowed for in any genera! 
investigation. 

When particular alternators are compared their relative 
dynamic stability can be deduced from Table 1 and Figs. 5A—Sp. 
In general, it can be said that higher speed improves stability. 
In addition, the stability ranges improve considerably with an 
increase in output rating if they are compared on a per-unit basis. 
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SUMMARY 


Measurement has been made of the spectral intensity of the harmonic 
| zones which exist at the output of a non-linear device fed by narrow- 
| band noise and an unmodulated carrier. The spectral shape, the 
| maximum spectral intensity, and the carrier component in each of the 
h first six harmonic zones (/=0... 5) have been determined both 
: theoretically and experimentally for a half-wave vth-law rectifier with 
y = 1/2, 1 and 2, for a wide range of input carrier/noise ratios. 
| The measuring equipment is discussed in the paper, the theoretical 
: and experimental results are compared, and a number of computed 
_ Tesults of practical interest are presented. 


ae LIST OF PRINCIPAL SYMBOLS 
‘ _ I= Current through detector load, amp. 
[ } V = Voltage at detector input, volts. 
' 8 = Detector dynamic transconductance, amp/volts’. 
v = Law of detector. 
‘ Jo = Frequency of input carrier, c/s. 
nA 1 = Order of harmonic zone. 
__ (7) = Correlation function of input noise voltage to detector. 
_ R(z) = Correlation function of detector load current. 
- p = Input carrier/noise power ratio. 
Ay = Amplitude of input carrier, volts. 
_ Q = Q-factor of narrow-band filter. 
__ W(f) = Intensity spectrum of detector output current (watts per 
cycle in a 1-ohm load resistor). 
W)(f) = Intensity spectrum of the /th zone. 
K, = Intensity of the carrier component in zone /. 
= Ratio of carrier component power to noise power in 
4 zone I. 
f w, = Angular cut-off frequency of filter F,. 


, (1) INTRODUCTION 


One of the more important phases of communication theory is 
the problem of the optimum extraction of signals from noise. 
_ Since most communication systems involve the use of some non- 
' linear Operation such as mixing or detection, and since the 
dynamic characteristic of the non-linear device provides a para- 
_ meter in the optimization problem, the importance of a theory 
"dealing with the passage of signals and noise through non-linear 
elements i is apparent. 
Techniques have been developed!>2,3.4 which are adequate for 
the solution of many non-linear problems of practical interest. 
~The analytical results are all based on certain simplifying assump- 
ms which make possible a tractable mathematical description 
the noise in these non-linear elements. A characteristic 
ature of the theory for those mathematical models which ade- 
ately represent physical situations of importance is the com- 
exity of some of the expressions for the output statistics. 
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Moreover, for some special cases of the general theory no way 
has been found to express the solution in computable form. The 
preceding remarks point to the need for an experimental approach 
to these problems on three closely related grounds. First, it is 
important to investigate experimentally a number of computable 
cases of the general theory in order to determine the adequacy 
of the assumptions used in the mathematical models. Secondly, 
by comparing these theoretical and experimental results we can 
establish the conditions under which the experimental results can 
be relied upon when problems lying beyond a possible analytical 
solution are investigated. Finally, actual results can be obtained 
experimentally for cases in which computation is difficult or 
impossible. 

A number of experimental studies have been made>>®7 which 
testify to the adequacy of the mathematical models in special 
instances. One particular case of the general theory has recently 
been investigated experimentally by Raymond and McLucas,® 
indicating good qualitative agreement of theory with experiment. 
The purpose of the present study has been to investigate in more 
precise and extended fashion the problem examined by Raymond 
and McLucas, and to consider a number of more general cases in 
an effort to satisfy the three general objectives outlined above. 

A half-wave vth-law rectifier is defined by the characteristic 

| OV ray SO 
as v>0 
On 0) 

where V is the applied voltage, J is the output current, and 6 is a 
(dynamic) transconductance. The determination of the intensity 
spectrum at the output of a vth-law rectifier fed by a carrier and 
narrow-band noise is a problem of practical importance, since 
the output of a well-tuned r.f. section or i.f. strip consists of 
narrow-band noise centred about the carrier frequency, and since 
the most commonly encountered detectors in a.m. communication 
systems are the half-wave linear (v = 1) and the half-wave 
quadratic (v = 2) elements. 

The intensity spectrum at the output of a vth-law rectifier 
consists of zones centred about harmonics of the central frequency 
of the input spectrum, as shown in Fig. 1. The Lf. and first-order 
zones are usually of greatest practical importance and have been 
carefully studied.9»19 In this paper, the properties of the first 
six spectral zones are discussed for v = 1/2, 1 and 2, and for a 
wide range of input carrier/noise ratios. It is believed that the 
higher-order zones have not previously been investigated with this 
generality. 


(2) THEORETICAL REMARKS 

The correlation function of the output of a non-linear device 
is, in general, most easily obtained by the characteristic-function 
methods used by Rice and others.23 In this Section results are 
presented which have been obtained by applying this technique 
to the problem of half-wave rectification of narrow-band noise 
and an unmodulated carrier. 

It is assumed that the nargow-band noise belongs to a 
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stationary, normal random process and is centred about a 
frequency fp. The carrier component Ao cos 27fot and the noise 
are assumed to be statistically unrelated. The correlation func- 
tion of the narrow-band noise can be expressed in the form 


(7) = or(r) = wro(7) cos woT . (1) 


where r(z) is the normalized correlation function, and ro(7) is 
the normalized correlation function of the slowly-varying part of 
the narrow-band noise. The input carrier/noise power ratio p 
is then given by p = A2/2y). 

Because of the zonal nature of the spectrum at the output of 
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> 
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Fig. 1.—Typical intensity spectra at input and output of a non-linear 
element. 


the non-linear device (cf. Fig. 1), the output correlation function 
can be expressed as 


oe) 
R(t) = ay? (2) 
where R,(7) is the correlation function of the harmonic zone 
located about the frequency /f, and the integer / indicates the 
order of the output zone. 

For the case of half-wave vth-law rectification of the inputs 
discussed above, solution by the characteristic-function method 
yields the result that* ‘ 

o 


R,(7) = COS lagt SS [Bim—) ah Bn+i ive 5°)] 


m=0 


(3) 


where 59 is the familiar Kronecker delta, and 


Egret + Dpmpy 8 '7o(r)22* eh Fe ys me Lp) 


Pal = Aly? aia + (a) — 9) 


q=0 


(4) 


Here « represents either m+/ or m—JI, and y = (|| + 2 
—v-+m)/2. The quantity «,, is defined by ¢)9 = 1 and e,, = 2 
for m > 1, and ,F, is the confluent hypergeometric function."! 

The narrow-band filter in the experimental equipment is shown 
in Fig. 2. For this circuit, a good approximation for sufficiently 
high Q-factor is given by 


ro(7) = exp (— wo|7|/2Q); Q? = R2C/L (5) 
Substituting eqn. (5) in eqn. (4), we now employ the well-known 


Wiener—Khintchine theorem!2>!3 to obtain the output intensity 
spectrum W(f): 


ao 


mp4 | R(1) cos wrdr = y s| R(t) cos wrdr = x Wf) 
1=0 , 1=0 o 


aie 
* Egns. (3) and (4) are the results obtained by Middleton (Reference 3, Section 3), 
except that the term By», +1 in eqn. (3) was inadvertently omitted in the earlier paper. 
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Fig. 2.—Narrow-band filter. 


The d.c. level and the carrier components in the output spec- 
trum appear as delta functions, and we may formally separate 
these components by writing 


WAL) = WiDeon + kU ie). scene 


so that the final expressions for the output zonal intensity spectra 
can now be written to a good approximation for sufficiently high 
Q-factors as : 


Wi Deon = + 89) 3 ns > Din 1) +0 — 9 3 Pus 


=0; 

=1; m= | 

(8) 

where | 
ae OB2T2 + 1)Yb(la| + 24) Fy; m + 1; —p) 

iat Peoog hq + Jol) T2C = y)[ ee] +24)? + 407%] eq — D? 

(9) 

mikes ae B2L 2 + Lybrp! F2[U — v)/2;1+ 1; —p] (10 


nHlyepyl — C— v2] oi | 


The total zonal intensity in the continuum is found by computing 
[R,(O) — R,(co)] from eqn. (3). In Fig. 3 this quantity is show1 


[R, O=R, (>)] /8 74") 


Fig. 3.—Calculated total zonal intensity in the continuum as a functio| 
of ». . i 


as a function of the detector law v, with p as parameter. Tt! 
carrier component K; in each zone is shown in Fig, 4.* 

We may define an output carrier/noise ratio p, for each zor 
by the ratio K,/[R,(0) — R,(co)]. The computed results sho’ 


* The spectral shape [from eqn. (8)], the total intensity of the continuum, and t 
carrier component K7 have been computed for y = 1/2, 1 and 2. For each y, t 
first six spectral zones have been determined over a wide range of input carrier/no: 
ratio (p = 0; 0-1;0:25; 0-5; 1; 2;4;10). These computed results appear in Figs. ‘ 
to 3.25 of Reference 14. 


20:5) 1 


aeOoral CORR) 
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g. 4.—Calculated carrier components in the zones as a function of y. 


that p; is very nearly independent of v, and that the empirical 
tionship 
logy Py = log,9 p — 0-701 — 1) (11) 


ds well for all zones computed, with the exception of J] = 0. 
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(3) EXPERIMENTAL PROCEDURES 


A block diagram of the equipment used to measure W,(f) is 
shown in Fig. 5. An amplified shot-noise generator provides 
Gaussian noise with a spectrum flat to 2Mc/s. The noise output 
of a narrow-band filter centred about 200kc/s, and with a 
Q-factor of 25 is linearly added to a 200kc/s carrier and sent to 
non-linear device. An input carrier/noise ratio of unity is 
en obtained by adjustment of the carrier amplitude to give 
the same reading on a thermal meter as is given by the narrow- 
dnoise. Other carrier/noise ratios follow by an appropriate 
ting of a calibrated attenuator in the carrier source. For the 
idy of all zones except the low-frequency zone, the output of 
e non-linear device is sent through a high-pass filter which 
iminates all zones lower in frequency than the one being 
sured.. Sufficient amplification is provided to maintain the 
n.s. voltage into the balanced modulator nearly constant for 
zones. The latter two operations are made necessary by the 
apid decrease in zonal power with the order, /, of the zone. The 
vept beat-frequency oscillator (b.f.o.) provides an output which 
slowly from a frequency (/ ++ 0-2) fp to a frequency /fp. The 
t of this unit is applied to the balanced modulator, which is 
ted to yield an output spectrum consisting of the input 
shifted downward by an amount equal to the swept 
frequency. Since the balanced modulator output is passed 
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through a very sharp cut-off low-pass filter (90 dB/octave) with a 
cut-off frequency of only 0-002 Sfp, the intensity at the output of 
this filter as a function of scan time is just the intensity spectrum 
of the zone under investigation. 

The low-frequency zone is handled in the same way, except 
that it is first modulated upward in frequency in the auxiliary 
balanced-modulator, so that it has the spectral appearance of one 
of the higher-order zones. 

The intensity at the output of the low-pass filter is measured 
by applying the output voltage of this filter to an analogue 
squarer.* The squarer output is then smoothed and sent to a 
recorder such as the Sanborn Model 127. 

The only block requiring special attention here is the non-linear 
device. This unit consists of a diode function-generator,} con- 
taining two banks of four parallel linear-detectors each. The 
gain C, and the bias b, of each of the eight detectors are inde- 
pendently adjustable. By adding the voltage outputs of the two 
banks, half-wave characteristics with positive curvature can be 
synthesized as shown in Fig. 6(a). If the voltage output of the 
bank containing detectors 5—8 is subtracted from the output of 
the bank containing detectors 14, half-wave characteristics with 
negative curvature can be formed as shown in Fig. 6(6). The 
photographs (from an oscillographic presentation of these charac- 
teristics) are examples of the accuracy obtainable with this circuit 
in each mode of operation. 

The design parameters of the total system were selected to 
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Fig. 5.—Block diagram of experimental equipment. 


vel/2 


Fig. 6.—Typical synthesis of non-linear characteristics. 


(a) v=3. (6) v=4. 


maintain the sum of the.statistical and system errors at less than 
2%, relative to the maximum intensity in a given zone. The 
output of any averaging device which acts upon a random time 


* The squarer used here is a modification of a multiplier originally developed by 
Dr. Peter Elias (Cruft Laboratory, Harvard), and used by Johnson (see Reference 7). 

+ Diode function-generators have found wide application as non-linear elements in 
analogue computers. A general discussion of these devices appears in Reference 15, 
along with the specific details of the unit mentioned here. 
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series for a finite time will fluctuate about the average value. 
The ratio of the r.m.s. fluctuation to the average value of the 
wave is termed the statistical error. In measuring the average 
intensity in a random wave which has a spectrum extending from 
direct current to an angular frequency w,, it has been shown!é 
that the statistical error is a function of w,, the averaging time T, 
and the time-constant of the averaging device. However, if the 
averaging time exceeds the time-constant of the averaging device 
(as is usually the case), the statistical error approaches a minimum 
independent of 7. As applied here, the averaging element is a 
low-pass RC filter and w, is the angular cut-off frequency of 
filter F,. For this case the minimum statistical error is approxi- 
mately equal to (RCw,)~ 1/2. An increase in the time-constant 
RC to reduce the statistical error results in an increase in the 
scanning error, which arises from the fact that a non-zero rate of 
sweep introduces filter transient errors in the subsequent measure- 
ments. Similarly, an increase in w, results in the increase of 
another system error, since the intensity at the output of filter F, 
is proportional to 


f+opr/2n 
Wit df’ 


‘f—wpl2n 


Pp — 0-25: 


0-10 0:04 0-02 0 

Fig. 7.—Measured intensity spectrum of zone / = 1, after half-wave 
square-law (vy = 2): detection of narrow-band noise plus an 
unmodulated carrier. a 


Theoretical points normalized to agree with experimental value at (w/o — 1) = 0-01. 
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» 4 
and this quantity approximates to W,(f) only if w, is very small 
compared to the spectral width of the zone under investigation, 
All these errors can be made sufficiently small either by increasing 
the centre frequency fp of the input noise or by increasing the 
scan time. The latter alternative, however, puts a strain on 
system stability. By setting the scan time at a reasonable 
maximum of 10min, we obtain a total relative error of less than 
2% by increasing the frequency fy to 200kc/s and choosing a 
value for w, of 3600rad/sec. Representative sets of experi- 
mentally obtained spectra are shown in Figs. 7 (v = 2; / = 1), 
8@~ = 1;/=4) and 9. ~ —43)7= 20): 

The zonal intensity spectra can be completely specified by 
measuring the spectral shape, the intensity of the carrier com- 
ponent, and either the maximum intensity or the total intensity 
in the continuum. The latter has the advantage of a simpler 
interpretation of results, but the measurement of the maximum 
zonal intensity can be accomplished with very little additional 
equipment over that required for measurement of the spectral 
distribution. The zonal intensity measurements were carried 
out, in fact, by simply sending the output of filter F, to a carefully 


0:04 0 


0-20 0-08 


Fig. 8.—Measured intensity spectrum of zone / = 4, after half-way 
linear (vy = 1) detection of narrow-band noise plus an unmo dulate: 
carrier. 

Theoretical points normalized to agree with experimental value at (w/@o — 4) = 0-01 
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ated thermal meter and by adjusting the b.f.o. to two 
essive fixed frequencies for each zone, as discussed below. 
f we designate the b.f.o. output frequency by f, and let 
= f — f,, the mean-square voltage v3 at the output of filter F, 
y be written as a function of f, in the form 


AA) = | PRED AW fetaf OO 1. 0's (12) 


== 3) 
i 


ere G is the product of the gains of the zonal filter, the con- 
sion gain of the balanced modulator, and the pass-band gain 
filter F,. A (f’) is the relative transfer function of filter F,, 
a value of unity in the pass band, and H(f’) equals H(—f’). 
ce W,(f, +f’) is nearly constant for values of f’ for which 
(f’) is different from zero, and since we may express W,(f) as 
(Peon + K,8(f — Ifo); we may write 


= CWi(Aeon | [ACP |p’ 


+ CK, | OF hh —YOlAf af» (3) 


— oo 


= 025 
0-5 


1-0 


2-0 


So 0-08 0-06 0-04 0-02 0 
. 9.—Measured intensity spectrum of zone / = 0, after half-wave 
detection (vy = 1/2) of narrow-band noise plus an unmodulated 
carrier. 


etical points normalized to agree with experimental value at («/ao) = 0-01. 


" necessary that the constants Q, 8, wo, % 
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The integral of | H(f’)|? has been carefully determined by graphical 
integration to be 1240 for the system in use here. Because of 
the extremely sharp cut-off characteristic of filter F, beyond the 
frequency 0-002 5f, very little error is introduced by writing 


03(fo) = 1240G2Wi(Lfo)conr + G2K; (14) 
and 
[UT + 0-01)f] = 1240G2W,[(1 + 0-01)folcont 
= 12407G2W, (fo) cont (15) 


Here 7 is the theoretically determined ratio 


W, Id #20 OV folconil Wi fo)cont 


In the absence of theoretical data, 7 can easily be obtained by 
extrapolating the experimental spectral curves (Figs. 7, 8 or 9, 
for example). 

Our object here is to obtain absolute measurements in the sense 
that no normalization is needed for the comparison of the 
experimental and theoretical results. Since the theoretical results 
are expressed in terms of the quantity W,(f)w /Q6s, it appears 
and G must be accurately 
determined. We are able to eliminate this step, however, by the 
following technique: Consider the output of filter F, when the 
non-linear device is converted to a linear amplifier with gain , 
and is fed by noise alone. In the usual fashion, by linear circuit 
theory, it can be shown that 


4 x 124062B%O 


Wo 


BSo)tin = 


(16) 
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Fig. 10.—Measured peak zonal spectral intensity in the continuum as 
a function of the carrier/noise ratio p at the input to a half-wave 
linear (vy = 1) detector. 
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where the subscript /in labels this particular measurement. Next, 


we return to eqns. (14) and (15), and use eqn. (16) to write 


— gp AU + 0-01) fo] 


W,(lfo)eont ae (17) 
sas OP yb P2(fo)tin 
4x 1240 ¢— Ze 
aay Bf) — nez[(1-+ 0-01 “as 
meee ime gael «9 CELT 


It is understood that all the constants listed above are left 
unchanged during all measurements, including that of O3So)iin: 
Examples of the results obtained by this technique are shown in 
Figs. 10 and 11 for the case v = 1. 


-coo =10 =16. =—3 3 6 
Ps dB (pe I--Ode) 


Fig. 11.—Measured carrier components in the output of a half-wave 
linear (vy = 1) detector as a function of the input carrier/noise 
ratio p. 


(4) RESULTS* AND CONCLUSIONS 


In Figs. 7, 8 and 9, theoretical points have been plotted on the 
recordings of spectral shape, after normalization at the point 
(w/w o — 1) =0-01. The relative error never exceeds 2% for 
these sample recordings, but tends to increase slightly for the 
higher-order zones. Theoretical curves are also plotted on 
Figs. 10 and 11 for comparison with the zonal intensity measure- 
ments. Although the results cover a range of about 60dB, at 
only one or two points does the discrepancy between theory and 
experiment exceed 2dB. Measurements for the case of v = 1 
proved to be the most accurate because of the relative ease in 
setting up the non-linear device for this case. The results for 
v =4 and 2 are only slightly inferior, however, with an error 
seldom greater than 3dB, and then only for the higher-order 
zones. In all cases, the error in the measurement of a given zone 
is in the same direction for all values of p, resulting in the pre- 
servation of the “shape”’ of the curves. 

In an attempt to account for the small errors mentioned above, 
data on spectral shape and zonal intensity were obtained as a 
function of the detector bias. It was found that a very small 


* The complete set of spectra shape and intensity measurements for y = 4p, 1 and 
2 appears in Reference 15, Section 5, Figs. 5.1 to 5.21. 
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error in the bias setting could easily cause the observed errors ig 
both spectral shape and intensity. 

In general, the agreement of theory with experiment appears tc 
warrant a high degree of confidence in those portions of thi 
general theory which have been studied here experimentally, Ir 
addition, the experimental conditions have been establishec 
which will permit investigation of a number of other special case: 
of interest with known experimental accuracy. 
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SUMMARY 

‘The magnetic field in the neighbourhood of coils threaded through 
holes in iron cylinders is calculated. The results are relevant to the 
stimation of the self-inductance of rotating machines and trans- 
s and form the basis for an examination of the soundness of 
ipproximate formulae used in the design of such apparatus. 


orme 


(1) INTRODUCTION 


_ In many electrical devices it is important to be able to estimate 
he inductance of current-carrying coils, which are threaded 
through holes in iron. The problem arises with different types 
of rotating machines and also with static devices such as trans- 
formers and reactors. As a result there is a great deal of design 
experience, and approximate formulae are used successfully 
wery day. In spite of this success, however, it may be of con- 
siderable interest to examine in the light of magnetic theory some 
the assumptions that underlie the formulae that are used. 
is the object of the paper. Since, in general, exact solutions 
ie examples of iron-cored coils are impossible to 
ain, at least without immense mathematical labour, we shall 
nine certain idealized cases. Three simplifying restrictions 
vill be employed. First, we shall restrict ourselves to two- 
jimensional solutions. If, for instance, the problem is thought 
of as that of a rotating machine, this means that the effects of 
the end-connections will be ignored. Secondly we shall deal 
only with coils carrying steady currents. The solutions obtained 
will, however, apply substantially to alternating currents at 
power frequencies, i.e. to the problems referred to as ‘‘quasi- 
steady-state’ in the textbooks. Eddy-current and hysteresis 

fects are outside the scope of the paper. Thirdly we shall deal 
with iron cores that are circular cylinders. 


THE MAGNETIC FIELD OF CERTAIN SIMPLE COILS 
[READED THROUGH HOLES IN AN IRON CYLINDER 


(2.1) Single-Turn Coil inside Iron Cylinder 


he problem is illustrated by Fig. 1, from which it will be seen 
hat the iron cylinder has radius R and that the coil is threaded 
u rough small holes at a distance c from the axis of the cylinder. 
If it were desired to find the self-inductance of this coil, the 
lerage magnetic force around a path such as is shown by the 
d line in the Figure might be calculated. It is then tempting 
ume that this force is more or less constant between the 
Inductors, and this presents a quick way of estimating the flux 
aked and hence the self-inductance. Such a procedure would, 
‘course, never be employed for the calculation of the inductance 
a single-turn coil in the absence of iron, because it is well 
that the magnetic force varies considerably with the 
ice from the conductors. The question therefore arises as 
at is the action of the iron on the magnetic field between the 
tors. If this action causes the magnetic field to be more 
arly uniform between the conductors, the approximate method 
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Fig. 1.—Single-turn coil threaded through small holes inside a solid 
iron cylinder. 


outlined above can be justified. If not, the approximate method 
will give incorrect results. 

The iron alters the magnetic field, because it will itself be 
magnetized by the coil. More explicitly, polarity will be induced 
on the surface of the iron, as shown in Fig. 2. 

The amount and distribution of this polarity have been 


Fig. 2.—Surface polarity induced on an iron cylinder. 


calculated in Section 8, and they are found to be almost inde- 
pendent of the permeability of the iron. This remarkable fact 
enables results to be estimated with considerable accuracy for 
iron of very varying quality and in different states of saturation. 
The reason for this is that the permeability jz enters into the 
expressions for surface polarity only in the ratio (u — 1)/(% + 1) 
and this is always close to unity and therefore independent of p. 
Consider then the magnetic field between the conductors on 
the diameter passing through them. It is given at a distance r 
from the centre of the cylinder (see Section 8.5.1) by the expression 
Chwer- yer 
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The first infinite series gives the field due to the currents and 
the second that due to the surface polarity on the cylinder. 
Consider now some typical values of the ratio c/R, i.e. of the 
position of the conductors in the cylinder. 

If c/R = 1/2 then 
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The second series converges very rapidly and it is sufficient to 
take account of the first term, which is the contribution of the 
fundamental (sin @) term of the surface polarity [see eqn. (21)]. 
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Fig. 3 shows a graph of this field, and it will be seen that the 
action of the iron by no means results in a constant magnetic 
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Fig. 3.—Field-form curve of a single-turn coil inside an iron cylinder. 


force, rather does this action increase the variation of this force. 
Thus a method of estimating the inductance which assumes 
constant magnetic force is wrong in principle. The inductance 
of this coil is practically the same as if it were immersed in an 
infinite mass of iron. The correct procedure for estimating the 
inductance is first the calculation of the magnetic force in the 
absence of iron, then the calculation of flux density by means of 
the relevant B/H curve. Thence the flux and the inductance 
can be found. 

If c/R — 1, i.e. if the coil is threaded through holes in the iron 
very close to the surface of the cylinder, the magnetic field 
between the conductors is given as before by 
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This is a very surprising result. The surface polarity in the 
previous case of c/R = 1/2 hardly affected the field distribution, 
whereas in this case it seems to have entirely cancelled out the 
magnetic field of the coil. It is desirable to investigate this a 
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little closer to see whether the field is actually. zero or whether' 
it is only approximately so. It must be remembered that 
the expression for Hy is derived on the assumption that 
(wu — 1)/(u + 1) = 1 for the iron. Without this assumption the 
expression for the magnetic field becomes 
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Thus the magnetic force has been reduced to 2/ times the value 


it would have in the absence of the iron. 
Consider now the flux density Bo 


Therefore 
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Thus the flux density has been doubled by the effect of the iron, 
and we have arrived at the interesting and useful conclusion that: 
the presence of the iron cylinder will effectively double the self- 
inductance of such a coil. 
In the paper we are concerned chiefly with coils threaded. 
through holes in iron, but for completeness it is desirable to 
include the case of a coil placed on the surface of an iron cylinder, 
as shown in Fig. 4. This case is of great interest because it is in| 
essence that of an armature coil placed in open slots. | 
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Fig. 4.—Single-turn coil outside an iron cylinder. } 


The magnetic force is calculated in Section 8.5.2 and is giver 
by the expression 
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Thus for this case, as for the last, the iron cylinder doubles th! 
self-inductance. 

From a consideration of these three cases it will be seen thai 
if the coil is placed within the iron and at some considerabl 
distance from its surface, the self-inductance will be increased i) 
the ratio of the order of the permeability, 1, neglecting saturatior 
Close to the surface of the cylinder, however, the self-inductanc 


f the coil, whether in open or closed slots, is merely doubled—a 
t that is substantially independent of the quality of the iron. 


(2.2) Coil of Two Turns inside Iron Cylinder 


In Section 2.1 we obtained some general insight into the effect 
of the induced polarity of the iron cylinder on the self-inductance 
coils threaded through holes in the iron. It is now desirable 
examine in greater detail the self-inductance of coils placed 
ell within the iron. Consider the case illustrated in Fig. 5, 
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on) Fig. 5.—Two-turn coil inside an iron cylinder. 


"Where c = R/2, so that the return path of the flux has a reluctance 
of the same order as the flux path between the conductors. 
The case under consideration is then not unlike that of a shell- 
_ type transformer. 

_ It was pointed out in Section 2.1 that the chief obstacle in the 
"way of a reliable approximate solution was the large variation 
magnetic field strength across the diameter of the cylinder. 
is variation made it unlikely that a solution, using the circuital 


7 4a E 
law » Ad = 70 ampere-turns and assuming a constant value 


\H, would be valid. However, such solutions are used with 
iderable success. This suggests that the magnetic field 
ength must vary far less than is shown in Fig. 3. We need to 
amine the reason for this constancy of magnetic field strength, 
and as a step towards such an examination it is proposed to 
examine the problem of a two-turn coil as shown in Fig. 5. 

Let the angle subtended at the centre of the cylinder by two 
uctors carrying current in the same direction be 2«. Then 
the magnetic force at the diameter AB due to the conductors and 
to the polarity of the cylinder, at distances from the centre of r 
Tess than c, is given in Section 8.5.3 as 
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Nspection of this expression reveals that it is very similar to 
. (1), except that every term has been multiplied by a corre- 
nding cosine. Since we are taking c = R/2, we can write the 
pression as 
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cond part of this expression, which gives the field of the 
e polarity, will be seen to converge even more rapidly than 
. Once again it will be true to say that the field due to 
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this polarity will be largely independent of r and will therefore 
be uniform across the diameter of the cylinder. Since it will 
reduce the field between the conductors, the surface polarity will 
slightly increase the variation of magnetic field strength in this 
region. But the effect is bound to be small for conductors placed 
well within the iron. Thus, while it should be noted that the 
surface polarity cannot under any conditions cause uniformity 
of field strength between the conductors, its effect can be neg- 
lected so long as c/R is appreciably less than unity. 

We shall therefore combine the two series of terms in eqn. (4) 
and write 


r2cos3a . r4cos 5a 
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It is clear that the terms containing r will be greatly reduced by 
their cosine multipliers. Thus we have here a mechanism that 
will render the field far more uniform. Fig. 6 shows the varia- 
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Fig. 6.—Field-form curves of two-turn coils inside iron cylinders. 


tion of magnetic force across the diameter AB for various values 
of the angle «. The effect is very marked indeed and is similar 
to the effect of the winding factors in rotating machines. The 
process of distributing the winding results in a field, in which 
the fundamental component predominates and the harmonics 
are reduced in size. A completely uniform field would result 
from a sinusoidal distribution of current and in this case we 
should have only the first term of the Fourier series for the field. 
Such a winding would be awkward to construct. It is therefore 
all the more noteworthy that a winding of only two turns can 
result in a field which is substantially uniform over three-quarters 
of the distance between the “‘go”’ and “return” conductors. 


(2.3) Consideration of the Magnetic Field for r > c 


In Sections 2.1 and 2.2 attention was confined to the magnetic 
field for values of r < c, in order to simplify the presentation 
and because a knowledge of the flux crossing the diameter within 
that region is, of course, sufficient for a calculation of inductance. 
But Figs. 3 and 6 show the complete field-form curves for various 
coils, and we now briefly give the appropriate expressions for the 
field in the region c<r< R. For a single-turn coil (Figs. 1 
and 2) it is shown in Section 7.5.1 that 
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For a two-turn coil the expressions are 
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It should perhaps be pointed out explicitly that in the region 
c<r<R the field of the surface polarity adds to the field of 
the coils and thereby renders Hj more nearly uniform. Table 1 
gives values for the field, arising from the surface polarity only, 
for various two-turn coils spaced at c = R/2. The Table empha- 
sizes the remarkable constancy of this component of the field. 


Table 1 
FIELD FOR Two-TURN COILS 


Ho per ampere turn 
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(2.4) Field of Multi-turn Coils 


In principle we have now solved the problem of the determina- 
tion of the magnetic field, and hence of the inductance, for coils 
containing any number of turns threaded through holes anywhere 
within an iron cylinder. The resultant field can always be 
obtained by superposition, since we have shown that the magnetic 
force does not appreciably depend on the permeability of the 
iron. Fig. 7 shows the field-form curve of a five-turn coil, for 
which c = R/2. It will be seen that the magnetic force is far 
more uniform than that of Fig. 3. Close to the conductors which 
lie on the diameter AB the field does, however, increase very 
rapidly. This example is merely given as a typical case of a 
multi-turn coil. 


(3) MAGNETIC FIELD OUTSIDE THE IRON CYLINDER 


It was assumed in Fig. 5 that the flux ® linking the coil would 
divide into two equal parts @/2 and that this flux would remain 
within the iron. This, however, is clearly impossible.’ In the 
calculations, we have made much use of the effect of the surface 
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Fig. 7.—Field-form curve of a five-turn coil inside an iron cylinder 


polarity on the cylinder. But surface polarity implies that flux 
is emerging from the iron into the air. This might be termec 
the leakage flux and it is desirable to know its order of magnitude 

Clearly the amount of this leakage flux will be affected b: 
the value of c/R. For the cases where c/R-—>1 (see Sec 
tion 2.1) practically all the return flux has to leave the iron 
This is one explanation of the fact that the inductance of sucl| 
coils is only doubled by the presence of the iron, instead of bein; 
increased in the ratio of the permeability. What has happene 
is that the entire return path of the flux is in air, and so th 
reluctance of the flux path has only been halved. 

Consider now the case where c/R = 1/2, i. the case a} 
conductors deeply buried in the iron. It is not immediatel 
obvious what the leakage flux will be, and so it must be obtaine! 
from a consideration of the surface polarity. For the sake c 
simplicity we shall discuss the case of a single-turn coil, as i) 
Figs. 1 and 2. | 

The leakage flux is given in Section 8.5.4 by the expression 
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For a two-turn coil the result will be 


®, 
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Thus the leakage flux can be calculated very easily. Also, sin 
it is independent of the permeability it will be negligibly small 


parison with the flux in the iron. Thus the inductance can 
btained either by an estimation of the flux crossing the 
eter between the limits r<c, orc<r< R. Fig. 3 shows 
remarkable way in which the surface polarity reduces the 
in the region r < c and increases it in the regionc <<r< R 
ust that amount which makes the total flux very nearly the 
ume for both these regions. 


| EFFECT OF THE HOLES IN WHICH THE CONDUCTORS 
ARE PLACED 

In the preceding discussion we have ignored aay contribution 
to the magnetic field which might be made by the induced 
larity on the walls of the holes in which the conductors are 
aced. It is now desired to take this effect into account. 


(4.1) Effect of Small Circular Holes 


_ Consider Fig. 8, which shows an iron cylinder of radius R 
ich has a hole of radius b at its centre. A conductor carrying 


Fig. 8.—The effect of a small hole at the centre of the cylinder. 


@ current Tis threaded through a hole of negligible dimensions 
tt a distance c from the axis of the cylinder. 

The induced surface pole strength on the surface of the 
cylinder has been estimated in Section 8.6.1. It is found to be 
given by the expression 


Of == h2" Rr-ti 
pees | he: Cae = sinnd . . (9) 
1 


R/10 and c = R/2. Then the fundamental in the Fourier 
ss of the expression for the surface pole strength will be 


and this is also the expression if there is no hole. 

Thus, to a very close approximation, the effect of the hole on 
> fundamental component of surface polarity at radius R is 
ble. Consideration will show that the effect on the higher 
nonics will be even less. This leads to the conclusion that 
surface pole strength on any small hole within the cylinder 
‘not appreciably affect the pole strength on the outside 
e of the cylinder. 

- now proposed to calculate the field of the single-turn 
in Fig. 9, where the conductors are placed in holes of radius b. 
all make use of the Ae investigation to state that the 
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Fig. 9.—A single-turn coil threaded through holes in an iron cylinder. 


polarity on each hole will not affect the polarity on the surface 
of the cylinder or the polarity on the other hole. Since the 
conductors are concentric with the holes, the polarity on each 
hole will thus be due only to the current in the other hole and 
the surface polarity of the cylinder. It is shown in Section 8.6 
that the surface polarity on the holes will be given by 
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Thus for a spacing of c = R/2 the surface polarity o, consists, 
to a close approximation, only of a small second-harmonic term 
which is proportional to the ratio of the radius of the hole to the 
radius of the cylinder. 

In order to estimate the effect of the hole on the self-inductance 
of the single-turn coil it is necessary to find Hy due to o, between 


the holes. It is shown in Section 8.6 that this is given by 
Ib* 
Jefe Xap (11) 


where r is measured from the centre of the hole. This field 
strength is a maximum at the surface of the hole and it is then 


2 
i00R oersteds/AT 


Comparison with Section 2.1 will show that the field of the pole 
strength on the surface of the cylinder is given approximately by 


fy = 


2 
= gh 
He = i0R oersteds/A 
Thus the maximum field of the hole is only one-tenth of the field 
of the surface polarity on the cylinder, and this in turn is only 
a fraction of the field of the current in the coil. When it is 
remembered that the field of the hole decreases with the cube of 
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the distance from its centre, it can be safely concluded that the 
effect of the hole on the field is negligible. 

If it is required to estimate the effect of the holes on the 
inductance of multi-turn coils, the position is substantially the 
same, so long as the holes are small. 

Consider the two-turn coil in Fig. 5. In addition to the 
effects that have been estimated for a single-turn coil, it will 
now be necessary to take into consideration the action of the 
two conductors carrying current in the same direction on one 
another. In this case there will be an additional fundamental 
component of surface polarity on each hole as well as further 
harmonics. But the field strength of the fundamental will die 
away as the square of the distance from the hole, while the 
harmonics will die away even more rapidly. Thus, subject to the 
condition that c sin « > b, the effect of the holes can again be 
neglected. It should be noted, however, that this condition is 
more stringent than the condition c>b. If the holes are so 
close together that they almost coalesce, the problem is altered 
and it is no longer possible to neglect the effect of the holes on 
one another. For the solution of such problems graphical 
methods may well be found more convenient than the analytical 
methods used in the paper. 


(4.2) Effect of Large Holes and Slots 


Consider the problem with reference to Fig. 10. Surface 
polarity will be induced on the walls of each slot by the current 
within the slot as well as by the rest of the field. We shall not 
attempt to calculate the surface polarity, but will discuss the 


Fig. 10.—Surface polarity induced on the slots in which the conductors 
are placed. 


problem in general terms only. It is clear that the surface 
polarity will contribute very appreciably to the field close to the 
slots and that this contribution will be such as to render the field 
strength across the diameter AB far more uniform than it would 
otherwise be. This can also be shown in a slightly different way 
as follows: The action of the slots will be to straighten out the 
field as indicated in Figs. 11 and 12. Consider a path like those 


shown dotted in the Figures. Hdl will be zero in both 


cases, since no current is enclosed. In Fig. 12, where the field 
Hdl from the 


horizontal portions of the rectangular path shown. This means 
that H must be largely constant across the diameter. In Fig. 11, 
however, the field is not parallel, and hence H is not constant. 
Therefore, whether the effect of the slot is considered from the 
point of view of surface polarity or of lines of magnetic force, 
the conclusion is the same. The field will be largely uniform 


is parallel, there will be no contribution to 
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Fig. 11.—Magnetic field in the absence of slots. 


Fig. 12.—Magnetic field in the presence of slots. 


between the conductors, and the self-inductance may be estimate) 
by formulae that make use of this assumption. 

If this is the conclusion, it may be asked whether the del 
cussion in the paper is not a complete waste of time. For | 
transformer engineer, who places his windings in such large hole} 
that they are properly called windows and not slots, there i) 
indeed no need to worry about the non-uniformity of the flu’ 
distribution. But we have shown that the assumptions that a1 
correct for the design of transformers are inadmissible in tt) 
design of rotating machines. 


I 
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(5) APPROXIMATE FORMULAE FOR CALCULATION oO 
SELF-INDUCTANCE WHEN THE IRON IS UNSATURATED i 
The preceding Sections will be used in order to work out tw 

special cases of coils threaded through holes in unsaturate 

iron cylinders. 


(5.1) Self-Inductance of a Single-Turn Coil 


The flux linkages in Fig. 9 will be those due to the curren 
minus those due to the surface polarity on the cylinder. It 
shown in Section 8.7.1 that the self-inductance is given by 
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“strengths encountered. In any practical case it would be neces- 
ary to investigate the magnetic field close to the conductors to 
see whether the assumption was correct. 

This formula for the self-inductance should be compared 
with the well-known formula for two parallel conductors 
= 1+ 4 log R/b electromagnetic units per unit length, where 
is the distance between conductor centres and b is the con- 
ductor radius. 

If this inductance is multiplied by the permeability of the 
iron it becomes 


L'= p(t +4 log =) electromagnetic units per unit length . (13) 


is of interest to insert numerical values into the formulae. Let 


b = R/10. 


: ty Phen 1 — 4u (log 9 — 2) x 10-9 = 
5 unit length 


Nand = L’ = w(1 + 4 log 10) x 10-9 = 10-2 x 10-9 henrys 
../ per unit eZ 


= 7:2 X 10~° henrys per 


and it is essential to take the demagnetizing effect of the surface 
pplarity into account. 


(5.2) Self-Inductance of a Simple Phase-Advancer 


| The three-phase winding of a simple form of phase advancer 
is shown in Fig. 13. The conductors are threaded through small 


Fig. 13.—A simple form of phase advancer. 


holes at a distance of c = R/2 from the axis of the cylinder. 
t is required to estimate the self-inductance per phase. It can 
be shown that this self-inductance is given by L’ = L + M, 
Where ZL is the self-inductance of each phase in the absence of 
he other phases and M is the mutual inductance between any 
phases.* The self-inductance L has already been found in 
tion 5.1 and is given by 


Be tof (258) —2 2) 


nutual inductance is calculated in Section 8.7.2. It is given 
e expression 
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where « = 60°. 
If we take the case b = R/10 


M ~ 1-3 electromagnetic units per unit length 


Hence L' = L + M = 8-5y X 10-9 henry per phase per unit 
length. In.a practical machine there are likely to be several 
turns per phase. It is not proposed to work out any further 
examples, but it will be seen that the method of this Section can 
readily be extended to cover such cases. 


(6) CONCLUSIONS 

It has been shown that magnetic theory makes it possible to 
obtain reliable estimates of the inductance of coils placed in 
holes in iron cylinders. It is found that a consideration of the 
surface polarity on the iron is essential to a solution of any 
particular case. This surface polarity can often be easily cal- 
culated and is found to be practically independent of the quality 
of the iron. It is thus possible to avoid having to make false 
assumptions about the flux distribution in the iron. 
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(8) APPENDICES 


The mathematical tools used in the paper are extremely simple 
and have been in existence for a century. They are, however, not 
as well known as they deserve to be, and it may be of interest to 
give a description of them. 


(8.1) Laplace’s Equation in Two-Dimensional Polar Co-ordinates 


The magnetic field of steady currents can be expressed in 
terms of a scalar potential function V, which has to satisfy 
Laplace’s equation 


02V 
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This equation has the remarkable property that in its solution 
any term in r” or 1/r” has to be multiplied by cos v8 or sin n0. 
If this is realized explicitly, a great deal of labour can be saved 
in any particular solution. 
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(8.2) Boundary Conditions of the Magnetic Field at an Iron Surface 


If iron is placed in a magnetic field and if this field has a 
component of magnetic force perpendicular to the surface of the 
iron, polarity will be induced on that surface. By the principle 
of superposition the resultant field can then be considered as the 
sum of the original inducing field and the field of the induced 
polarity. 

Consider now a erie area on the surface of the iron. Let the 
local surface polarity be denoted by o and let the magnetic 
force on, and perpendicular to, the surface be denoted by H, 
where H,, is due to all magnets and currents whatever. Then 


H, + 270 = w(H, — 270) 
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[Why 
270 = Pa i. . 
In order to determine the surface polarity o, it is thus necessary 
to find H,. But, as already pointed out, H,, depends not only on 
the inducing field but also on the induced surface polarity. 
It appears that such problems can, in general, only be solved by 
successive approximations. 

However, if the iron has a cylindrical surface, the problem is 
greatly simplified. It is shown below that the field of any 
distribution of induced polarity on a cylindrical surface has no 
perpendicular component anywhere on that surface. It follows 
that in such cases H, is due to the inducing field only and is 
independent of o. If the inducing field is known, the induced 
surface polarity can at once be found by the use of eqn. (16a). 


Therefore (16a) 


Fig. 14.—Shell of polarity. 


This property of cylinders can be verified as follows. Fig. 14 
depicts a cylindrical shell of polarity of radius R. Let the line 
density of polarity be denoted by co. The normal force at P due 
to the filament of polarity at Q is 


6H, = oe cos & 
Therefore oH, 2s a = 000 


Hence the total perpendicular force at P due to the shell of 
polarity is 
27 
H,= [ odé 
0 


Since the total polarity is induced, it must be equal to zero, 
whence H, = 0. 

It has therefore been shown that, if an iron cylinder is placed 
in a magnetic field, the perpendicular component of magnetic 
force anywhere on the cylinder depends only on the inducing 
field and is independent of the induced polarity on the cylinder. 

If the origin of co-ordinates is chosen on the axis of the 
cylinder, H, (the perpendicular force) will be H, (the radial 
force) and eqn. (16a) can be rewritten 


wal, 
B+1 

Consideration of this equation reveals that the surface polarity 
is almost independent of the permeability of the iron, since the 
ratio (uw — 1)/( + 1) is always close to unity even for as low a 
value as 1 = 100. Thus the surface polarity is proportional to 
the inducing field and hence to the currents that give rise to this 
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field. The polarity is therefore largely independent of th 
magnetic quality of the iron, and the theory is not based on an, 
incorrect assumption of constant permeability. 


(8.3) Magnetic Field of a Current Filament J Distant c from i 
Origin of Co-ordinates 


It is now proposed to determine the magnetic field of a very 
long current filament, which is not at the origin of co-ordinates 
This problem is important because from its solution the fi 
any number of filaments can be obtained by superpositi 
The problem will be worked out in detail, in order to illustrat 
the use of Laplace’s equation. 


Fig. 15.—Current filament distant c from the origin. : | 


Consider first in Fig. 15 the caseer<c. At 0 = 0, it is known 


that | 
Ho 1 1 ry) Pe aes, | 
2 (er A! ;) ity” ae val 
4 
10V 
B Ava aa 
" : roe 
OV it rinenee | 
Therefore 39 DE te ota 7) Smee 


But r” must be associated with sinn@ or cosn@. By syniaa 
sin nO is not admissible. Hence at a point r, 0, 


wW il it 
C1 eg are ea eae 20 
og 21 c “3 di 3008 i 
V ee) rr $ 
Therefore ay p» aon Sit n@ 
and since Hy = — t oy and H, = — a the magnetic force 
r 06 or an 


can be found at every point subject to the condition r < c. q 
Consider now the caser > c. At @ = 0, it is known that a 


Ho 1 1 C) peli een ne C2 
oT 7 pe 
ov i Cone 
therefore 30 I jee 3 ae = at 


Hence at any point r, 6 (r > c) 


oV i 
36 1 ae © cos 8 + 5 cos 26 +. 


therefore 


V RCs 
or ae 


(8.4) Magnetic Field of a Distribution of Polarity of Form | 
o,, Sina on the Surface of an Iron Cylinder a | 


Because the magnetic field of a current filament has 
expressed in terms of a Fourier series, the induced pola 
the iron cylinder will also be of that form. In order to 
the field of such a distribution, it becomes eee 2° to wv 
out the problem in this Section. 


i 


I 


Consider the field inside a cylinder of radius R. It can be 
lown by the method of Section 8.3 that the field of a filament 
‘polarity g at a distance R from the origin is given for r< R 
7 the expression 
E V 


2q 


(At PG, @) the magnetic field of a shell of polarity (Fig. 16) 
in therefore be described in terms of a potential function V, 


-35 —. cos nf 


i) Fig. 16.—Cylindrical distribution of surface polarity. 


hich is the sum of the potentials due to filaments of polarity 
as the typical one at Q. 


| bV SR ad 
. XGRSx p apn OOS n(O — a) 
lo = og, Sin na, then 
GS ans 
Ia,R acer : (Cos nO cos na + sin nO sin nx) sin nadx 


j 
a “Po pn : : ; 

L = > ra (cos nO cos nx + sin nO sin nx) sin nada 
r 1 


yerefore ee goa sin 70 
20,R mR 

if ; 
2 that VY = 20o, open sin nO 


ence, if the polarity is expressed as a Fourier series 


Oo. 
= » ¢, sin na, the potential will be given by the series 
i 


V= y ne, sin nO (19) 


On 


5) Magnetic Field of rcobeed Arrangements of Coils in the 
a of Iron i yiedces 


‘tain cases discussed in the paper. 


5.1) Field of a Single-Turn Coil inside an Iron Cylinder. 


By the use of eqn. (18) (see Figs. 1 and 2), the potential of two 
al and oppositely directed current filaments is given in the 
gion r > c by 


> © sind) —[n +043 S since +8] 
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ive) Hl 
Therefore uf =— 5 + x = sin 70 (20) 
(n odd). 
The surface polarity is given by the use of Section 8.2 by 
pene oc, = Hemel x -< @tr= RB) 
RS fe +1 or 
therefore 270 = a 7 z + sin nO 
(n odd). 


Hence the potential function of the field due to this surface 
polarity is, from Section 8.4, 


[Zo def a 1 GORE 
= 2 
AT vt »9 nRn se eb 
(n odd). 


Consider now the magnetic field between the filaments. 
This will be due to the surface polarity and the current filaments. 
But the field due to the filaments can be obtained by the use of 


eqn. (17). It is given by 
V co yn co yn 
> i i 0 
a1 ne sin nO ps 7a sin na + 8) 
Theref Le a 22 
erefore Tape (22) 
(n odd). 


Hence the combined field of surface polarity and current 
filaments for r < c will be given by 


V ico) rn : pe re 1 foo) cir? ; 
Ue Ss 6 28 
ar x za sin nO et Rn in (23) 
(n odd). 
Hence the field across the diameter for which 0 = 0 is given by 
Fie TOV Rr PE Cees ice tee cnn! 
44 rea oO Oo + 1 R2n 
(n odd). 
Therefore 
Ho 1 eo aie ec .cr2 ¢or4 
peGtatst.)-(etwetg@t:)-o 


Consider next the magnetic field in the region c<r< R. 
This is given by the sum of the potentials in eqns. (20) and (21). 
Hence 


ot ee — sin nO mad ee 
(n a 


V 
Ae iD 


Hence at 0 = 0, Ay is given by 


c.. er? ert 
..) + Gat ae + Rr tee eo) 
(8.5.2) Field of a Single-Turn Coil outside an Iron Cylinder. ~ 


The potential of the surface-polarity field in Fig. 4 can be 
obtained by the method of Section 8.5.1 and will be given by 


[oe Fie We 
6 
aI = De sin n 


(n odd). 


RINT RS 27 RIO 


ea oN ee 
ar = (a ré 


(24) 
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The potential of the field due to the current filaments is, 
as before, 


V Co He 
4] d ne nec” SEM, ee) 
(n odd), 
hence Hg across the diameter 0 = 0 is given by 
Lois fe AN GA ere, ore ) 
a i ee 
Bo pH 1S Osa ae ) 
= iS { T eee . . . 3 
and 41. 4 16 Ge ese (3) 
ie boss Ie 


(8.5.3) Field of a Two-Turn Coil inside an Iron Cylinder. 

The field in Fig. 5 can be obtained from Section 8.5.1 by the 
- superposition of the fields of two single-turn coils. 
Thus for r<c 


V co on ‘ 6 oO yn A 8 
ars 2 en eh OT gee — a) 
= il eryn 
ap» Sa sinn@ +) +3 oe Te sin m8 — 0 | 
Therefore 
V ica} n : = |) fe) Ayn 
= 3p Sgn Sin m8 08 nae — Sg Sin 8 cos ma 
. (25) 
Hence for 6 = 0, Hy is given by 
He (COS a, Tr? Cos. 3a ri cos Sa 
SI ~ ( c 3 0 .) 
Ls sat ee , hs) ey 
Similarly fore <r< R, 
Hy , (Cosa. cos 3a, 
sh ae ee) 
ccosa cr? cos 3a 
Pl zt). © 


(8.5.4) Expression for the Flux leaving the Iron Cylinder. 
The radial magnetic force just outside the cylinder is given by 


dealt Petes (1+ 8 5) =F 


Hence the fiux leaving the cylinder is given by 


O,- ey] Bae Ne aie ens 7) 


(8.6) Surface Polarity on Small Circular Holes 
It is required in Fig. 8 to find the surface pole strength on the 
walls of the hole of radius b. Let this pole strength be denoted 
by oa, and let the pole strength on the surface of the cylinder be 
denoted by op. The magnetic field of the current filament has 
been calculated in Section 8.3 and is given by 


(17) 


a 
— sin nd for) rc) anes 
C 


HAMMOND: ON THE INDUCTANCE OF IRON-CORED COILS 


V 


and ay 


£2608 ips 
=O oo ee for Se: 
The field of the polarity op has been calculated in Seca” 
and is given by 
Ve y DO ey at sinnO for r< R 
By the method of Section 8.4 the field of the polarity o, can t 
shown to be 7 


V = 3 Ino, sie b 
a > TO py Re 


The boundary conditions give t 
’ 
pb brvi é | 
at r=R, 27 Ry a pt i ( ee 2mm rari) z e 
| a 
a aa 1 hn-1 bn-t ‘ 
Gm) <= ae aT Orgs = (22 ‘i 2m Rn pa) (2) 
to I 
If 1 at 
ee fe A | 
{ 
can — p2n Rn-1 | 
and Vip el Fee © 
It is required in Fig. 9 to find the surface polarity on the walls 


of the small holes of radius 6. Let this pole strength be denoted 
by o,. For each hole it will be due to the polarity op on the 
surface of the cylinder and also to the current J in the other hole. 
We shall neglect the effect of the holes on one another and shall 
regard op as having only a fundamental (sin @) component. 
Then from Section 8.5.1 the field of op will be given by 


Yop sin 6 . 
a R a 
This will give rise to a fundamental distribution of o, sivey by 
the expression 


2G, = aI sing . (29) 
where ¢ is the angle measured with the centre of the hole as 
origin. 

The field of the current is given in Section 8.3 as 


= a ss Ee _ sin nO for r<c (17, 
It must therefore be written as 
V (eo) yn | 
——— oo. 2 
a1 ~ & en ae ° 


This gives rise to a pole strength o, given by 
co pe 
210, = = eS Ok : 


Hence the total surface polarity o, is given by 


b2 
270, = 21 i sin b 2 sin 6 Ba sin 26 — —, sin 3 — 
| 


The field of this polarity is given in eqn. (26). The tangentia 
field of the second harmonic is therefore 


_ (8.7) Inductance Formulae 
7.1) Self-inductance of a Single-turn Coil. 
| The flux linkages in Fig. 9, due to the currents only, are given by 
2c—b 2c—b 
d. 2c —b 
®, = p| Hydx = zal < = 4lp log : 
5 b 


7 - 


he flux linkages due to the surface polarity on the cylinder 


an be obtained from Section 8.5.1 by using the expression for 
I, in eqn. (1). If these flux linkages are denoted by ®,, 


Zoe 575 c—b 
ate Sees 
3R&  S5R10 0 


i e—b 
1a GF 
E: — 0, = 24 Adr == stu) & } 
0 


lence 


ec ie ete — 5) | 
jing = tu) R + 3 RO 5 R10 Fi vevet & “4 (33) 
fence the total flux linkages are given by 

2e—b 2c(e—b) 2c3%(c — d)3 
=, + ©, Ain) tog me a ee 
fi (34) 
fe = R/2, 

y y 
| R—b R—2b (R—26)3 (R—25)5 
p= Alu E b 2R 96R? -2560R5 

ence the self-inductance is given by 

bo. aul Raby Ria 2b (R—2b)3  (R—25)> 

oy aiaced Naar 2R 96R?  2500R5 

(12) 
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In this calculation the small amount of flux in the holes has 
been neglected and so has the effect of the polarity on the surface 
of the holes. 


(8.7.2) Inductance per Phase of a Simple Phase Advancer. 

Since we are considering in Fig. 13 a 3-phase machine, the 
inductance is given by the formula L’ = L + M, where L is the 
self-inductance of one phase and M is the mutual inductance 


between any two phases. L is given by eqn. (12), and M can 
be found from eqn. (4). 


c—b 
1 2 
M = mu| Far = gy] | (Leos + 500s 36 +...) 
0 0 


3,2 
i cos @ 4 a COSIS CA ee ) |e (35) 
where a = 60°. 
Hence 
bel c—b (c — b)3 
M = 844] ; COS @ ++ 303 cos 3a +... 
e(e — b) c(e — b)3 ' 
-| R COS a ane cos 3a 4 salt 
and if c = R/2 
Re 2D (R — 26)3 
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AN APPROXIMATE METHOD FOR FINDING THE 
“BEST LINEAR SERVO MECHANISM”’’ 


By H. H. ROSENBROCK, B.Sc.(Eng.), Ph.D., Associate Member. 


(The paper was first received 5th July, and in revised form 27th September, 1955. 
January, 1956.) 


SUMMARY 


Wiener has given an explicit solution for the servo mechanism which 
minimizes the r.m.s. error when the system is following a signal con- 
taminated with noise. The paper describes an elementary graphical 
method for evaluating Wiener’s results, and makes use of a pair of 
transparent cursors which have already been described. An example 
is given, from which it appears that the accuracy of the method may 
be sufficient for engineering purposes. 

An intermediate result of the graphical method gives the minimum 
phase corresponding to a given attenuation characteristic. 


(1) INTRODUCTION 


When a linear servo mechanism is following a signal con- 
taining noise, there will be an error due partly to the fact that the 
mechanism responds to the noise, and partly to the fact that it 
fails to respond perfectly to the signal. If the magnitude of this 
error is measured by its r.m.s. value, Wiener! has shown that 
there is a unique transfer function which makes the error of the 
system a minimum, and he gives an explicit solution for this 
function in terms of the frequency spectra of signal and noise. 

In the following Section a graphical method for evaluating 
Wiener’s solution is presented. It is based on a pair of trans- 
parent cursors which give respectively the Fourier sine and 
cosine transforms of a function. These cursors have already 
been described. 


(2) APPROXIMATE METHOD 
The two transparent cursors which will be used give respectively 


oo 


ae Ho) sin wt dw oo Shr eee GL) 

7 

0 

and mm Ee) cos wt dw eae a6) ha @4) 
7 w 


0 


when they are applied to the function F(w). We shall write these 
two quantities in the form 


S [F)] wide fe kis Sty ee ()) 
C [ENG [ose via. tr en 
respectively, and shall refer to the corresponding cursors as the 
sine cursor and the cosine cursor. When the cursors are applied 


to f(t) using ¢ throughout the process in place of w, and vice 
versa, there results 
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0 | 

It will be assumed in what follows that the signal and noise 
are uncorrelated, and have respectively the power spectra 
S(w) and N(w). If there is correlation between signal and noise, 
their cross-spectral density must also be known, but no further 
difficulty is introduced into the solution. For the sake of 
generality it is assumed that the output of the servo mechanism] 
is compared with the value which the signal takes « seconds later, 
If « is positive, the servo mechanism acts as a predictor, while) 
if « is negative the servo mechanism is allowed to reproduce the 
signal with a delay of « seconds. i 
With these definitions it is shown in Section 9 that the closed: 
loop harmonic response H(w) of the required servo mechanism 
is given by the following scheme: 


and 


[fo] = 


A(w) is the slope of S(w) + N(w) in decibels per octave 


BO = 71AW)) - —— 


C(w) = Tale [Bi] degrees. . . . @F 
noe wS(w) f 
D(X) wo SS + No] cos [57-3aw + scta]} 
1 63S) be | 
100 wees + N@)] sin [57-3aw 4 30@) 
6 
Hie) =o {¢[Do] —i [Di}} ae 


400 /[S@) + N@)] 


Having obtained H(w) we may find the r.m.s. error € b 
plotting? 


¥, = |H@)|/? 
against = | N(w)dw 
0 
and = |e — H(w)|? 
she 
against Xo | S(w)dw 


0 


The r.m.s. error is obtained from the areas under these tw 
curves by the formula f 


se a (| ae i abn) 


«@=0 o=0 


may be useful to remark that if s(r) and n(z) are the auto- 
orrelation coefficients of signal and noise respectively, 


S(@@) = eG) (16) 
| | Ni) = yom] (17) 
ad x)= | S(w)dw = 7 (18) 
i] os | 0 
| x= | N(w)dw = 7 HO] (19) 


‘\ 0 

Finally, if the servo mechanism has a single loop with unity 
pedback, we may find the open-loop harmonic response G(w) 
‘om 
Hw) 
1 — H@) 
he value of G(w) will generally be well defined in the neighbour- 


,00d of the critical point (—1, 0), but less well defined where 
U(w) is nearly 1. 


| i G(w) = (20) 


7 (3) EXAMPLE 
As an example we take the following values: 

a 1 

Ta at ) 

No) —' O22 (22) 

ii a =0 (23) 
the solution given by Wiener is 
: Be (24) 
M Vim eyi2 712. joy 0-2 


04 06 0810 2 4 
Ww, rad /sec 


a Fiz. 1,—Graph! of 20 logiy [S(@) + N(w)]. 


6 810 20 


Fig. 1 shows the graph of 
20 logy [S(@) + N@)] (25) 


he slope of this graph in decibels per octave is A(w), and is 
shown in Fig. 2. The slope A(w) was, for this example, obtained 
y dinates in Fig. and not by measurement. aes convenience the 
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Fig. 2.—Graph of —0:4A(w). 
The graph gives the slope of the curve shown in Fig. 1. 


t, sec 
Fig. 3.—Graph of —0-4B(t). 


The graph was obtained from Fig. 2 by use of the sine cursor. 


6 810 20 
w, rad /sec 


04 06 10 2 4 40 60 100 
Fig. 4.—Graph of —4C(). 


The graph was obtained from Fig. 3 by use of the sine cursor. The encircled points 
show calculated values for Sonne C(w) is the minimum phase corresponding to 
the gain modulus shown in Fig. 


is shown in Fig. 3. A further application of the sine cursor gives 
C(w), illustrated in Fig. 4. It will be noticed that if A(w) has 
the constant value 6dB per octave, then B(f) will be 6 and C(w) 
will be 15 X 6 = 90°. This is what we should expect, since 
C(q) is the phase of a minimum-phase system having A(w) as 
the slope of its gain characteristic. The method for obtaining 
C(w) from A(w), given by eqns. (7) and (8), may be useful in 
other applications. 

We now evaluate the quantities in eqn. (9) to which the 
cursors are to be applied; these are shown in Figs. 5 and 6. 
Performing the indicated operations we obtain D(t), which 
when multiplied by ¢ gives the result shown in Fig. 7. Some care 
is necessary at this point, since the value of *D(f) obtained by the 
use of the cursor may be subject to error. For large values of f, 
D(®) decreases exponentially to zero (either monotonically or in 
an oscillatory manner), but the error does not decrease pro- 
portionately. The value of ¢D(t) will therefore fail to become 
zero and it will eventually increase. For this reason it is necessary 
to reject values of D(t) obtained by means of the cursor unless 
they are several times larger than the likely error, which is about 
2% of the greatest value assumed by D(f). 
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Fig. 5.—Graph of Z 
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Fig. 6.—Graph of 


The difficulty mentioned in the last paragraph may be avoided 
by using, instead of eqn. (9), 


— (Di) = 


1 d S(w) 
700” (o deo iwiee ENG sco] ) 


i d S(w) 
Z ge (wt, [se +N) 


sin[57-3aw + 1cw)]}) 
(26) 


This formula, though less convenient than eqn. (9), will be 
preferable when there is any doubt about the behaviour of 
tD(¢) for large values of ¢. 

For the example chosen it is evident from Figs. 5 and 6 and 
from the cursors that tD(f) will behave in a simple manner as t 
becomes large. The last reliable point obtained from eqn. (9) 
is at t = 3-0, and the curve is completed in a plausible manner, 
as shown in Fig. 7. 
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OS 
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Fig. 7.—Graph of 3tD(¢). 


The graph was obtained from Figs. 5 and 6 by use of the cosine and sine cursors in 
accordance with eqn. (9). 


The solution is completed by evaluating eqn. (10), and in 
Fig. 8 the results are compared with those calculated from (24). 
Fig. 9 shows the values of G(w) obtained from eqn. (20). 

The two integrals of eqn. (15) are evaluated from the graphs 
shown in Fig. 10. In the first graph, Fig. 10(a), we make use, 
in order to evaluate the area under the tail of the graph, of the 
fact that |H(w)| is proportional to 1/w for large values of w: this 
follows from the angle at which H(w) approaches the origin 
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Fig. 8.—Points of the locus of H(@). 


The crosses show points obtained from Fig. 7 by means of the cosine and sine 


cursors in accordance with eqn. (10). 


The encircled points show calculated values 
for comparison. 
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Fig. 9.—Points of the locus of G(a). 


The crosses show points obtained by means of the cursors. 


The encircled point, \j 
show calculated values for comparison. i 
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Fig. 10.—Graphs from which the r.m.s. error is obtained. 
(a) The area under the graph gives the contribution to the mean square of a 
due to noise. 
(6) The area under the graph gives the contribution to the ras square of crt 
due to the failure of the system to respond perfectly to the signal. : 


The broken lines show the modification which must be made if the mean val ‘ 
the signal is not zero. t 


d is shown in Section 4 to be a general result when N(w) is a 
onstant. We obtain 


€ = \/(0-263 + 0-66) = 0-96 (27) 
ne calculated value being 
i” € = 1/(0-2695 + 0:6412) = 0-954 (28) 


} It is evident from Figs. 8 and 9 that, although the accuracy 
‘vith which individual points of H(w) and G(w) can be located 
5 not high, the general behaviour of these functions is correctly 
jhown. The value of € is likely to be obtained with good accuracy, 
‘)ecause random errors in the individual points of H(w) tend to 


aan (4) A SPECIAL CASE 

The method presented in Section 2 can be simplified in the 
_pecial case where the spectral density of the noise is independent 
»f frequency, and « = 0. It has been shown by Burt* that under 
hese conditions the required function H(w) is given by 


N 


ee aay TN ee 
rom this we readily find that 

) 
| 4/N 
| H =a E—J0-5C() 30 
ne V{S@) +N] (50) 


here C(w) is given by eqn. (8). Under the same conditions it 
n be shown that the least value of € is given by 


G1) 


' 
) 
(a 


| = aN | RB (w)dw 
ae 0 
where H(w) is given by eqn. (30). 
‘From egn. (31) it can further be shown [at least when S(w) 
alte that at high frequencies the required function H(w) 


“ill be proportional to 1/w and will have a phase lag of 90° (see 
ection 9). This result is interesting, but the required behaviour 
van be achieved in practice only over a limited frequency range, 
ince at high frequencies any practical system will have a phase 
g greater than 90°. The frequency at which the phase lag of 
practical system exceeds 90° can be increased by the use of 
-ad networks, but only to a limited extent owing to the satura- 
jon which tends to result. 
Eqns. (30) and (31) allow us in this special case to find H(w) 
d the least value of € by two applications of the cursor and by 
rawing one graph. In the general case, six applications of the 
fursor are required to obtain H(w), and two graphs must be 
‘awn to find €. It should be noted that eqn. (31) gives € only 
vhen H(w) is given by eqn. (30); if we wish to find € for a 
stactical system approximating to this H(w) we must still draw 
wo graphs and evaluate eqn. (15). 


i (5) DISCUSSION OF THE METHOD 

In the design method presented by Wiener, S(w) and N(w) 
fe approximated by rational functions, and these are dealt with 
inalytically. The result is an analytical expression for H(w) 
Which is theoretically realizable by known techniques. The 
\pproximate method presented here results in a graphical 
jormulation of H(w), and there remains the problem of realizing 
he function by a physical system. A method by which this 
might be done has been presented elsewhere,” but it is likely 
hat a different approach will be preferable for the following 
easons. \ 
The result given by the theory is “‘realizable’’ in the sense that 
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~ Of xz to the left of w = 0, as shown by the broken lines. 
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it could be obtained by a certain configuration of physical 
elements. This configuration is in itself, however, an idealiza- 
tion which neglects distributed parameters, stray capacitances, 
etc. Moreover the theory will demand a system which is 
characterized by a differential equation of a certain order. 
Quite apart from the stray effects already mentioned, it may 
happen that the important limped parameters of the system are 
already represented by an equation of higher order than that 
required. It is then in theory possible to eliminate lags by 
appropriate lead networks, but in practice this might cause 
saturation of some elements and so be undesirable. An example 
of this difficulty has been given in the previous Section, where 
the theory demands a system having a phase lag of 90° at high 
frequencies. 

A further difficulty is that the design method presented by 
Wiener cannot deal with signals which, because their mean 
value is different from zero, have a discontinuity in their power 
spectrum at w =O. The reason for this is easy to see from 
Figs. 10(a@) and 10(6). When the signal has a zero-frequency 
component, Fig. 10(6) must be modified by extending the scale 
The 
whole of the added portion represents the single frequency 
@ = 0, and the curve of y, is extended across it with the value 
which it has for w = 0. The width of the added portion is such 
that the area above it, bounded by y, = 1, is equal to the power 
conveyed by the zero-frequency component. No modification 
has to be made to Fig. 10(a). 

Since the conditions for w >0O have not been changed in 
Figs. 10(a@) and 10(4), the system given by Wiener’s theory when 
the zero-frequency component is neglected will still result in 
the least possible contribution to the mean-square error from 
frequencies w > 0. There is now, however, a finite contribution 
to the mean-square error in Fig. 10(b) from the frequency w = 0, 
which we can eliminate only by making |1 — H()| =0 for 
w=+=0. Since an abrupt change of H(w) at w =0 is not 
physically realizable, H(w) must be changed from the value 
given by Wiener’s theory to H(w) = 1 in a small region near 
w =0. This will result in an increase in the r.m.s. error due to 
frequencies w > 0, but on the other hand it will eliminate entirely 
the contribution from w = 0. 

It can now be seen why the theory does not lead to a unique 
transfer function when the signal has energy at zero frequency. 
However quickly we make the transition to H(w) = 1, we can 
always find a system in which the transition is quicker. We can 
thus reduce the r.m.s. error as nearly as we like to the value 
which it would have if there were no zero-frequency component, 
but we can never attain this value. The difficulty is evidently a 
trivial one from the practical point of view, since we cannot in 
any case achieve more than an approximation to the required 
transfer function. 

For these reasons it seems better to use the results obtained 
from the graphical method as a guide in modifying the system, 
rather than attempt to translate them directly into practice. 
If, for example, we are designing a linear system it may be 
important to know how much further improvement is possible. 
We may then evaluate Wiener’s solution and find the corre- 
sponding r.m.s. error. If the system being designed gives an 
appreciably greater r.m.s. error, it may be modified using Wiener’s 
solution as a guide. - By plotting diagrams such as those in 
Fig. 10 for the system under consideration, it will be possible to 
see at what frequencies the contribution to the mean-square 
error most greatly exceeds its least possible value, and hence 
where improvement is most needed. If the signal has a zero- 
frequency component, this component should be neglected in 
applying the graphical method, and the locus of H(w) for the 
system should follow that given by the method down to a low 
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valuc of w, and should then tend to 1. In other words, for a 
single-loop system with unity feedback, G(w) should follow 
Wiener’s solution down to a low frequency* and should then tend 
to infinity. 

The theory has been presented here in its application to servo 
mechanisms, but it applies equally to filters and predictors. The 
approximate method for evaluating Wiener’s solution may be 
useful also in these fields. 


(6) CONCLUSIONS 
An approximate method has been given for evaluating 
Wiener’s formula for the linear servo system having least r.m.s. 
error. The method, though tedious, is not impracticably so. 
It may serve as a guide in re-shaping the response locus of a 
system, and will indicate the least r.m.s. error which can be 
achieved. 
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(9) APPENDIX 
The first stage in evaluating the required transfer function is 
to express S(u) + N(u) as a product W(u)xb(u), where #(u + jv) 
is an analytic function having no singularities nor zeros for 
v <0. Wiener! has shown that under suitable conditions 


(u + jv) = exp Ee f log [S(o) aka . (32) 


—j[e —u+je)] 


—o 


and that Yu) = Lim. Xu + jv) (33) 
y>-—0 
Now if C is a contour consisting of the axis of u from —R 


to +R and a semicircle of radius R in the half-plane v < 0, we 


have formally 
oto Wea ep des aao 
dw 
G: 


We can easily show that the integral around the semicircle tends 
to zero as R-> c0 fort > 65> 0. Then, taking account of the 


(34) 


* This frequency must be above a certain minimum value if, in addition to the 
requirement for small r.m.s. error under working conditions, the system is required 
to complete its response to a step function within a given time. 
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.and 


odd and even symmetry of arg ¥(u) and |x(u)| respectively 
obtain 


d . d 
| E utT arg w(u) — sin ut log ol = 08 
whence for real values of w 


io2) ico) 


i dt cos wt | du cos ut is arg ¢(u) 
0 —o 


ao foe) 


es i dt cos won| du sin ute log |b(u)| 
0 0 
This suggests that under suitable conditions 


d oe Peet e 
Fo Ute vw) = =| dt cos ot | du sin ut log |Y(u)| G 
: 0 —o = | 


whence, integrating from 0 to w and noticing that 


log |%(w)| = 4 log [S@ + NW] 


we have 


arg i(w) = 


1 fa _sin a dice ute log [S(u) + NGoi 
0 0 ie ae - 


It may be mentioned here that a related formula is obtained 
by starting with [log %(w)]/w in place of (d/dw) log Hw) in 
egn. (34). We thus obtain 


ca 7 S(u) + Ne) ( “ 


arg (w) = = dt cos wt | du sin ut log sot 
0 0 


This result may be used instead of eqn. (39), and it has the e | 
of avoiding the differentiation required in the latter. There are 
difficulties in applying the approximate method to eqn. (40), 
however, similar to those mentioned in connection with eqn. (10) 
of the paper. 

We shall now verify eqn. (39) under the condition that 
S(@) + N(u) is a rational function of u. This is not an unduly 
restrictive condition, since S(u) + N(w) will be obtained by 
measurement, and we can always find a rational function of 4 
which agrees with the measured values within the limits ol 
experimental error. The function S(u) ++ N(u) will be even anc 
real, and we assume that it has no poles or zeros for real finite 
values of u. 


Let Wu) = EEG + oy 
where Wuyb(u) = S(u) + NW) 
and a, = 8; +jy;, B,;>90 
Then 


log (u) = y rfp log [u+ y;)? + 67] +7 are tans 
it 


+ 
~ 0g |bu)| = solide] » 


Pm ne 


aus in eqn. (39) we have 
f \ 


: d 
| du sin ut log [S(@) + NW] 


ive) 


| iy; 
du sin ut 2 eS Ses 46 
\ = gape © 
There are two types of integral to consider: 
(a) If y = 0, we have by known results5 
i a 
u 
| 2 i =— —t 
| | du sin ut : B SAS 1 SW (47) 
0 
ad d Mr i mnert me-% =arctan~ . (48) 
ia 7 B 
; 
© If y + 0, then —y will be another value of y; and5 
( oe 
| du si t We ema A 
| usin we Et Glo 
| : ee) 
i) pin, u + jf u — jB | 
iW =2)| dusinut : le : 49 
| J E +e u-pey| 
= 27cos yt e~8, t>0 (50) 
ile 
eo © t a 
| dt Ol on cos yt e— 8 = are tan? Y + are tan?” 
% j p B 
yo | : (51) 
From eqns. a (48) and (51) we find that 
sin wt d 
bat : ay sin ut log [S(u) + N@)] 
V4 0 
= ¥ r, arc tan AGRE a (2) 
| i=0 B; 


this last expression, by eqn. (44), is arg y(w). This justifies 
. (39) when S(u) + N(u) is a rational function of u. 
Now 
rs i } 
i du sin ute log [S@) + NW] 


0 
o 


=} ie ut 7 WsED a log [S(u) + N(u)] d(logu) (53) 


ioe) 


4 a sin ut A(u)d(logu) . (54) 
=0 


i 0 logyo é log, 2 


) ‘| ¥ 


1 
~ 2X 20 logyo € log, 2 100 >) 


S [AW] 


| A(u) is the slope of S(uw) + N(u) in decibels per octave. 
follows that 


@) = 2arg & 


eo 
4 i Th 
. 7 | sm ?70 Tog, € log, 2 100 
Vor. 103, Part C. 


ae, [A(w)]d (log 1) 
radians 


. (56) 
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or, in degrees, 
180 7 
ire m 40 logig € log, 2 i997 BO) : (67) 
2 ip 7 [BO] (58) 
where BA) = gS [AW] . (59) 
We now have 
Yu) = +/[S@u) + N(w)]Jei scm (60) 
and we have to evaluate Wiener’s expression for H(w): 
Sei 
H —jotd, u 
()=5 me | A {= ro er ie 
Now 
“S(u)eiam SCE utd 
4 ypu) 
= poe TE Alea [ow + 4CW)] 
ot S N 
is ee N00 | +j sin [au 7 $C(u)] ie ut +-j sin ut)dt 
st he, (GR2) 
Be) {cos [ [au + 4C 
(u)| cos ut 
S N 
i se — sin [ew + 21s sin Mee 
(63) 
ene: S(@) : : 
= mS a nor 3aw + sero) 
7 S(w) é ; ; 
mar ee + Nw] sin [57-3aw + 10a) 
(64) 
= 7D(f) (65) 


where the angles in eqn. (64) are in degrees. 
paper then follows immediately. 

To obtain eqn. (26) we integrate by parts the left-hand side of 
eqn. (62), obtaining 


S(uese4 ejut Be! ae 

Ha it) it} dl tw 
The integrated part is zero for t > 0 since S(u) tends to zero at 
either limit and [/(u)| =+/[S@ + NW]. Eqn. (26) then 
follows. 


To obtain eqn. (31) we notice that under the conditions given 
in Section 4 


Eqn. (10) of the 


7mD(t) = 


a elutd¢ . (66) 


e2 = ji {H(@)H@)N + [1 — H(w)][1 — H@)]S()}deo 
(67) 


= [nent AHI) +m 
+ [H(w) + H(@)JN — N}dw (68) 
= Nf [H(w) + H(w)]dw . (69) 
0 
by eqn. (29). Eqn. (31) follows immediately. 
10 
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The value of € given by eqn. (69) will in all interesting cases 
be finite and not zero. Now H(w) has no poles in the lower 


half-plane, and consequently i H(w)dw = 0, where C is a 
c 


contour consisting of the real axis from —R to +R and a semi- 
circle of radius R in the lower half-plane. It follows that 


H(w)dw can only be finite and not zero if the integral of 


— 2 
H(w) round the large semicircle tends to a finite non-zero value. 
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i 


If H(w) is rational, this requires that it should behave like 1, 


high frequencies. Finally h 
roe) «o oo) y , 
| H(w)dw = | H(w)dw = | [H(w) + H@)]dw 1 

— 0 — oo 0 


since each integral is real and ZH(w) = #ZH(w). This sh 
that if S(w) is rational [when H(w) is also rational] and if 
least value of @ is finite and not zero, then at high frequer 
|H(w)| is proportional to 1/@ and arg Hw) = — 90°. f 


SUMMARY 


| Some properties of a general, non-reciprocal, linear network with 
1 accessible terminal pairs (7-port) are investigated. With the use of 
a symbolic notation, a unique expression for all network functions is 
Jerived. This expression can be obtained in terms of the sub- 
determinants of the open-circuit impedance or the short-circuit 
admittance matrix of the m-port, and is applicable with any combina- 
‘ion of open- or short-circuits at the network ports. Since all network 
‘unctions, with such terminations of the m-port, may be expressed in 
‘erms of sub-determinants of one and the same matrix, numerous 
‘elations between them may be established. Some examples illustrate 
the application of this method. 


(1) INTRODUCTION 


| 

| The properties of linear networks with n accessible terminal 
pairs, or shortly linear n-ports, have been frequently discussed in 
the literature. Although the main interest has been concentrated 
on two-ports it has been observed that some problems, e.g. the 
heory of junctions in the microwave field,! the problems of 
onference telephony? and similar topics, may be profitably 
treated by the analysis of general n-ports. Recently some 
lassical results of the theory of feedback amplifiers have been 
anslated into the language of three-ports.? 

Another interesting generalization of the idea of a network 
vith two terminal pairs is a network with a set of m input and 
output terminals leading to a multi-terminal transducer4 5-6 
m.t.t.).* 

| The successful solution of the synthesis problem of n-port 
etworks obeying the reciprocity law7-®? has given a finishing 
touch to this branch of network theory. First attempts to deal 
ith the synthesis of those linear n-ports which do not obey the 
‘eciprocity relations have now started.10-11 

The paper is devoted to the analysis of general linear n-ports 
hich may violate the reciprocity law. The properties of an 
-port may be described by any set of n independent equations 
tween the 2n variables involved, i.e. the m currents and n 
Oltages at the network ports. Of course, once such a system 
given, all others may be obtained by solving the given equations 
‘or the specified unknowns. Any such system is represented by 
1 matrix of its coefficients and is best adapted for some par- 
icular termination of the network. The short-circuit admittance 
latrix, for example, is particularly suitable if all ports are either 
ed by voltage generators or short-circuited, whereas the open- 
ircuit impedance matrix corresponds to the case of current 
generators or open-circuits at all ports of the network. There 
ire, however, cases in practice where many terminations of an 
t-port are possible, and it may be necessary to deal with a con- 
siderable number of different representations. In such cases, the 
ask of evaluating the numerous coefficients may prove extremely 


‘2 oot 


It may help to grasp the difference between an n-port and an m.t.t. if the position 
ie hyphen is noted. The multi terminal-pair corresponds to the n-port and the 
aulti-terminal pair to the m.t.t. 

| + For the two-port there are (4) = 6 possible systems with 24 coefficients which, for 
. network obeying the reciprocity law, are all given in Reference 12. The number of 
\ ssible coefficients for a general n-port, K, is (2”)!/[(7 — 1)!]2, and it may be extremely 
Be, e.g. for n = 4, K = 1120. 
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ANALYSIS OF LINEAR n-PORT NETWORKS 


7 By I. CEDERBAUM. 


| (The paper was first received 24th August, and in revised form 15th October, 1955. 
in January, 1956.) 


It was published as an INSTITUTION MONOGRAPH 


The purpose of the paper is to present a symbolic notation 
which may be helpful in this respect and to derive some theorems 
valid for general linear n-ports. 


Fig. 1.—A four-port network. 


(2) GENERAL SYSTEM OF EQUATIONS FOR AN n-PORT 
NETWORK 


To fix attention let us consider a four-port network with the 
usual convention of voltage and current directions as illustrated 
in Fig. 1, and let its open-circuit representation be 

Vy = Zyl + Zyalo + Zy313 + Zy4ly 
Vo = Lady + LZyIn + Zo313 + Zrely aren) 
Vz = Zyl, + LZyaln + 23313 + Lyall 
Va = Lady + LZaln + Zaz, + LZaaly 


If voltage generators are applied, say, to the ports 1 and 3 
and current generators to ports 2 and 4 the appropriate set of 
equations to be used is 


Ty = ayy Vy + @43V3 + Byaln + By gly 
Tyo g tGsaV3 tb baaly teOagl, (|. (2) 
Vn = Cy, Vy + €23V3 + dota + dogg 
Vg = CayVy + C43V3 + Ayala + dggly 


The various coefficients a, b, c and d are evidently the network 
functions for specified terminations, e.g. 53> is the current ratio 
I], with ports 1 and 3 short-circuited and port 4 open-circuited, 
and d), is the transfer impedance V>//, with port 2 open-circuited 
and ports 1 and 3 short-circuited. . 

To avoid confusion in the notation for minors of lower orders 
we shall denote the co-factor of the product of the elements 
located at the intersection of rows k, 1, m, . and columns 
r, 5, t, .. . respectively by Djfi-:-. Let D denote the deter- 
minant of the open-circuit impedance matrix of system (1). By 
solving the first and the third of eqns. (1) for J, and J, and 
introducing these values into the second and the fourth equation, 
it can be checked that system (2) can be rewritten in the form 


D¥4I,= Di4V, + D4tvV, + DI, + D3, 


124 
D341 = Piney + D3iV3; + Db + Dil, 8) 
D34V2 ae a4V, =e D34V;3 + Dil, = Day 
D4V, = _ pay, — D4V, — Dsl, + DU; 
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The same results may be formally presented as a symbolic 
matrix equation as follows: 
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are negative, whereas the remaining elements have the positi 
sign. The co-factors standing on both sides are the princi 
minors with indices corresponding to known currents (or 


I if 1 3 pile eal 1) Vv unknown voltages). 
1 L1 3 2) 14) : This form of representation is characteristic for those syste 
I §3 ( 4 3\ 3) V. where at each port one of the variables—current or voltage 
3 1 3 2) 4) 2 fixed and the other unknown.* Let us take a general case of 
— | D= : D34; — | (4) _ type when the currents J,, J, . . ., J, and the voltages V;, 
V. ne p2 ig \ oes 2\ I ., V, are to be expressed in terms of the voltages V,, V,,..., 
2 ion 2h L4J 2 and the currents J,, I), ..., J,, respectively, with a, b,..., h, ky 
V. -; J ‘| es ish 4\ (4) I I,..., stepresenting some permutation of the indices 1, 2, 3,..., 7 
4 Uh 3 2) 14 f 2 In an analogous manner to eqn. (4) we have 
a a a\ a (calmer ce 
I Bi Bi Hi i 416) ‘ Ya 
b b b\ b (Dla a ie 
I i i i i Ly 1s Yp 
Psa fry | fh fm th ie 
I fen tek Haha Yn 7 
Digs = : ; 7a, | 8 te 5 Dae a 
Ve = “iy Uy Vet ee Ik 4 
1 EN ialae (1) I ices l | 
oF ah teh oot eh f | 
s 5 S| 5 rs) | 
Ys lab Uh co tee vee bt f, 
where the square matrix standing on the right is a matrix of Of course, if, instead of the open-circuit impedance matrix, 


index pairs, and a “‘product’” (or operation) of an index pair by 
a co-factor obeys the simple reduction rules of eqn. (4a) (with 


we start with the short-circuit admittance matrix, then, de- 
noting its determinant by H, we obtain a dual expression as 


proper attention paid to the sequence of indices). follows: 
a fa a fa a a i 
Ya ay litle at fa 
b b b\ | fb by b 
"% Lah tat {tet tat” Uh 'y 
tel ake Tet. at et ea h 
oe a b h k LU Ss HE 
Aig.s a Ke. (Sa) 
k k k (k (kK) k 5 
I Et Bho ieee "x 
l ii {it ler eo {ie 
4 -{i} —{F AS \ies Vo $ vi 
5 6 f s f OF 6 
‘s =e tbe abt: Uh & ) 
y | 
pe Digi: = Dees { l \ Dijin, = DEI, The partitioning indicated in eqn. (5) corresponds to different 
J J (4a) | dimensions of the matrix elements. The elements of the left-hand 
{ 7) } Dit. = pip { a, Ditters pr top submatrix are transfer or driving-point admittances, and those 
t we kin s Uae: Lik of the right-hand bottom submatrix are transfer or driving-poin! | 
Since impedances, whereas the elements of the right-hand top al 
Dhin... = — Dimi... we have further i‘ } Dipti: = — Dig ae en submatrices are the current and voltage rates . 


As is evident from eqn. (4) the upper index in each element of the 
square matrix is common to the whole row and equals the index 
of the corresponding element of the vector on the left side, 
whereas the lower or column index is that of the corresponding 
element of the vector on the right side of the equality. 

If we partition this matrix conformably with the partitioning 
of the vectors of the variables into currents and voltages as indi- 
cated in eqn. (4), the elements of the bottom left-hand submatrix 


Remembering that fixing the voltage or the current at somi 
port is to be regarded as short- or open-circuiting this por , 
respectively, we may derive from the matrix equation (5) a uniqui’ 
expression for all network functions with any combination 0 
some ports open- and the remaining short-circuited. As is clea 


* If systems of equations were permitted in which at some ports both current an 
voltage are fixed (in which case at some other ports both must be unknown) 
reduction rules assume more complicated forms. We limit ourselves here only to tho: — 
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rom eqn. (5) any network function Yy/hy from the port p to 
he port v may be found from the symbolic equation 


+ v 
Dit 4 = _ Vie Des ee een 
| @ ¢ and ¢ may be currents or voltages, the indices k, J, ..., s 


orrespond to the open-circuited ports, the minus sign should 
e chosen if ¢ and y& are voltages and the “product” of the 
idex pair and the co-factor on the right-hand side of eqn. (6) 
ibeys the above defined reduction rules. Of course, w or v (or 
oth) may appear among the indices k, /, .. § of the open- 
ircuited ports, and this always happens if gi is a current and/or 
sis a voltage, respectively. 


_ (3) THE INVARIANT KERNEL OF THE SYMBOLIC 
REPRESENTATION 

Eqn. (6) is equivalent to six different formulae. Denoting the 

pen-circuited ports by a superscript on the network function 

re obtain from eqn. (6) the following: 

|The transfer admittance from the port b to a (b + a) with 

_ the ports k; /, m, .. ., s open-circuited is 


ki. kL 
(2) ar = ykin s Dé kim 2 (7) 
kim. 
In Mp Dyam:.'s 


‘The transfer pear from the port / to k (/ < k) with the 


ports k, m, , § Open-circuited is 
km... 
Vy Pate ahs 8 eee (8) 
if Kl Dim ot ih aa 
ki 


| The current ratio from the port k to a (k + a) with the ports 


_iLm,..., 5 open-circuited is 
PASS. al... : 
(7) — aes == Digs (9) 
H Peas teak ': 
I Dyes 


The voltage ratio from port a to k (a + k) with the ports 


k, 1,..., s open-circuited is 
Do 
Vie Keli isis a Pee ¥ Des (10) 
V ka Kl...8 
a Tb yaad 


s. (7) and (8) with both port indices. equal cover also the 
maining two cases of driving-point admittances and impedances 
Spectively, but then the sign in eqn. (8) must be made positive. 
An important property of the symbolic representation is the 
variance of the matrix of index pairs under the changes in 
twork termination. Let us, for example, consider the relation 
tween the vector (1;, V2, V3) and the vector (V;, 5, 13) of a 
ulti-port with all the remaining ports either short- or open- 
reuited: 


b [4 i ah 13! n| 
Mm ]%2| B= |—1} 12) {3h | Pas: |B 
) |” tit ta} (3h i 


\is evident that the matrix of index pairs isolates the kernel, 
‘hich is invariant with respect to any changes of the short- and 
Den-circuits at all the remaining ports. The change in termina- 
pn affects only the co-factor D whose indices, except for 2 and 3, 
rrespond always to the open-circuited ports. 

To illustrate the application of this property let us investigate 
‘\e change of the network functions if a load is placed across 
oo of some port. To fix ideas let the variable impedance 
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Z be placed across the port 5 of a five-port and let us express the 
short-circuit current 7, and the open-circuit voltage V> in terms 
of the given voltage V3; and current J,. If a known voltage V; 
is assumed across Z, we have 


ret Grae the Ve 

34 A PR ROE Dx | 
" ay a | =15) rs 
If, on the other hand, a known current J; is assumed to be 
flowing through Z we have 


: tah datlist]  [% 


D3 = my (| (2 D343 | Ms 
V2 eraay a {3} i 


We may notice the invariance of the two first columns of the 
rectangular matrix in eqns. (11) and (12) and the change in the 
indices of the co-factors. Let us partition the matrices on the 
right-hand side, as indicated by the lines. Eqns. (11) and (12) 
may then be rewritten as 


(11) 


(12) 


q; 4 3 G V; 3 a 
DS 6 2 D3 eyo | Das. (13) 
i: iy 3} af Ms Ns 
I e ue V; 2 : > 
De Cue Dee ee Pee Ease CAS 
= 2 
d 13J 14} Ms 5f 
The coefficients of V; in eqn. (13) and J; in eqn. (14) are equal 
: 5 
since 
1 1 
{ 5} D3 = Dau = {3} Dae 
and = \ pa 5! DY = { 5 | Dass 


If now an impedance Z is placed across port 5, V; = — ZIs. 
Multiplying eqn. (14) by Z and adding to eqn. (13) gives 


. (D4 + ZD?43) = 13 } 14h |p ae ZD243) fe 


24 245) = 2 245 
é -{3} a)" ‘4 


since the two last terms cancel out. 

Eqn. (15) like eqn. (6) is equivalent to six relations giving 
explicitly the different network functions as functions of Z. 
Thus, for example, the short-circuit current ratio J,: J, with port 2 
open-circuited* is 


(15) 


ww Rack ZD78 
A 
Dif + ZD3S 
and similarly for other network functions, restating the known 


fact that each network function is a rational linear function of 
any network impedance. !3 


(4) SOME PROPERTIES OF GENERAL n-PORT NETWORKS 


Since, as follows from eqns. (7)-(10), each network function 
for any combination of short- and open-circuits at the network 


* It should be noticed that the superscripts 2 in the first two members of this equation 
do not indicate squares but open-circuiting the port 
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ports may be expressed as a ratio of some two co-factors of one 
and the same determinant, many interesting relations between 
them may be established. Some illustrative examples are given 
as follows: 

Let us, for example, consider a three-port. 
(7)-(10) we see that 


1 3 1 72.23 1p2p3 
¥i2Vos Tai, 2723251 aaa os et) 

3 41 ; 
Yo¥32Vi3 23,232 13 Fotis 


DiD3D} 
which may be expressed as follows: 

If the ports of the network are arranged in some order, the 
ratio of the products of the transfer functions (7, t) between two 
neighbouring ports taken in one direction and its reverse is 
equal to the ratio of the products of transfer admittances or 
transfer impedances taken in the same way, proper attention 
being paid to the port terminations. 

For a general two-port and for an m-port obeying the reciprocity 
law, eqn. (16) is trivial, and the above ratio is equal to unity. 

The influence of opening a port on the transfer admittance or 
transfer impedance between two other ports in a general linear 
network is reflected in the following relations: 


Using eqns. 


721732713 


Dy Ph) Dae DOE eee 
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(17) 
Di3 Di 
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Pret ne 


Since all co-factors appearing here may be derived from the 
common co-factor D3, if we denote D} by F we have 


233 Zi F3 By FBR Ei eens 
1 
PROF FRPP FIFE 
D13p12 
= Diks2s - sor is 
= 2123 _ 7127 (18) 
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Eqn. (17), for example, shows that the change in the transfer 
admittance from generator 2 to receiver 1 caused by open- 
circuiting switch 3 is proportional both to the short-circuit 
transfer admittance from the generator to the switch and to the 
short-circuit current ratio from the switch to the receiver. 

Equating the indices 1 and 2 in eqn. (17) and afterwards 
replacing the index 3 by 2, we get the influence of opening a port 
on the driving-point admittance: 


eg FON ee! 
Yu Vt, = T12¥a1 
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(19) 
The right-hand side of eqn. (19) is apparently not influenced by 
the change between the indices 1 and 2. This expresses the fact 
that the relative change in the driving-point admittance is the 
same if the point of observation and the switch change their 
places, and it is equal to the product of the current or voltage 
ratios in both directions. 

The influence of open-circuiting a port on the short-circuit 
current ratio between two other ports may be obtained from 


1 13 Lp23 22 
D; D33__ D3D33 D3D33 


2 23 2 123 
D3 D3 D3D3; 


i) 
Using the identity!4 
D33D\ + D31D2 + D12D3 = 0 


12 p3 
D33D3 
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we obtain 9 1745 DBD 773732 


(20) 
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Similarly the change in the open-circuit voltage ratio becomes 


WW th= ~ 5a + bem eae = ohn 
13 I 13-4 ial ¥. 

an 

Example.—Let us find the transfer admittance q 
¥;; a % 

Me q 


of the feedback amplifier illustrated in Fig. 2 when the switch 3 
is short-circuited. 


=| 
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Fig. 2.—Feedback amplifier (with switch 3 short-circuited). 


Let us denote the transconductance of the valve T by g, and. 
let its anode admittance be incorporated in Y;. Using eqn. (17) | 
(with the indices 1 and 2 interchanged) we have } 


Yo, = Y3, + 723¥31 - (22), 


All the network functions standing on the right-hand side may 
be easily evaluated. 4 


4 ‘4 


if 


Fig. 3.—Circuit of Fig. 2 with switch 3 open-circuited and port a) 
short-circuited. 


The transfer admittance Y3, with the switch 3 open-circuited : 
may be found from the passive network of Fig. 3 as 


Bene YY 
Y, ee 


af) ¥3 


Fig. 4.—Circuit of Fig. 2 with ports 2 and 3 short-circuited. 


The transfer admittance Y3, with the output 2 short-circuite | 
may be evaluated from the passive network of Fig. 4, giving | 


ag YY; (2 
Vi Yyt Xopeeea i 


The current ratio 723 with the input short-circuited may 5 


obtained from the straightforward amplifier circuit of Fig, ! 


We have 


i 


iy = BY + 
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“ig §.—Circuit of Fig. 2 with port 2 short-circuited and port 3 fed by 


a current generator. 


Thus from eqn. (22) we have for the desired transfer admittance 


Yo = 


Vy ¥pF Y4 


eos Yet Y, 


| Y, &Ye 
16 S23 Ga LC AO GE ae O) 
a EM e tie = F4Y5— YAY) 
(4+ Yo Y3 + Y,)(%; + Y,) 


In conclusion we wish to point out that the examples have 


(27) 


deen chosen merely to illustrate the advantages offered by the 
described method. With the same techniques, other theorems 
oncerning general linear m-ports may easily be produced. 


) 
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THE EDDY-CURRENT ANOMALY IN ELECTRICAL SHEET STEEL 
By H. ASPDEN, Ph.D., B.Sc., 


(The paper was first received 14th September, and in revised form 7th November, 1955. 
January, 1956.) 


SUMMARY 


A theory which accounts for the well-known discrepancy between 
predicted eddy-current losses in electrical sheet steels and the experi- 
mentally observed values is presented. The anomaly is shown to be 
due partly to the magnetic inhomogeneity arising from ferromagnetic 
domain structure and partly to a time-lag effect caused by the finite 
domain boundary movements. A new experimental approach speed of 
to the study of the eddy-current anomaly is described. This involves 
the use of a method of measuring the anomaly factor as it applies 
instantaneously at a point in a magnetization cycle. 


LIST OF PRINCIPAL SYMBOLS 
b = Half-thickness of electrical sheet, cm. 
n = Number of turns of magnetizing coil per centimetre 
length. 
p = Resistivity of electrical sheet, ohm-cm. 
t = Time, sec. 
w = Angular frequency of magnetization, rad/sec. 
x = Distance from the centre of an electrical sheet, cm. 
A = Cross-sectional area of a test specimen, cm2. 
B = Mean flux density in electrical sheet, gauss. 
B,, = Amplitude of mean flux density, gauss. 
B, = Flux density appropriate to a state of magnetic satura- 
tion, gauss. 
a = Magnetic field strength, oersteds. 
= Eddy-type component of Ho. 
ea Hysteresis component of Ho. 
Hy = Value of H when B is zero. 
M = Intensity of magnetization. 
M, = Saturation intensity of magnetization. 
N = Number of turns of magnetizing coil. 
P = Calculated eddy-current loss, watts. 
P, = Actual eddy-type loss, watts. 
P,, = Hysteresis loss, watts. 
R = Resistance of a resistor, ohms. 
R,, = Resistance of an eddy-current path in the sheet, ohms. 
V, = Voltage which is a measure of the potential drop in a 
resistor carrying a magnetizing current. 
V, = Induced e.m.f. in a search coil embracing a test specimen, 
volts. 
V, = E.M.F. induced in an elemental path in the sheet, volts. 
V,, = Mean amplitude of a signal comprising Vj and a function 
of V,, volts. 
= Amplitude of.a signal having a square waveform, volts. 
Vo = Strength of a pulse-type signal, volts. 


Pp 


Vim = Strength of a further pulse-type signal, volts. 


V = A voltmeter reading, volts. 


(1) INTRODUCTION 
In 1935 Landau and Liftshitz! first discussed the relationship 
between the velocity of a ferromagnetic domain wall and the 
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magnetizing field. In 1950 Williams, Shockley and Kittel? 
measured the velocity of a domain boundary in a single 
crystal of silicon iron having a known domain configuration. | 
They showed that the motion of the boundary was retarded 
by eddy currents, and were able to calculate this retardation 
effect in terms of the domain configuration. A small discrepaniag 
was attributed to the relaxation effects described by Landau 
and Lifshitz.* The exact calculation of eddy-current effects | 
based upon a known domain configuration was compared with | 
the classical eddy-current calculations based upon an assumed 
homogeneity of material, and an eddy-current anomaly factor of 
three could be explained in these terms. It is the present object 
to investigate such an explanation to determine the extent to. 
which it is applicable to electrical sheet steels in common use. | 


(2) THE DOMAIN STRUCTURE OF SHEET STEELS 
(2.1) The Domain Pattern — 
The specimens used by Williams, Shockley and Kittel had the 


rectangular picture-frame shape shown in Fig. 1. They were 
cut from a single crystal so as to have edges parallel to the 


— 


Fig. 1.—Magnetic domain structure in rectangular core cut from 4 
single crystal of iron and having sides parallel to easy directions 
of magnetization. a 


easy directions of magnetization. There are eight domains it| 
the specimen shown in the illustration. The broken lines indi: 
cate the positions of the domain walls and the arrows show th¢ 
direction of the magnetization within the individual domains 
When the domain walls occupy the positions shown the whok 
specimen may be said to be unmagnetized. If, however, the 
walls are displaced by the application of a magnetic field, the ne) 
magnetic flux in the specimen will not remain zero and tht 
specimen will become magnetized. 

Photographs of the domain patterns in a steel sheet have bee) 
obtained by Bozorth.4 A typical pattern is that shown in Fig. 2 
It applies to a sheet of 4% silicon iron having large crystals whicl 
extend across the thickness of the sheet, this particular viev) 
being appropriate to a crystal having axes as indicated. Th 
domain pattern shown may be regarded as representative of th 


* Galt} has since investigated the motion of a ferromagnetic domain boundary i 
Fe3;0,4, a material in which the eddy-current effects are small, and has provide 
experimental confirmation of the theory of the relaxation effects suggested by 

and Jifshitz, 


CRYSTAL 
AXES 


2.—Typical domain structure in sheet-steel lamination having 
large crystal structure. 


| Fig, 2 


lomain structure in sheet steels composed of large crystals. 
When a magnetic field H is applied to the sheet, in the direction 
\hown, a resultant flux is established in the same direction by a 
‘inovement of the 180° boundary walls which separate domains 
m one side of the sheet from those on the other side. The 
Jarticular pattern of the domain configuration at a part of the 
t depends upon the orientation of the crystal at that point. 
the crystal axes are parallel and perpendicular to the face of 

ie sheet we may expect a very simple domain pattern of the 
ae in Fig. 3 to apply. When a magnetic field is applied 


} 


< 


rae 


| Fig. 3.—Simple domain structure in sheet-steel laminations at a 
part having a crystal with two of its easy axes of magnetization 
. aligned with the surface of the sheet. 


hi orientation of the crystal with respect to the field direction 
0 becomes a factor in the determination of the domain 
onfiguration. 

In spite of these complexities, consideration shows that from 
© point of view of eddy-current effects a representative pattern 
| that shown in Fig. 3. On this basis the eddy-current effects 
aa sheet comprising two domains separated by a single plane 
oundary will be calculated. 


i 
i 


(2.2) The Calculation of Eddy-Currents 


‘It is assumed that complete homogeneity of electrical properties 
ists throughout the sheet. In Fig. 4 a sheet of thickness 25 
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s. 4.—Simple domain structure having a boundary XX displaced 
7. by applied magnetic field. 


c centre of the sheet. It is assumed that a magnetic field of 
ength H is applied in a direction perpendicular to the plane 
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of the paper, directed into the paper, so that a net magnetic 
flux may be assumed to be established in the sheet in the same 
direction. A net magnetic flux exists because each domain is 
magnetized to saturation, the upper domain being magnetized 
in the opposite direction to the lower domain, and since the 
boundary XX is displaced from the centre of the sheet, one 
domain is greater than the other. 

When the boundary XX is in motion such that x is increasing, 
currents will flow through the sheet in opposite directions on the 
different sides of the boundary, their directions being as indicated 
by the arrows. The same current must flow on one side of the 
boundary as flows on the other. The effective permeability 
within the domains is unity* since they are in a state of magnetic 
saturation. Thus, in a normal-size sheet magnetized at a power 
frequency the magnetic skin effects within the domains can be 
neglected. It may therefore be presumed that the current 
passing on each side of the boundary XX is uniformly distributed 
across the relevant domain. The two domains are effectively 
connected in series so far as induced eddy-currents are concerned, 
and their combined resistance per square centimetre of sheet is 
given by 

2bp 
ee porte 


ial seat a 


a aaa T i eres ohms ; . (1) 


Using B, as a flux density appropriate to a state of saturation,t 
the electromotive force V; induced in this path per square 
centimetre of sheet is: 


Ox 
eer eS as 
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V,= 2B,( 
where f¢ is time. The eddy-current loss per square centimetre 
sheet is V?/R,. If this loss is designated P, from eqns. (1) and (2): 


2 — x2 9x2 


ae 2 —16 3 
Pim 28h =) x 10-16 watts. . . (3) 


The relationship between x and the mean flux density B in the 
specimen is 
ae 110) 2) cm 
= Og 


In calculating eddy-current loss it is normal to assume that B 
varies sinusoidally with respect to time. B may therefore be 
expressed in the form B,, sin wt, where B,, is the amplitude of 
the mean flux density. By introducing this expression into 
eqn. (4) and using this equation to eliminate x from eqn. (3) the 
average value of P over a complete cycle of magnetization may 
be shown to be 


P=(1— a 
The corresponding eddy-current loss calculated in the classical 
manner on the basis of a uniform permeability throughout the 
sheet is (B2,w2b3/3p) x 10~-'® watts. Comparing this with P, 
the theoretical value of eddy-current loss to be expected with 
an actual domain configuration, it is found that P exceeds the 
classical loss by a factor of 3(1 — B2,/4.B?). 
An anomaly factor as great as three is therefore to be expected 
in sheet steels having domain configurations as represented in 
Figs. 2 and 3. 


* Flux density B is given by the expression 4xM + H where M is the intensity of 
magnetization produced by the field H. Inasaturated medium M has a fixed value M,, 
say, and the value of )B/0H becomes unity. It is this differential value of permeability 
which is effective when eddy-currents within the medium are concerned, 

+ Since a state of magnetization exists within a domain even in a zero field, 4xM, 
may be regarded as a flux density appropriate to the state of magnetization and con- 
veniently denoted Bs. However, an applied field which is not zero is necessary to 
promote boundary movement and, in deriving the simple expression for V7; in eqn. (2), 
it is necessary to assume that the magnetizing field is neghgibly small in comparison 
with Bs. 
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A point which has been overlooked in the above treatment is 
that eqn. (4) applies only to the system shown in Fig. 3. To 
apply to the system shown in Fig. 2 it must be modified to the 
form 


i= VO6(F) es ay OR AEE (5) 
B, 

The reason for this is that a movement of the 180° domain 
boundaries in a direction perpendicular to that of the field 
corresponds to 1/4/2 times this movement in a direction normal 
to the boundary surfaces, because the 180° boundaries are 
inclined at 45° to the field direction. To produce a given flux 
change in the field direction this entails a boundary movement 
perpendicular to the field direction greater than is required in 
the system shown in Fig. 3. There must also be a correspond- 
ing modification in eqn. (2) by which the expression for V; is 
reduced by the factor 1/4/2. The effect of these modifications 
is equivalent to a reduction of B, by the factor 1/,/2. Conse- 
quently, the anomaly factor appropriate to the domain con- 
figuration shown in Fig. 2 becomes 3(1 — B?/2B2) instead of 
having the value 3(1 — B2,/4B2) which applies to Fig. 3. 

In this way it may be shown that the anomaly factor which we 
may expect to arise from domain configurations having similar 
characters to those shown in Figs. 2 and 3 is only slightly 
dependent upon crystal orientation at low or medium values of 
B,,. Ideally, the anomaly factor should be close to 3-0. 

The uncertainties which arise from crystal orientation can be 
avoided, however, if attention is restricted to a consideration of 
the value of the anomaly factor as it applies instantaneously 
when, during a particular cycle of magnetization, B has the 
value zero. Such considerations, when put to the test in sheet 
steels having large crystals, afford a convenient basis for verifying 
the theory presented. 

From eqns. (3) and (4) it may be shown that the rate of 
eddy-current loss when B is zero in the systems shown in Figs. 2 
and 3 is given, theoretically, by 


; 
ane ay x1071 watts. 2... 
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This is exactly three times the classical rate of loss. The anomaly 
factor applicable at an instant when B is zero is therefore 3-0 
and is independent of B,, B,,, or the domain configuration. 


m? 


(3) EXPERIMENTAL STUDY 
(3.1) Experimental Requirements 


It is required to measure the instantaneous rate of loss of the 
eddy-current type at the point in a cycle of magnetization at 
which the mean fiux density is zero. The tests must be carried 
out on a single sheet. 

The actual rate of loss has two components, one attributable 
to hysteresis and one attributable to eddy currents. It may be 
shown that the total loss rate at the instant when B is zero is 


ee 
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) K10=3 watts) 7 1(8) 
Hy may be resolved into a component Hj, which is independent of 
frequency and a component H, which varies with frequency. 
The loss components may then be separated to give 


10H, 
P, = eee =) x 10-8 watts . . . (9) 
Since this expression represents the actual eddy-type loss, it 
follows that the observed anomaly factor is obtained by dividing 
this value of P, by the value of P as given by eqn. (7) and multi- 
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plying by three to base the factor upon a classical value of e 
current loss. The experimentally observed value of the ano 
factor (a.f.) may therefore be expressed as 


 30pH ei 
Gt) = 77h eee 
. 
(3.2) Experimental Technique . , 


Eqn. (10) forms the basis of an experimental measurement of 
the anomaly factor applicable at the appropriate instant during a 
cycle of magnetization. The value of 0B/dt is readily determined 
by measuring the e.m.f. induced in a search coil at the instant 
when the integral of the e.m.f. is zero. The corresponding value | 
of H, is determined by measuring the magnetizing current at the 
same instant, and carrying out a test somewhat similar to the | 
method of deducing eddy-current loss from measurements 
the total magnetization loss at different frequencies. The basic 
features of the technique and the instrument used to measure 
the anomaly factor on the basis of eqn. (10) are described in the | | 
Appendix. M4 


(3.3) Experimental Results 


A number of well-annealed sheet samples of steels of high 
silicon content were tested. Typical results are those presented | 
in the following Table 1. | 


Table 1 
MEASURED ANOMALY FACTORS 
=~ 
Steel Bon Anomaly factor 
“48 Quality” 
34%, Si 6200 3-16 
p = 61°3 8 250 3-51 
2b = 0:406mm 10 300 Brot 
Stalloy 
4% Si 7000 5-91 
p = 59-0 10 500 4-26 
2b = 0:300mm 14000 3-85 
Le 
Crystalloy 
37581 7250 3-70 
p = 41:0 10900 3-97 
2b = 0:288 mm 14500 3-76 
| 
Superstalioy } 
4:3% Si 6775 4-81 fl 
p= 59:0 10250 5°22 | 
2b = 0:309 mm 13 550 5-03 


Pp, which was measured in each individual sheet tested, is expressed in microhm, 
per centimetre cube. 
The silicon contents quoted are nominal. | 


The above observations provide the surprising result that thi! 
anomaly factor invariably exceeds the predicted value of 3:0 
Moreover, these values of the factor are greater than the anomal) 
factor normally measured, i.e. the mean anomaly factor through 
out a complete cycle of magnetization. In the above specimen 
this factor is between 2:0 and 3-0. In the sample of “48 Quality’|_ 
steel tested above the loss anomaly factor, as normally measured |_ 
was 2:6 for B,, equal to 6 200 gauss. This discrepancy is in quali 
tative agreement. with the theory developed, since it has beet). 
shown that the anomaly factor falls with increasing flux density) 
However, the theory presented affords no explanation for ano 
factors in excess of 3-0. Such high anomaly factors have 
recorded by observers measuring the mean effect over a com] 
cycle of magnetization. For example, Dannatt> carried 
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experiments on ring stampings representing a wide range of 
variables as involved in eddy-loss calculations and measured 
anomaly factors varying between 2:8 and 3-5. 


| 
(4) TIME-LAG EFFECTS 
An anomaly factor in excess of 3-0 cannot be explained in 
‘terms of the magnetic inhomogeneity attributable to the existence 
‘of magnetic domains. The observations recorded above show 
‘that at low flux densities during a cycle of magnetization the 
‘anomaly factor is appreciably greater than 3:0, but evidence 
from mean loss measurements indicates that the anomaly 
factor falls at higher flux densities. It follows from this that 
‘some other factor is contributing a component to the eddy-type 
loss. There is little doubt that this factor arises from time-lag 
effects associated with domain boundary movements. The 
movement of the domain boundary walls is discontinuous and 
takes place in a series of jerks rather than smoothly. During 
‘their movement subsidiary eddy-current effects occur in the 
easy of the boundary and loss is associated with these localized 


jh 
| 
| 


ddy-currents. This loss is the hysteresis loss. The demag- 
netizing effect of these eddy-currents retards the motion of the 
joundary and causes it to move relatively slowly. Time-lags of 
he order of 10~-4sec may be associated with this movement, 
nd these lead to an increased hysteresis loss with increasing 
frequency when the value of maximum flux density is main- 
ined constant. From qualitative considerations, we can expect 
Fae time-lag to be greater if the hysteresis loss is smaller. 

The samples tabulated above have a low hysteresis loss and, 
at a frequency of 50c/s, the total eddy-type loss has normally 

similar magnitude. We may therefore expect the time- 
ag to be relatively high and the observations presented 
bove suggest that time-lag effects account for between, say, 
20 and 50% of the total eddy-type loss when the flux density is 
ero. On this basis, it is of interest to predict the importance 
time-lag in a specimen having a greater hysteresis loss and, 


by using a thick specimen, an eddy-type loss which is appre- 
ie greater than the hysteresis loss. Clearly, time-lag is less 
and its effect upon the eddy-type loss is much more than 
broportionally less. This will be considered experimentally 
low. 
‘To conclude this discussion of time-lag effects, it is to be 
noted that the time-lag is associated with boundary movements. 
e movements are of greater significance at low flux densities. 
iy high flux densities the boundaries move faster, since greater 
ield strengths and rates of hysteresis loss are involved. Thus, 
t high flux densities the time-lag effects become relatively 
nimportant and the anomaly factor falls to the normal values 
hich can be attributed to magnetic inhomogeneities arising 
om domain structure. 


i 


(5) STEELS HAVING LOW ANOMALY FACTORS 


(5.1) Experimental Evidence of Low Anomaly Factors 


Domain configurations of the form shown in Figs. 2 and 3 
re not to be found in thick sheet steels having small crystal 
tructures. However, it seems that a sheet would have to be 
ery thick indeed before the domains became so small relative 
the thickness of the sheet that magnetic homogeneity could 
e taken for granted. Even then, there would be other factors 
ich would perhaps cause the magnetic permeability to vary 
ctoss the sheet. In such sheet the above discussion has shown 
time-lag effects can be discounted and, with this in mind, 
- following further observations were obtained from a sample 
Lohys steel. 
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Table 2 


Lobys steel: A 2% Si, p = 17-1, 
2b 


= 0:473 mm 


Anomaly factor 


It is to be noted that the anomaly factor is substantially 
independent of the range of the cycle of magnetization used. 
This is to be expected, since the domain boundaries are likely 
to occupy similar positions when the flux density is zero, 
regardless of the cycle of magnetization. The fact that the 
anomaly factors were not so nearly equal with different cycles 
of magnetization in the previous results is attributable to a 
dependence of the time-lag of the boundary movement upon the 
cycle of magnetization. 

A second feature which is apparent from the tests on the 
Lohys sheet is that the anomaly factor is very nearly unity. 
This immediately suggests that the classical eddy-current for- 
mulae apply, which indicates that the specimen is magnetically 
homogeneous. However, on this basis the mean loss measured 
over a complete magnetization cycle should also agtee with 
classical calculation. This is not found to be the case. When 
Lohys sheet was tested in this respect it was found to exhibit 
an anomaly factor of 1:40 with B,, equal to 8290 gauss. A 
possible explanation for this will now be proposed. 


(5.2) Explanation of Low Anomaly Factor in Terms of Hypo- 
thetical Domain Patterns 
A hypothetical domain configuration is illustrated in Fig. 5. 


Here, there are two domain boundaries XX and YY shown in 
their neutral positions to lie between the centre of the sheet and 


Fig. 5.—Complex domain structure in sheet steel having low 
anomaly factor. 


a face of the sheet. Parts of the sheet between the two boundaries 
are assumed to be magnetized to saturation in one direction, 
and the remaining parts between each of the boundaries and the 
corresponding face of the sheet are assumed to be magnetized 
in the opposite direction. A boundary ZZ is shown to run 
transverse to the plane of the sheet. This boundary separates 
the three domains having boundaries XX and/or YY from three 
adjacent domains having corresponding boundaries PP and/or 
QQ, but magnetized in opposite directions, as shown by the 
arrows in Fig. 5. The four boundaries XX, YY, PP and QQ 
are distant x from the centre of the sheet in the position shown, 
and are regarded as having equal length. The thickness of the 
sheet is 25. Thus the resultant flux density of the system shown 
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is zero. Now, it may readily be shown that if the boundaries 
XX and YY, say, move together at the same rate, an anomaly 
factor of 3(b — x)/b is applicable. The domain configuration 
shown in Fig. 5 leads to an anomaly factor of unity when the 
flux density is zero if x has the value 26/3. The factors which 
influence domain boundary movement are such that the 
boundaries are moved inwards more easily than outwards 
initially when a magnetic field is applied. Thus, depending upon 
the direction of the applied magnetic field, we may expect either 
XX and YY or PP and QQ to move inwards before the other 
pair move outwards. On this basis, when the pair of boundaries 
moving inwards has reached a position at which x is b/3, the 
other pair of boundaries remaining with x equal to 2/3, the 
value of the anomaly factor applicable becomes 2:0. With the 
assumed domain configuration this corresponds to a position 
at which the flux density is equal to one-third of that at saturation. 
Thus, whereas the theoretical anomaly factor is unity when B is 
zero, it rises with increasing B to a sufficient extent to explain 
the mean loss anomaly of 1-4 as measured over a complete cycle 
of magnetization. 

The above explanation of an example of the low anomaly 
effects found in some sheet steels is somewhat hypothetical, and 
it might appear that almost any anomaly effects within the 
bounds of unity anomaly factor and a factor of three can be 
explained by choosing a suitable domain configuration. This 
adds to, rather than detracts from, the significance of the 
explanation of the eddy-current anomaly presented. 


(6) CONCLUSIONS 

It is concluded that in modern electrical sheet steels anomaly 
factors as high as 3-0 result directly from the magnetic inhomo- 
geneity arising from the magnetic domain configuration within 
the sheet. In the older-type relatively thick sheet the low anomaly 
factors sometimes obtained are not attributable to magnetic 
homogeneity as such but arise owing to particular domain 
configurations within the sheet. In low-loss sheet the anomaly 
factor is generally greater than that directly attributable to the 
inhomogeneities associated with! the magnetic domain con- 
figuration. This is caused by a time-lag in the motion of domain 
boundary walls. 


(7) ACKNOWLEDGMENTS 

The author acknowledges a sincere debt of gratitude for the 
awards of a Whitworth Senior Scholarship and The Institution’s 
J.M.E.A. Research Scholarship which enabled him to undertake 
this work. He is also grateful for the facilities and kind assistance 
afforded him at the Cambridge University Engineering Labora- 
tories, and particularly the helpful: encouragement shown him 
by Mr. G. E. Middleton. 


(8) REFERENCES 
(1) LANDAU, L., and Lirtsuitz, E.: “Theory of the Dispersion 
of Magnetic Permeability in Ferromagnetic Bodies,” 
Physikalische Zeitschrift der Sowjetunion, 1935, 8, p. 153. 
(2) WiuiAMs, H. J., SHOCKLEY, W. and KitreL, C: ‘“‘Studies 
of the Propagation Velocity of a Ferromagnetic Domain 
Boundary,” Physical Review, 1950, 80, p. 1090. 


(3) Gaut, J. K.: “Motion of a Ferromagnetic Domain Wall in 

Fe,0,,” ibid., 1952, 85, p. 664. 

(4) Bozortu, R. M.: “Ferromagnetic Domains,” Physica, 1949, 
15, p. 207. 


(5) DANNATT, C.: ‘‘The Variation of the Magnetic Properties 
of Ferromagnetic Laminae with Frequency,” Journal I.E.E., 
1936, 79, p. 663. 


ASPDEN: THE EDDY-CURRENT ANOMALY IN ELECTRICAL SHEET’ STEEL 


(9) APPENDIX—A MAGNETIZATION LOOP TESTER 
The magnetization loop tester to be described was desig: 
primarily to measure the coercive force of a magnetization loc 
and to study its dependence upon frequency. The loop teste 
is electronic, H being measured at a particular instant from 
proportional voltage signal and the use of a superimposed pu 
and peak measurement technique. B is measured, in effect 
by gating the output from a search coil before supplying it to 
rectifier-type voltmeter. 
It is noted that the magnetization loop is defined as | 
relationship between the mean flux density B and the applied | 
magnetic field H in a test specimen. D | 


(9.1) Principle of Operation 


a 
The e.m.f. V, induced in a search coil) having N turns a | 
closely embracing the test specimen is given by a 


oB 


dei A 
sz) x 10 ONT ay 


V, = AN(S; 


Provided that this search coil carries a negligible current, the | 
current J in a uniformly-wound and uniformly-distributed mag- 
netizing coil will be proportional to H and by introducing a 
resistor having a resistance R in series with the magnetizing coil 
a voltage signal V;,, may be obtained which is proportional to H_ 


Thus Vy,=>— —. (1 


The present object is to measure corresponding values of B 


t / 
and H or, in effect, by virtue of a suitable calibration | Yate 
and V;. 0 

It is presumed that the magnetization loop is not biased by a 
polarizing field: Thus, there are no even harmonic components 
in the waveforms of B or H. 

Let V, =0 when wt=0. 


Consequently 


bd Lay 
i V,dt = 2ANB,, X 1078 . (13) 


0 


where B,, is the amplitude of B. 
At the particular instant t, the value of B is given by 
th 
| V,dt = AN(B + B,,) x 10-8 
0 


t/a 
| V,dt 


ty 


Also = AN(B,, — B) X 10-8 


From eqns. (14) and (15) 


oT 4) 
| Vat -| V,dt = 2ANB x 10-8 . 
0 q , 


Ve 

In Fig. 6(@) typical waveforms of V, and V,, are shown, 
In order to measure the difference between the two integrals i 
eqn. (16) a signal having a square-type waveform as shown 
Fig. 6(b) is generated. The amplitude Vo of this waveforr 
greater than that of the signal V,. A leading edge occurs at 
instant t,. The square wave is added to the signal V,, as s 
in Fig. 6(c), and the composite signal is rectified, as sho 
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i Fig. 6.—Signal waveforms illustrating operation of magnetization 
f loop tester. 

1, (a) Typical waveforms of V» and Vj. 

oe 


Se 
‘(b) Square-type waveform generated in order to measure the difference between the 
two integrals in eqn. (1 
| (c) Square wave added to signal Vp. 
(d) Waveform (c) rectified. 
(e) Pulse-type signal generated, in order to measure value of V), at instant f,, by 
signal having square-type waveform (5). 


fie, 6(d). The mean value V,, of this rectified signal is equal to 


Vo plus 
a (a) ty 
ty (0) 


1 a ]e 
us | V,dt — | Vat = “(Vo ie.) (17) 
| ' 0 ty 
Accordingly, from eqns. (16) and (17) 
—s 1082 


| In order to measure the value of V,, at the instant f, the signal 
having the square-type waveform shown in Fig. 6(b) is used to 
erate the pulse-type signal shown in Fig. 6(¢), the amplitude 
he pulses being Vo. When this signal is added to the signal 


20 


V,, a measurement of the peak voltage V,,,, will be equal to the 
sum of V,9 and V;, at the instant ¢,. Thus, from eqn. (12) 


4in 


H =—_(J/, 


(9.2) The Instrument 


In Fig. 7 the circuit of a magnetization loop tester operating 
on the above principles is shown. The test specimen C is mag- 
netized by current flowing in the coil P. This coil is connected 
in series with a resistor R and the whole is supplied from the 
variable-frequency source E. There are two identical secondary 
windings formed by the search coils S, and S. Each of these 
has N turns and affords an output signal of strength V,. 

The source E also supplies a phase-changer F. This phase- 
changer has the form of an inductor connected in series with a 
variable resistor, the output being drawn from across the resistor. 
However, if it is not simply the coercive force of the magnetiza- 
tion loop that is to be measured, a more complex phase-changer 
affording a very wide phase adjustment may be required. 

The output from the phase-changer is fed to a squaring 
amplifier formed by the valve V,. The potentiometer R, enables 
the ‘‘mark space” ratio of the square wave to be adjusted to 
unity. The amplitude of the square wave is determined by the 
limiting device formed by the valve V>. The potentiometer R> 
serves to adjust this amplitude. 

The resistor-capacitor circuit RC, serves to bring the d.c. 
component of the signal having the square-type waveform to a 
fixed level. The RC value of the circuit RC, is very high so that 
it may pass the a.c. component of the square-wave without 
distortion. However, a-similar resistor-capacitor circuit RC, 
serves the dual purpose of bringing the d.c. component to the 
fixed level and distorting the square wave into a pulse-type 
waveform as shown in Fig. 6(e). 

The signal V, supplied by the search coil S, is added to the 
output from the circuit RC, and the composite signal is supplied 
to the grid of the valve V3, which acts as a cathode-follower. 
The cathode potential is therefore proportional to the sum of 
the above-mentioned fixed d.c. level, the square-wave signal, 
and the signal V,. By using a rectifier-type voltmeter, M,, to 
compare the cathode potential of the valve V, with the potential 
of the potentiometer tapping T,, and by suitably designing this 
potentiometer, the effects of the fixed d.c. level can be com- 
pensated and the voltmeter M, can be arranged to respond 
solely to a signal having a square-wave component and the V, 
component. When calibrated, this voltmeter M, gives a direct 
measure of the factor (Vo — V,,,) of eqn. (18). 

The signal V;, which is supplied by the resistor R is added to 
the pulse-type output of the circuit RC, and then fed to the 
peak voltmeter formed by the valve V,, the capacitor C,, the 
cathode-follower valve V; and the voltmeter M>. A potentio- 
meter tapping T, provides a reference potential which com- 
pensates for the fixed d.c. level of the signal supplied by the 
circuit RC,. The voltmeter Mz may be calibrated to give a 
direct measure of the factor (V,,,, — Vo) of eqn. (19). 

If desired, the two potentiometer tappings T, and T, may be 
adjusted to provide potentials which compensate for Vp and V,o 
respectively. This facilitates the calibration of the voltmeters. 

Calibration is effected by replacing the signals V, and V, 
by known d.c. signals. 

The value of B,, can be adjusted by varying the voltage of the 
source E. It may be measured by utilizing an additional cathode- 
follower circuit including the valve V,. The rectifier-type volt- 
meter M; can be calibrated to give a direct measure of V, where 


108 
Jie = TAN@S V) . . . . . (20) 
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Fig. 7.—Circuit of magnetization loop tester. 


(9.3) Application of the Instrument 


When applied for the purpose of measuring the anomaly 
factor as given in eqn. (10), the magnetization loop tester must 
also be used to measure the rate of change of B at the point 
on the magnetization loop at which B is zero. This is readily 
achieved by incorporating in the circuit shown in Fig. 7 a suitable 
switching system by which the signal V;, supplied to the electronic 
circuit can be replaced by the signal V, supplied by the search 
coil S;. To avoid complication of the circuit this switching 
system is not shown in the Figure. 


(9.4) Operation and Results 


Once the instrument has been adjusted and calibrated the 
testing of a sheet specimen is quite straightforward. It is 
desirable to use specimens having a standard magnetic length. 
Thus rectangular specimens 22cm long by 7cm wide were used, 
and a central slot 1-27cm wide and 18cm long was cut in each 
of them. This gave a mean magnetic length of 53-:3cm when 
the specimen was magnetized around the rectangular path 
formed, and in conjunction with the calibration of the instru- 
ment this was found to give the measurement of field strength 
by the voltmeter M, as 1 oersted/volt. From a knowledge of 
the dimensions of the test specimen there is little difficulty in 
applying eqn. (20) and calibrating the voltmeter M, so that B,, 
can be measured. When a particular value of B,, has been chosen 
at which to conduct a test, it is simply a matter of adjusting the 
source E to give the required frequency and a suitable output 
voltage. To measure the coercive force of the magnetization 
loop the phase-changer is then adjusted until the voltmeter M, 
gives a null indication. From eqn. (18) B is then zero. Mb, is 
read, both when a signal V, is applied to it and when the circuit 
is adjusted so that a signal V, is applied to it. The calibration 
constant in the latter case (previously determined as 4-3 volts/volt) 
enables the value of V;,, at the appropriate instant to be measured. 
Tests carried out at different frequencies but using the same 
value of B,, enable the coercive force to be measured as a function 
of frequency. In general, a linear relationship between coercive 
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force and frequency was obtained, and the frequency-dependent 
component could readily be deduced. A typical example of the 
readings afforded by the voltmeter M, is given below. The 
results apply to a Superstalloy specimen tested with B,,, equal to 
13550 gauss. From these results the eddy-type component of 
field strength has an estimated value of about 0-33 oersted at 


50c/s. The corresponding value of V, is 3-15 times the calibra- 
tion factor 4-3, or 13-5 volts. 
Table 3 
Frequency Vp Va 
c/s volts volts 
10 0-55 0-41 
20 1-29 0:48 
30 2-00 0:54 
40 2:54 0-61 
50 SS) 0-68 
30pH, 108 
, f£, = ——_~ —_ 2 
From eqn. (10) af. i ae ( » 
7) 
Hence, from eqns. (11) and (21) 
30ANpH, e 4 
{= 22) 
al > ae 2a 
From the data of the specimen and the above results 
26 = 0-0309 cm 
A = 0-0883 cm? 
N = 4000 


p = 59-0 microhm-cm 
H, = 0-33 oersted 
V, = 13-5 volts 


When these data are substituted in eqn. (22) the anomaly factor 
found to be applicable is 5-03. 
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SUMMARY 
The discrepancy between the theoretical eddy-current effects and 
\the actual eddy-current effects in thick steel cores is investigated. By 
ing thick cores the magnetic inhomogeneity arising from ferro- 


pancy may be attributed to an intrinsic time-lag effect in the mag- 
tization process. This time-lag is measured and explained in terms 
of a localized eddy-current action associated with the dissipation of 
hysteresis loss. It was found that the time-lag depended upon fre- 
‘quency and was less important at high frequencies. 


\, LIST OF PRINCIPAL SYMBOLS 
, 7 =A< time constant associated with a magnetization time- 
i lag, sec. 

f& = Permeability. 

49 = The modulus of a complex permeability. 
| @ = The argument of a complex permeability, rad. 
H = Magnetizing field strength, oersted. 
. H,, = The amplitude of a varying field strength, oersted. 
@ = Angular frequency of magnetization, rad/sec. 

B,, = Amplitude of a varying flux density, gauss. 
| ft, = Modulus of a complex permeability representing static 
f hysteresis loop. 
6, = Argument of a complex permeability representing static 
ie hysteresis loop, rad. 
z= A factor defined in eqn. (7). 
| te Resistivity, ohm-cm. 
_ Hp =A polarizing magnetic field strength, oersteds, 
a = The radius of a test specimen, cm. 
_ Q=The ratio of a mean flux density at a particular fre- 
He quency to the amplitude of the flux density at a 
surface at zero frequency. 
D=A distance between adjacent ferromagnetic domain 
walls, cm. 

d = The distance through which a domain wall moves, cm. 
B, = Saturation flux density, gauss. 
B = Flux density, gauss. 

Ps line. sec. 
| x = Displacement of a boundary wall, cm. 


coer = A coercive force, oersteds. 
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(1) INTRODUCTION 


‘It is well known that there is a discrepancy between the 
bserved and calculated values of eddy-current loss in electrical 
heet steels at supply frequencies. It is found convenient to 
ote the ratio between an observed eddy-type effect and a 
Iculated one by the term “‘anomaly factor.” 

Brailsford! has considered the extra loss which arises owing to 
he flux waveform distortion produced by the non-linear character 
bf the magnetization loop within individual sheets and from sheet 
© sheet of a laminated core, and the increased hysteresis loss 


ation 


| a on Monographs is invited for consideration with a view to 
| Aspden is with the English Electric Co., Ltd. 


|} 


Monograph No. 165 M 
Jan. 1956 


MAGNETIC TIME-LAG EFFECTS IN SOLID STEEL CORES 
| By H. ASPDEN, Ph.D., B.Sc., 


(The paper was first received 14th September, and in revised form 7th November, 1955. 
e j January, 1956.) 


Wh.Sc., Graduate. 


It was published as an INSTITUTION MONOGRAPH in 


due to eddy-current skin effects as demonstrated by a model. 
In this way he was able to explain a substantial portion of the 
extra loss observed in specimens of low-silicon and high-silicon 
steels which gave loss anomaly factors of about 1:5 and 2-0 
respectively. He also describes an experiment on a low-silicon 
steel disc in a rotating field the results of which are interpreted as 
indicating the absence of an anomaly. 

At higher frequencies of magnetization no direct agreement 
between observed losses and those calculated from simple 
formulae can be expected, and eddy-current screening must be 
considered. Anaccurate mathematical approach to this problem 
is extremely difficult, but certain simple assumptions lead to 
solutions which indicate roughly the nature of the result. A 
useful approach is to employ the model lamination as devised 
by Brailsford,! or a more simple type developed by Heys.2 At 
high frequencies it is usual to consider the variation in the effective 
permeability rather than the loss, and it is known that an anomaly 
is manifested under these conditions by a more rapid fall in 
permeability as frequency is increased than theory would predict. 
However, when model tests are carried out and the high-frequency 
conditions in one lamination are simulated by a group of lamina- 
tions at low frequency it is found that in the actual case the 
permeability falls rather more rapidly than would be expected 
from tests on a model. 

Stewart? has attributed the eddy-current anomaly to a time-lag 
between the magnetizing field and the flux density, a time-lag, 
that is, which has some intrinsic character and is independent 
of classical eddy-current action. This conception affords a 
ready explanation of the eddy-current anomaly. Landau and 
Liftshitz4 have shown in a classic paper on domains that time-lag 
effects apart from eddy-current action have some physical basis 
in ferromagnetism. 

The above explanations of the eddy-current anomaly virtually 
neglect the non-homogeneity of the electrical and magnetic 
properties of steel. This can reasonably be justified by a careful 
preparation and treatment of a test specimen, and provided that 
the dimensions of the specimen are large in comparison with the 
size of the ferromagnetic domains within the specimen. Ferro- 
magnetic domains may have a width of 0:l1mm, and since 
modern low-loss electrical sheet steel has a comparable thickness 
magnetic homogeneity cannot be the basis of an accurate eddy- 
current calculation. 

However, it has been shown by the author? that the eddy- 
current anomaly in low-loss sheet cannot be wholly attributed to 
magnetic inhomogeneity arising from the ferromagnetic domain 
configuration within the sheet. The suggestions of Brailsford, 
Stewart, and Landau and Liftshitz therefore merit reconsideration, 
since it seems feasible to suppose that inhomogeneity arising 
from domain structure contributes part of the anomaly effect 
and some other causes, such as waveform distortion and time-lag 
effects, contribute the remaining part of the anomaly effect. 

This paper deals with an investigation of the latter effects by 
carrying out tests on solid steel specimens which are sufficiently 
thick for the problem of domain configuration to be ignored 
and the specimen to be regarded as magnetically homogeneous. 
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The existence of a fundamental time-lag effect in magnetization is 
assumed. It is also assumed that this effect can reasonably be 
represented by a time-constant which will be denoted 7 and which 
will be assumed to be constant independent of the flux density in 
the specimen. 


(2) THE DYNAMIC HYSTERESIS LOOP 


Tests on electrical sheet steel specimens have shown that 
under alternating magnetization at 50c/s the hysteresis loop 
is modified from its static form. When a magnetizing field 
having a fixed amplitude is used for these tests the modification 
has a form such as that shown in Fig. 1. This modification can 
readily be explained in terms of a time-lag effect. 


Af) 
LV 


Fig. 1.—Static hysteresis loop and corresponding dynamic 
hysteresis loop. 


Whereas the static hysteresis loop has a well-known shape, the 
dynamic hysteresis loop is somewhat elliptical. Thus, if an 
electrical specimen is tested and, owing to the existence of a 
time-lag effect, the hysteresis loop is everywhere modified to an 
elliptical form, one would not expect there to be any non- 
linearities of a form which would cause a waveform distortion. 
Purely sinusoidal changes of the applied magnetizing field- 
strength may reasonably be expected to be accompanied by 
corresponding sinusoidal changes of the resultant flux passing 
through the specimen. On this basis, any anomaly effect 
observed cannot be attributed to the waveform distortion effects 
discussed by Brailsford, and substantially the whole effect 
measured can be attributed to a time-lag. It must be emphasized 
that this argument presupposes the existence of a time-lag effect. 


(3) THE EFFECT OF TIME-LAG UPON EDDY-CURRENT 
THEORY 
In studying the effects of a time-lag upon eddy-current theory 
it is convenient to assume that the hysteresis loop has adopted 
an elliptical form, and to utilize the conception of a complex 
permeability of the form 


[= gb ow pepe See cotsrtel is pepe) 

It follows that if the magnetizing field H has the form H,, sin wt, 
the flux density B will have the form =) 

B= oH, sin (wt — 0) = B,, sin(wt— 0). . (2) 
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where B,, is the amplitude of B. By eliminating the par iy 
meter wt from the expressions for B and H, the B/H relation- ' 
ship may be shown to be an ellipse of the form shown in Fig. 2. | 
The value of the semi-major axis of the ellipse is approxiilelay 


so 
a 
j 


Fig. 2.—Hysteresis loop based upon a pure complex 
permeability woe—/0. 


oH, and the value of the semi-minor axis is approximately | 
H,,sin 8. The area of the loop formed by the ellipse is therefore | 
TH? sin 0. | 

The conception of the complex permeability as a means for ” 
simulating hysteresis has been used by Latour® in the calculation — 
of magnetization losses in sheet steels. | 

Now, if hysteresis is ignored for a moment and the effects of | 
a time-lag are considered, the following equation may be used to 
relate B and H: 


&| 


If H is put equal to H,, sin wt as before, and if it is assumed that 
the permeability j1, is constant, the effective permeability jx at 
the angular frequency w may be shown from eqn. (3) to be 
given by 
Es Hn 
DH A/a obey 


eJactanot | | | IE 


if 


This equation is analogous with eqn. (1), and it therefore appears _ 
that the conception of a complex permeability can also be used: 
to account for time-lag effects. at 

To use a complex permeability to simulate both hysteresis and 
time-lag effects the values of j19 and @ in eqn. (1) should be 


ai he 
Ho Vd + w272) . . ° . . i . 
@ = arc tan (tan 8, + wr) 


where 4, and 0, have values such that j1,¢-/% represents the 
static hysteresis loop. a 
From the above analysis two experimental approaches present 
themselves. The variation of effective permeability with re- 
quency can be measured and eqn. (5) used to deduce the v. 
of 7. Alternatively, we can measure the dependence of 0 u 
frequency and deduce 7 by using eqn. (6). 
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(4 MEASUREMENT OF EDDY-CURRENT EFFECTS 
if (4.1) The Limiting Value of Phase Angle 


Bethenod’7 has shown that, for a magnetic system comprising a 
losed Magnetic circuit of sheet-iron laminations, the limiting 
j angle under high-frequency conditions between the e.m.f. 
P plied to the magnetizing winding (assumed equal and opposite 
) the induced back e.m.f.) and the magnetizing current is not 
@ radians as indicated by the formulae of J. J. Thomson,’ 
ut is 7/4 diminished by an angle 9/2 radians. If 0 is the angle 
ociated with hysteresis, i.e. the loss angle of the hysteresis 
0p, the limiting phase angle involved at frequencies correspond- 


ng to an appreciable degree of magnetic skin effect is “ =_ E 


‘he author? has shown that the same phase angle applies in a 
‘pecimen having a solid core. It would therefore appear that 
ne most direct way of measuring the time-lag is to measure the 
variation of phase angle with frequency. 

_ It is first essential to consider the errors which may arise if 
here are inadequate magnetic-skin effects for the above value of 


60° 


50° 


40° 


PHASE ANGLE 
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ba 3.—Theoretical values of limiting phase angle of magnetizing 
circuit due to eddy currents in magnetized core. 


Mase angle to be applicable. In Fig. 3 the theoretical phase 
ingle associated with the magnetizing circuit used to magnetize a 
pecimen of circular cross-section is shown. The phase angle is 
siven as a function of z and @ where 


} 
1A 


} z2=4Anauea?x10-YJp. . . . () 


it 


nd }/4o and 6 have values such that i é~/® represents the dynamic 
ysteresis loop. 

The broken lines in Fig. 3 indicate the asymptotes to which 
he curves tend. The error angle at the higher values of z is 


*G*7) 


ince the magnetic-skin thickness is a/z, the greater z the less the 
kin thickness. It is not desirable to introduce too much skin 
ffect, since the skin thickness may become too low int comparison 
7 the domain size and the assumption of magnetic homogeneity 


rad. The greater z the less the error, but also, 
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will not be justified. Hence there must be a compromise in 
choosing a frequency range over which measurements should 
be made. 

The significance of the above considerations is best appreciated 
from the following numerical example. If an ordinary steel 
rod or diameter 1-3cm having, say, a permeability of 1000 and 
a resistivity of 20 microhni-cm is magnetized at 200c/s, the 
value of z is 18:3. This gives a magnetic skin thickness of 
0-35 mm, which is appreciably greater than the dimensions of the 
magnetic domains present in the rod. The error angle between 
the actual phase angle and that represented by the asymptote 
of the form shown in Fig. 3 is 0-87° when @ has the value 22:5°, 
At 400c/s the value of z is 25-9 and the error angle is 0°61°. 
It is therefore reasonable to expect a fall in the measured 
phase angle of about 0-26° between these frequencies, provided 
that 6 itself is independent of frequency. Evidence of a fall 
greater than this would be evidence of time-lag effect of the 
kind mentioned above. 

If, for example, T is 10~4sec and @, is 22:5°, eqn. (6) indicates 
a variation of 6 from 28-4° at 200c/s to 337° at 400c/s. This 
corresponds to a fall of phase angle of 2:65° which is more than 
ten times that to be expected owing to skin-effect variations. 

These considerations are important, since it is desired to detect 
the time-lag and measure the time-constant without knowing the 
appropriate values of j,, and 8, to use in simulating the hysteresis 
loop. The latter factors depend upon too many variables and 
cannot be predicted with certainty, but the asymptotic expression 
for the phase angle is independent of these factors and affords a 
neat experimental approach. There seems to be only one weak- 
ness involved, and this lies in the assumption that 0, is constant. 
It is, in fact, dependent upon the value of B,. However, 
always provided that the specimen is magnetically homogeneous, 
when sufficient magnetic-skin effects occur the proportions of 
material magnetized to particular values of B,, are the same 
independent of frequency, although the amount of material 
magnetized to a particular value of B,, varies with frequency. 
This tends to justify the assumption that 6, is constant. 

A further advantage of the limiting-phase-angle technique for 
measuring 7 is that there is no restriction as to the shape of the 
test specimen. 

A cast-steel ring was used in the measurements recorded here. 
The ring had a square cross-section of area 1-52cm?, and the 
mean length of the magnetic path was 37cm. The properties 
of the ring were such that the considerations applied to the rod 
specimen example above were roughly applicable. A test fre- 
quency range of 200-400c/s was therefore suitable, but the tests 
were carried out over the range 30-500 c/s. 

The measurements of the phase angle between an e.m.f. induced 
in a search coil and a magnetizing current were carried out using 
a bridge network with an oscillograph as a detector. It was not 
practicable to use a galvanometer for the balance indicator, 
owing to the harmonics present in the system, whereas a tuned 
galvanometer would have rendered measurements at different 
frequencies tedious. An oscillograph with high amplification 
was used to detect the balance and was found to be exceptionally 
suitable, since it gave a visible picture of the harmonics present 
and enabled an elimination of the fundamental component with 
reasonable assurance. In many of the measurements the 3rd har- 
monics were very pronounced but very much smaller than the 
fundamental, particularly at low magnetizing. currents. This 
enabled a ready adjustment to be made by obtaining what 
appeared to be the nearest approach to a 3rd harmonic. The 
sensitivity obtainable under these conditions was such that the 
angle could be measured to within 0-1°. 

Typical results obtained from tests on the ring specimen 
described are presented in Fig. 4. Two curves relating phase 
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Fig. 4.—Experimentally observed phase angle. 


angle and frequency are shown, each applying to a different 
surface magnetizing field. The steady fall of phase angle as the 


frequency is increased is evidence of a time-lag effect. The value 
of 7 may be obtained by using the following equation: 
06 
sec2 “or Bets, hchiedh eee ae 


This is a differential equation derived from eqn. (6). Correspond- 
ing values of 6 and 06/0w can be obtained at a particular frequency 
from the curves shown in Fig. 4 and the value of 7 deduced 
from eqn. (8). Thus, for example, at 300c/s the results indicate 
that 7 is 3-29 x 10~5sec when the amplitude of the surface field 
strength is 1-87 oersted and 4-73 x 10—>sec when this amplitude 
is 2-90 oersted. However, from the discussion of errors given 
above, values of 7 should, in fact, be less. Probable values are 
approximately 2-5 x 10-5 and 4’ 10~5sec respectively. 

The curves of Fig. 4 are interesting in that they exhibit a some- 
what linear fall of the phase angle over the range 100—-300c/s, 
but it seems that at higher frequencies the rate of fall gradually 
decreases. This suggests that the time-lag is decreasing as the 
frequency increases. This is even more apparent in the tests 
which will be described below. 


(4.2) The Effective Permeability 


It is not new to measure the effective permeability of an iron 
core over a range of frequencies with a view to applying eqn. (5) 
todeterminev. In these experiments an applied magnetizing field 
having an amplitude independent of the frequency is used and 
the e.m.f. induced in a search coil embracing the core is measured. 
This e.m.f., when divided by the frequency, falls with increasing 
frequency in exactly the same way as the effective permeability. 

The mean fiux density within the core varies somewhat 
inversely with frequency. At least a part of this variation is 
directly attributable to the fact that the magnetization curve 
of the core is not exactly linear. At low flux densities the per- 
meability is less, and since—owing to magnetic skin effects—the 
fiux density within the core decreases, the effective permeability 
falls in consequence. This effect cannot be ignored in assessing T. 

In carrying out these tests it was decided to measure the effects 
of a polarizing field upon the value of 7 by displacing the mag- 
netization loop. A 3-limb core construction was adopted for 
this purpose. Since the shape of the a.c. flux path is important 
in these tests, this core was formed from two long solid steel rods 
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of circular section arranged parallel and closely adjacent to o 
another with their ends connected together by yoke memt 
The third limb was formed by a steel bar which bridged the t 
yoke members. Each rod carried a magnetizing coil, and 
coils were connected in series and in series with a ballast resis 
and the whole circuit was energized from a variable-freq 
source producing a good sinusoidal waveform. The re 
was adjusted at different frequencies to give a particular val 
magnetizing field strength. Valve voltmeters were used 
measure this field strength from the p.d. across a resistor cai 
the magnetizing current and the mean flux density from 
e.m.f. induced in a search-coil system embracing the rods. ~ 
third limb carried a magnetizing winding which was ener, 
from a d.c. source and used to apply the polarizing field to 
rods. This field was measured in terms of the current in the 
magnetizing winding, the ratio between the field and the cur en 
being estimated from a magnetic circuit calculation. » 

Typical results obtained from tests on mild-steel rode 
5/16in diameter are presented in Table 1. 


i 
é 
Table 1 My j 


MAGNETIZING FIELD OF AMPLITUDE 3-5 OERSTEDS A! 
FUNCTION OF FREQUENCY AND POLARIZING FIELD Hp 


At Oc/s 


gauss 
2850 
2 730 
2 620 
2500 
2460 
2310 
2160 
1920 
1620 
1500 
1310 


q 

The available equipment used in the tests enabled freque 
up to about 1kc/s and from 14 to 20kc/s to be used. dl 

Before the above data are analysed it is of interest to con- 
sider the theoretical effects of the time-lag upon the effective 
permeability. 

Under conditions of appreciable skin effect the penetrati 
function, as defined by the ratio of the amplitude of the 
flux density to the amplitude of the flux density at the su 
is 2/z in a solid cylindrical specimen, where z has the form 
in eqn. (7). 

Now, since the field strength at the surface of the specim 
has a constant amplitude, eqn. (5) shows that the amplitude of 
flux density at the surface will fall with frequency. The r 
is that the amplitude of the mean flux density within the specim 

z= imes the value ii Han al 7ero fa 
PC times the value i at zero frequel i 
Defining Q as this factor, we have, from eqn. (7) 


% p x 109 fH 
Cy ‘| aa - = _ 


This relationship is shown with 7 as a parameter in Fig. 5. | 

The data given in Table 1 can be presented in a similar form, 
as shown in Fig. 6. It will be observed by comparing thi : 
curves that evidence of the value of 7 is available directly. } 


will fall to 
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jz. 5.—Theoretical values of Q1/m given as functions of +/w, with 
} T aS parameter. 
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Fig. 6.—Observed values of Q1/m given as function of w with 
polarizing field Hp as parameter. 


Sails are presented in such a way that they are independent of 
ie actual value of permeability, provided that sufficient magnetic 
in effect occurs. This is assured, since the range of frequencies 
vered is comparable with that used in the limiting-phase-angle 
seriments, although a range of much higher frequencies has 
so been covered. In the latter respect there has been a slight 
sparture from the original intention. Some of the tests have 
2en extended to a range over which the magnetic-skin thickness is 
leoretically about 50 microns, a distance which is comparable 
ith the dimensions of a large magnetic domain. However, 
omain size in an ordinary mild-steel rod may still be sufficiently 
nall for representative results to be obtained, and this view is 
ibstantiated by the data shown in Fig. 6. 

These data indicate that 7 falls with increasing frequency. 
or example, compare the curve Hp =O in Fig. 6 with the 
‘oken curve in Fig. 5, which applies where t is 10~4sec at 
Kc/s, 3 x 10->sec at 1600c/s and 10~‘sec at 10kc/s. The 
tiation of t with frequency can best be estimated on this basis. 
Ay ; 


A 


bs, 
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The curves in Fig. 6 also indicate that the effect of a polarizing 
field is to decrease the value of 7, suggesting that 7 varies accord- 
ing to the flux density in the specimen. (It has been presumed 
to be constant for the purpose of analysis.) 

Finally, it is of interest to compare the numerical values of 
the effective permeability appropriate to the broken curve shown 
in Fig. 5 and the curve Hp = 0 shown in Fig. 6. A comparison 


9 
of the ordinate scales indicates that a has the value 
Tr pLy,a? 


13-05. When the measured values of a (0:397cm) and p 
(17-1 microhm-cm) are introduced py, is found to be 2040. 
This is appreciably greater than the value of 815 obtained by 
dividing 2850 gauss from Table 1 by 3-5 oersted. The reason 
for this is that the value of «, as obtained by measuring the 
complex permeability of the actual hysteresis loop under static 
conditions is 2400, and this is effectively reduced when magnetic 
skin effects occur, since those parts of the magnetized core near 
the centre are subjected to a low magnetizing field and have a 
correspondingly lower permeability. This will be most readily 
understood byreference to Fig. 7, where an analysis of the complex 


4000 40° 


3000 30° 


= 2000 


1000 


Fig. 7.—Parameters of complex permeability representing static 
hysteresis loops of the core tested. 


—————-_ uy, With sinusoidal H. 
Satiauaetieaetiemation uz with sinusoidal B. 
XXXXXXXXXXXxX 0, with sinusoidal H. 
ape eet Soe 0, with sinusoidal B. 


permeability of the test specimen is presented. The values depend 
upon the waveform of the magnetizing field used, and may be 
obtained by first plotting the hysteresis loop, then drawing the 
corresponding waveforms of B and H and deducing the funda- 
mental component of the one which does not vary sinusoidally. 
The ratio of the amplitudes and the phase angle then afford a 
measure of the quantities jz, and 6, respectively. 

Referring to Fig. 7 it will be seen that when the magnetizing 
field is about 3-5 oersteds the value of fu, is the same regard- 
less of the waveform used. It is presumed that intermediate 
waveforms between those Corresponding to a purely sinusoidal 
H and a purely sinusoidal B will produce a permeability relation- 
ship intermediate to those shown in the Figure. Thus, at zero 
frequency the initial permeability is 2400. When appreciable 
magnetic skin effects occur, the field strength throughout the 
specimen will vary from a very low value at the centre of the 
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specimen to the value 3-5 oersteds at the surface. The appro- 
priate mean value of y, is difficult to predict but it has been found 
to be 2040. This appears consistent with the curve shown in 
Fig. 7 since, in view of the peak of x, with sinusoidal H, which is 
experienced at a lower field strength than 3-5, the fall of 1, to be 
expected from the sharp decrease of the permeability curves at 
low field strengths will be somewhat compensated. 

The comparison effected between Figs. 5 and 6 applies only 
when the limiting conditions involving sufficient skin effect have 
been reached. Over an initial frequency range, not only do the 
asymptotic expressions upon which Fig. 5 is based not apply, 
but the value of yu, is varying, im effect. In view of this, 
little weight can be placed upon the very long time-lag which 
appears to exist at frequencies below 4/w = 50. However, 
there is little doubt that sufficient skin effect exists above this 
frequency for the analysis to be sufficiently applicable. 


(5) THE THEORY OF THE TIME-LAG 


The time-lag cannot be sufficiently accounted for in terms of 
the relaxation mechanism suggested by Landau and Lifshitz. 
However, a time-lag can be associated with the motion of the 
domain boundary walls, this time-lag arising owing to the retar- 
dation effects of the local eddy-currents which serve to dissipate 
the hysteresis loss. 

When a domain wall is displaced from a stable position by the 
application of a magnetizing field, it moves in a reversible manner 
until a position of instability is reached. Then, since the applied 
field is more-than sufficient to move the wall, the wall moves 
suddenly to a new position of stability. The speed of this move- 
ment is determmed by the eddy-current demagnetizing effect 
accompanying the motion of the wall. The wall moves at such 
a rate that the demagnetizing field strength is equal to the dif- 
ference between the applied field strength and the basic field 
strength corresponding to the wall position. 


H 


WALL POSITION 


3 
Fig. 8.—Diagram illustrating stability of a domain boundary wall. 


This is best understood with reference to Fig. 8. If the field 
strength H is gradually increased through the range shown in 
Fig. 8, the wall will move in a stable manner first from D to E 
and then at E the motion will become unstable, unless H is 
suddenly reduced, and the wall will travel suddenly to F. As H 
is increased further the wall will again move in a stable manner 
to G, where a further sudden movement will occur. 

The wall position may be regarded as a measure of flux density 
B. Thus it may be said that the shaded areas in Fig. 8 correspond 
to the B/H loss, or the hysteresis loss, that one can measure from 
the hysteresis loop. 

Now, if it takes a finite time for the wall to travel from E to F, 
say, under alternating conditions of magnetization the value of 
H will have increased slightly by the time F is reached. We may 
expect F to be at some point F’, in view of this. The motion of 
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the wall, expressed as a relationship between B =F A, will 
be as denoted by EP’. This corresponds to a greater Ic OSS 
an increase of the speed of boundary movement under 4 
conditions of magnetization. ; 

However, this aspect of the increased loss due to finite s 
of domain-wall movement can be accounted for by noe 
current action. Another aspect appears when we con: 
effects of the time-lag near the corners of the hysteresis lo 


Vi eee te 


ib ey 225 52 
(2) () ' 


Fig. 9.—Diagram showing effect of magnetization involving mor 
than one domain boundary wail. 


In Figs. 9(a) and 9(4) two B/H relationships such as that sk 
in Fig. 8 are presented, and may be considered as applyi 
respectively to each of two parallel flux paths through a speci 
under consideration. 

As His increased slowly the value of B, as derived from Fig 
will experience a sudden rise when H reaches H,. WI 
H reaches H, let us assume that the maximum value o of 
has been reached. Then, the net flux will be B,, + B,,. N 
consider H to be increased in a similar way but very quic 
When H has reached the maximum the value of B, will 
By, as before, but, owing to the delayed motion of the wall 
will be appreciably less than B,,. Thus, for a given range 
magnetizing field the maximum flux has been reduced. WE 
the wall has ceased to move in an unstable manner H | 
fallen, causing B, to have fallen below B,, and B, does 1 
quite rise to B,,. The result is that, to carry out a test usin 
similar range of flux, H has to be increased beyond H,, z 
if it is so increased the hysteresis loss will be increased beca 
other discontinuous wall-movements will occur. It follows tl 
owing to the time-lag associated with domain-boundary rn 
ments, hysteresis loss is increased and the dynamic hysteresis I 
is therefore greater than the static hysteresis loss. 

The phenomenon arises owing to a time-lag and the forege 
experimental work has been directed to the detection and me. s 
ment of this time-lag. It has been found to decrease 4 
increasing frequency and to have a time-constant in ordin 
steel of about 3 x 10—4sec at a frequency of 300c/s, falli aM 
less than 10—>sec at 10kc/s. , 

It is of interest to compare this numerically with the i 
lag we may expect to occur on the basis of the above-deser 
mechanism. 

A typical distance between domain walls in steel is 50 mic: 
and a typical sudden jump of a domain wall is through a dist 
of 10 microns. Also, a typical coercive force is 2 o¢ 
The coercive force is a convenient measure of the depth 
well such as that shown in the curve of Fig. 8. These di 
sufficient for us to predict a time-constant associated 
movement of a domain boundary wall in steel. 

In Fig. 10, XX, YY and ZZ represent three adjacent dc 
walls. They are separated by a distance Dem. Wit 
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10.—Diagram of a simple magnetic domain configuration showing 
local eddy-current action accompanying wall movement. 


mains between the walls the permeability is effectively unity. * 
+ is assumed that the domain between XX and YY is magnetized 
)/a saturation flux density* B, in a direction which may be 
garded as into the paper and the domain between YY and 
Z is similarly magnetized but in the opposite direction. It is 
ssumed that owing to the application of a magnetizing field 
I,52, the wall YY suddenly moves to the right through a dis- 
ce dcm. The induced e.m.f. per square centimetre of wall is 
0X 
NOt 
i centimetres. This e.m.f. will cause eddy currents to flow in 
Ml the surrounding material. It is presumed that this material 
) SO extensive that eddy-current screening occurs which localizes 
ne eddy-current effects to the system shown in Fig. 10. This is 
pnyeniently represented by assuming that the boundaries XX 
md ZZ move with the boundary YY to preserve their relative 
is] No eddy-currents are, on this basis, induced in 
material outside the system shown. Since the permeability 
ithin the domains is small, no eddy-current skin effects are 
I ely to occur here and we may presume that a uniform current 
oY $s around the domains. This current is shown in Fig. 10 by 
€ arrows. The resistance of the current path per square 
aed of pence ie is 2p/D ohms. The value of the current 


4 23, (S =) x SotOj ae, —. This produces a demagnetizing field 
2p 


) x 10-°® where x is the displacement of the wall YY 


hich balances the coercive force H,,,.,. 
, 


= 73,(S) x 10-* 


or page 


Thus HH, 


coer 


he value of 0x/0¢ is approximately d/r and consequently 7 may 
e calculated as : 
H-\ 4a Dd 
1 i ; a 109 Sear roe ” pH, 


D, d, and H,,., are given the values shown above, and the 


ues of p and B, are 1-7 x 10~> and 20000 respectively, it 
il be seen that 7 has the value of 3-7 « 10~5sec. 


Flux density B is given by the expression 4%>M + H, where M is the intensity of 
jagnetization produced by the field H. Ina saturated medium M has a fixed value My, 
the value of 0B/)H becomes unity. It is this differential value of permeability 
is effective when eddy-currents within the medium are concerned. 

e a state of magnetization exists within a domain even in a zero field, 47M; 
ay ‘be regarded as a flux density appropriate to the state of magnetization and con- 

ly denoted B;. However, as applied field which is not zero is necessary to 
n ‘boundary movement, and, in deriving a simple expression for an induced 
is reasonable to assume that the magnetizing field is negligibly small in 
on with Bs. 


(1) 


coer 
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This is of the appropriate order of magnitude to explain the 
observed time-lag effects. 

When the hysteresis loop is displaced by a polarizing field the 
hysteresis loss is increased. The coercive force also increases. 
Thus we may expect 7 to fall as the experiments indicate. 


(6) CONCLUSIONS 

By carrying out tests on thick steel specimens it is reasonable 
to assume that classical eddy-current theory applies, provided that 
the magnetic skin thickness is maintained appreciably greater than 
the dimensions of the magnetic domains in the steel. However, 
the above experiments have shown that there is a discrepancy 
between the actual and theoretical eddy-current effects in spite 
of this. This result is supported by the results of some special 
tests which the author? has carried out on electrical sheet steels, 
proving that the eddy-current anomaly could not be wholly 
attributed to the inhomogeneity arising from magnetic domain 
configuration in low-loss electrical sheet. The discrepancy can 
be explained in terms of a time-lag—which has been measured 
and found to be frequency dependent, having a value ranging 
from about 3 x 10~ sec at a few hundred cycles per second to 
a value of about 10-5sec at 10kc/s. A theory by which this 
time-lag can be explained has been proposed, and it has been 
shown that this theory gives a good qualitative and quantitative 
explanation of the time-lag effect. 
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SUMMARY 

The main purpose of the paper is to obtain a single formula for 
calculating feeding coefficients for optimum beam patterns. The new 
formula derived is equivalent to a set of formulae given by DuHamel, 
but is much simpler in form and more convenient for computation. 
It is applicable to Riblet’s generalization of Dolph’s procedure for 
finding optimum beam patterns in the design of linear arrays, for an 
odd number of elements when the distance between sources is less than 
half the wavelength. Whereas DuHamel’s formulae involve a number 
of separate summation expressions, each of which has terms involving 
considerable multiplication and division, the corresponding terms in 
the present, more concise, expression have simpler integral coefficients 
involving the product of only two binomial coefficients. The mathe- 
matical problem solved is to find the explicit formula for 5,, in the 


expression of T,(ax + 5) in the form > bm¥m(x), where T,,(x) 


me 
= cos (marc cos x) for m > 0 and To(x) = 4. 


(1) INTRODUCTION 


The use of Chebyshev polynomials in the design of linear 
arrays to produce optimum beam patterns has been developed 
by Dolph! and Riblet? for broadside arrays. They show how 
to obtain the explicit expressions for the feeding coefficients 
which will synthesize a pattern for which the beam width is a 
minimum for a given side-lobe level, or for which the side-lobe 
level is a minimum for a given beam width. Dolph found the 
optimum pattern for either an odd or an even number of elements 
when d> A/2 (where d is the distance between sources), and 
Riblet generalized Dolph’s procedure to find the optimum pattern 
for an odd number of elements when d < A/2. 

In the former (Dolph) case, where the number of elements is 
either 2” or 2n + 1, the essential computational problem is the 
expression of the Chebyshev polynomial T,(zpx) as a series in 
terms of T,,(x), where T,,(x) = cos (marc cos x) for m > 0 and 
To(x) =+4. A solution has been given by Barbiere? and in 
somewhat simpler form by Salzer.4 For the general (Riblet) 
case, where the number of elements is 2” + 1, the computational 
problem is more involved, since it requires the expression of 
T,(ax + 6) in terms of T,,(x), the Dolph case being merely the 
special case when b = 0. Formulae for the computation of the 
coefficients of T,,(x) for the general Riblet case are given by 
DuHamel,> who also determined the explicit expressions for the 
feeding coefficients in terms of a and b for n=2 ton=8. 
However, the DuHamel formulae, which involve four separate 
summation expressions (depending upon the parity relation 
between » and m), have elements in the summation of the form 
Br, where the B” are again expressed by four separate summation 
expressions depending upon the parity relation between r and s. 
Furthermore, each term in the summations for B7 is rather 
complicated for calculation, since it is presented as a fraction 
where in the numerator among other factors is a factorial multi- 
plied by another integer and a power of 2, while the denominator 
is a product of three factorials. Although the coefficients of 
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T,,(x) in this general case apparently must be expressed as double 
summations (unlike the simpler single-summation form in the 
Dolph case when 5 = 0), it is possible to derive formulae for 
computing them which are much simpler than those given by 
DuHamel. The purpose of the paper is to derive formulae 
equivalent to those in DuHamel for the feeding coefficients, but 
whose terms are given in simpler integral form and whens, 
corresponding to the above-described computation of 2°tu!/o!p!g! 
as part of the work of obtaining DuHamel’s B’, one has here! 
only to take the product of two binomial coefficients which can 
be found in standard tables,®°.7 and in the literature for larger 
values of nv (see Glaisher®). 


(2) COMPUTATION 


To express T,(ax + 65) in the form Be byl ,(x) we begin with 


the substitution z = 


ax + 6 in the ea formula for T Q 
to obtain 


[n/2] 
= DS (—1)'2"-2r-1 


2) aa 


m 5 C 5 
where ( D) denotes the binomial coefficient 


T (ax + 5 


) |i + by" (I) 


m! 
kin — Ol ame 
[y] denotes the largest integer not exceeding y. By the binomial 
theorem, 


n—2r =) 
(ax te by iy) i > ie 5 ")a qkhn—2r—kyk (2) 
and x* is expressible in terms of T,,(x) by the formula 
1 [I21 x 4 
ke ee T : RMR a - ; 
Se Gj) Te-240) G) 


Thus, eqns. (1), (2) and (3) may be combined to give 


Bc-p22| 2") | 
CYS CE 2) pe AG taf 


_— | 


In eqn. (4), add together all coefficients of T,_ i for which’ 
k — 2j has the same value m. For each particular value of r, 
m will range from 0 to n — 2r. The range of j and k is shown 
by the dark dots in the lattice diagram, Fig. 1. | 
For any value of m, Fig. 1 shows how m = k — 2] begins with 

k =m, j =0, then k =m+2,j =1, nextk =m+4,j=2, 
etc. Now when m and n — 2r, or m and n, have the same 
parity, the uppermost dark dot on the line m=m is at 

=n — 2r,j =(n — 2r — m)/2; when mand n — 2r, or mand 
n, have different parity, the uppermost dark dot on the line 
m=misatk =n — 2r —1,j = (nm — 2r — m — 1)/2. But the 


t 
| 
= 


T,(ax + b) = 


SALZER: 


Mue of the uppermost dark dot for both situations can be 
«pressed by k =m + 2{[(n — m)/2] — rh i = [ — m)/2] —r. 
hus the double summation with respect to j and k for each 
nue of r in eqn. (4) can be changed to a double summation 
ith respect to j and m, to give 


pve Brel) 
pate 
(mi2)(3) 


bn—2r—m—2jT,_ (x) (5) 
{n/2] n—2. 


Now the operation of p> oh in eqn. (5) is seen to be for m 
=0 


\ 


d r corresponding to the ark. dots in Fig. 2. The operation 
2) n—2r 
> implies summation for every value of r, over each of 


0 m=0 
e horizontal layers of points as far as n — 2r. Interchanging 
e orders of summation, for every m ranging from m = 0 to 


m=en-4 


men-2 men 


Fig. 2 


NOTE ON THE FOURIER COEFFICIENTS FOR CHEBYSHEV PATTERNS 


287 
m =n, each of the vertical layers of ate is summed from 

n—2r n [(n—m)/2] 
r = 0 as far as r = [(n — m)/2], so that 3 De ene 


Then eqn. (5) can be expressed in the rons 


m=0-~ r=0 


T,(ax + b) 3) "es - (--ry2-2|2(" 7") 
Se eta ae 
CaalG) ent 
or T,(ax + 5) = ¥ Pn Tn() A dee 6) 


where, from eqn. (6) and after slight rearrangement of the powers 
of a, b and 2, the coefficient b,,, is expressed as 


bn = ayn (aa) [2(° 7) 


n—r—1y | (@—mMPI—r 7m + 27\ p(n — 2ry ( a2\J 
( Fr ) ~ ( ij Nee cae) 


(8) 


(3) CONCLUSION 
Eqn. (8) seems to be the simplest explicit expression for the 
numerical computation of 5,,,, since for the various special values 
of a and b that are usually determined only approximately from 
physical considerations of desired side-lobe level. and distance 
between sources, it is as easy to compute powers of —1/4b2 and 
a?/4b? as powers of a and b. When the coefficients 


Cees iC Cas 


have been calculated, it is easy to obtain the explicit coefficients 
of the various terms in a’”*2jh"—m—2r—2j by multiplication by 
the integer (—1)’2"~™—2r-27 (which is the form in which 
DuHamel tabulates 5,,). Some computers might prefer to 


ACO nem e255) 


for r > 1, because the n may be taken outside the double summa- 
tion in eqn. (8), leaving only a single operation of division. 


replace the 2( 
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SUMMARY 

Computed patterns are presented for thin half-wave circumferential 
ts on circular conducting cylinders of infinite length. The cases 
sidered are for single and diametrically opposed slots on cylinders 
ose circumferences vary from 3 to 21 wavelengths. 


7 (1) INTRODUCTION 
‘The radiation from slots on circular cylinders of infinite length 
ad perfect conductivity has been discussed on several occa- 
ie 1,2,3,4,5 Attention has been paid mainly to the cases in 
ich the diameter 2a of the cylinder is not much greater than 
é wavelength A. For large cylinders the zonal harmonic- 
Ties solution involved converges very poorly. The numerical 
ork then becomes so extensive that it should be programmed 
t automatic computers. 
It is the purpose of the paper to report the results of some 
ther extensive computations undertaken to determine the 
Jeoretical patterns of thin half-wave circumferential slots cut 
| circular cylinders whose circumferences vary from 3 to 21). 
ie infinite-series expressions arising in the solution were 
ed on the Ferut computer at the University of Toronto. 
s a check on the final results obtained, an alternative formula- 
on of the problem is carried out, and leads to a more rapidly 
vergent series for certain cases. 


| (2) THE ZONAL HARMONIC SOLUTION 

With respect to a cylindrical co-ordinate system (p, ¢, z) the 
ot at z = 0 extends from ¢ = z/2 — A/4a to 7/2 + A/4a along 
e circumference of the cylinder denfied by p = a, as shown in 
. 1. Since the slot is assumed to be thin, the voltage distri- 
ition along it is sinusoidal. The radiation field in the plane 
=0 is plane polarized with the eléctric vector in the axial 
ection and is given by> 


(i) 


Zz 


b acl 


here V is the effective voltage at the centre of the slot, k = 27/A, 
ad w is the angular frequency. The pattern function P(¢) is 

| x el@—Drl2 cos (p7]2x) cos p(d — 7/2) 9 
ae) eo) HO) (x2 — p?) - Q 
i y) 

here €9 = 1, ¢, =2 for p#0, x =ka= ie 


¢ Hankel function of the second type of order p. 

e results can be extended> easily to the case of a pair of 
ots opposed diametrically on the surface and centred at 
= 7/2 and ¢ = — n/2, as indicated in Fig. 1. The pattern 
ction is then 
P+@) =P@+P¢+7 . «. . @ 


= Wait, who is at the National Bureau of Standards, Colorado, United States, was 


| Pg) = 


and H7(x) is 


with the Defence Research Board, Ottawa, Ontario. 
Kates is at the Computation Centre, University of Toronto. 


| (The paper was first received 31st August, and in revised form 21st November, 1955. 
February, 1956.) 
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Fig. 1.—The co-ordinate system (p, ¢, z) and the circular conducting 
cylinder of infinite length are illustrated. The positions of the 
circumferential slots are also indicated. 


when the slots are fed in phase and 
P-(¢)=P¢)—-P¢@+m ....@ 


when the slots are fed in anti-phase. The equatorial pattern 
P(¢) of the single slot centred at ¢ = 90° is shown plotted in 
Fig. 2 for azimuthal angles ¢ from —90° to +90°. It should be 
noted that |P(#)| is an even function about ¢ = 90°. The 
values of x = ka are indicated on the curves. To eliminate 
overlapping of the curves, the ordinate is shifted for each curve 
by a constant amount. The patterns |P+(d)| and |P~(¢)| for 
the dual slots are shown in Figs. 3 and 4 respectively for ¢ 
from 0° to 90°. In this case eae and |P-()| are even 
functions about both ¢ = 0° and ¢ = 

The data for the curves in Figs. 2 to A were obtained from the 
complex values? of P+(¢) and P~(¢) tabulated in the Appendix. 

It is interesting to note that the single-slot pattern is smoothly 
varying for directions behind the cylinder. This behaviour 
contrasts markedly with the corresponding equatorial plane 
patterns for an axial slot where numerous rear lobes are 
present.3:4 The structure of the pattern for the dual circum- 
ferential slots indicates that considerable interference takes 
place between the fields of each slot. In the case of the anti- 
phase connection, the pattern is identically zero at ¢ = 0°, 
owing to complete cancellation of the two individual fields. 

A check on these patterns is to compare them with certain 
special cases that have been published elsewhere. For example, 
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Fig. 2.Equatorial H-plane patterns for single half-wave circum- 
ferential slot centred at ¢ = 90° for various values, x, of the 
circumference in wavelengths. ; 


Note.—Vertical scale is shifted for each curve. 


Baillin® has given extensive results for ka = 8 and 12 for single 
slots. Wait and Kahana> have published both curves and 
tables for ka = 2, 3, and 5 for both single and dual circum- 
ferential slots. The agreement with the present results is good. 


(3) AN ALTERNATIVE SOLUTION 


It has been suggested by Sensiper,4 Imai’ and possibly others 
that the zonal harmonic-series solution for cylinder problems 
can be transformed to a more convergent series for large values 
of ka. Franz and Depperman? have formulated the problem 
of diffraction by a cylinder in terms of an integral equation, 
which they solved approximately to obtain a solution similar 
to that of Imai. Actually, the method of Sensiper+ for the 
infinite axial slot on the circular cylinder is closely akin to the 
one employed by Watson!° for dipoles in the vicinity of large 
spheres. By a transformation with the aid of an integral in the 
complex plane, Watson succeeded in transforming the rigorous 
series of spherical zonal harmonics into a new highly convergent 
series. This technique has been discussed in detail by Bremmer.!! 


WAIT AND KATES: RADIATION PATTERNS OF CIRCUMFERENTIAL 


fe) 10 20 30 40 50 60 70 


AZIMUTH, DEG 


Fig. 3.—Equatorial H-plane patterns for diametrically opposed cil! 
cumferential slots centred at ¢ = 90° and —90° fed in phase fc) 
various values of x. 


Note.—Vertical scale is shifted for each curve. 


ferential half-wave slot is treated by the above-mentioned methot 
The series solution is now written in the form 


x £2 |eipti2g—ir—=|2) cos (p7/2x) 


PO) = e | 
ory I p= @ AP (x)(x? — p?) . i 
which is equivalent to the contour integral 
x [ evnl2g—Mb—M/2 Cos (varl2x) 7 EX f 
P(d) = Corte ( 
20?) H2(x)(x2 — v2) sin vir 
0 


where the contour Cg is shown in Fig. 5. 

The contour Cy is now deformed to the contour C whic 
enclosed the zeros of H(x), i.e. the poles of the integran 
These singular points lie in the second and fourth quadran 
It then follows that 


P(d) = Bie 2nj X residues withinC . . (7 
a2 | 


= 


Y 
eo Pe 
JES 
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sin yz and Hx), and the contours Cp and C. 
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ig. 4.—Equatorial H-plane patterns for diametrically opposed 
' circumferential slots centred at ¢ = 90° and —90° fed out of 
_ phase for various values of x. 

Note.—Vertical scale is shifted for each curve, 


ig. 5.—The complex »-plane showing the location of the zeros of 


SLOTS ON MODERATELY LARGE CONDUCTING CYLINDERS 291 


which leads to 


— _2jN 2 ebvnnl2 cos [v,,(h — 32/2)] cos (v,,7]2x) 
PO) = x(5) 2, od eas 


sin v7 
m 
ov kw 


where v,, are the complex roots, with real parts greater than 
zero, of 


H2\x) = 0 bec ns eh ee) 


The determination of the roots v,, from eqn. (9) has been dis- 
cussed by Sensiper* and Imai.8 Essentially the process is out- 
lined as follows: The starting-point is Langer’s!? approximate 
representation for complex-order Hankel functions given by 


2 
eInI6H?,[z (sin « — «cos a)] . (10) 


tan « — a\! 
H2(z) = ) 


tan « 


plus terms of order v—5/4, where v = zcos«. Neglecting re- 
mainder terms, it then follows that 


K,, = z(sin « — a cos «) = r,,e/7 


where K,,, is the mth root of H?),(K) = 0 and r,, is the mth root 
of Ji3(r) + J_4,(7) =0. Now, for small « and large z, it 
follows that the desired roots «,, are given by 


wy = (Ee) = 8, cae, aE CED 


If we regard this as the first term of an expansion for «,, it can 
be written 


ice) 
Ge SY OLOM Eyres... gee (12) 
n=1 
where the a, coefficients are obtained in a straightforward 
manner by using 


sina — «cosa = > (Oy ee ee ntl (13) 
= 2 2n+1 ; 


along with eqns. (11) and (12), to yield 


1 41 97 
~ pe 4 6 
Hike n(1 + 399m + 7r¢09°" + sa6g008m +: .) Wd) 
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Fig. 6.—The pattern functions computed from the residue series are 


shown by the solid curve; the points are calculated values from 
the rigorous zonal harmonic series. 
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and, since v,, = z cos ~,,, a useful expansion for the roots is 
Vv ee 281 

m= | — 62 66 + 68 le) 
45 ' 3m + ie a 580 90720008 = ae 


Using some well-known relations between Bessel functions, it 
can be shown that 


ar 


(o4 
wy L2ein/3 2) m 
 — riper) (Ka) x1 — (v,[x)2]"4 


ao . (16) 


v=vVn 


which stems directly from eqn. (10). 
Some special values of r,, and H®,,,(K,,) taken from avail- 
able tables!3 are: 


ry = 2:38345 H®,/,(K,) = 1:0390 
rp = 5:51020 H®,/(K>) = — 0-68055 
r; = 8-647 36 H®,/,(K;) = 0°54291 


The residue series solution for P(d) given by eqn. (5) is rapidly 
convergent for large values of x (greater than about 8) for 
directions away from the slot (—180°<¢< 0). This region 
can be called the “shadow zone,” since the slot is partly in the 
geometrical shadow with respect to the observer. The conver- 
gence of the series becomes very poor when 180° > ¢> 0°, 
which is in the “illuminated zone.” 

As a check on the computations for the zonal harmonic 
solution, values of |P(#)| obtained from eqn. (8) were plotted 
in Fig. 6 for the region 0° to —60° for x values of 8, 15 and 21. 
The indicated points in Fig. 6 are computed from eqn. (2) and 
are seen to agree very closely, in the shadow zone, with the 
residue series. No doubt the agreement would be even better 
if more terms corresponding to the roots v, v3, etc., were 
included. 


(4) CONCLUSIONS 


The patterns of the single circumferential half-wave slot in 
the equatorial plane are seen to be a smoothly varying function 
of the azimuthal angle. When the slot is in the geometrical 
shadow region, the field becomes very small: in fact the level of 
the field radiated from the slot on the shadow side of the cylinder 
varies approximately as the cube root of the wavelength/diameter 
ratio of cylinder. On the other hand, the pattern of the single 
slot on the illuminated side of the cylinder is somewhat similar 
to that of a half-wave slot on an infinitely flat plate. 

When there are two diametrically opposed slots on the cylinder, 
the patterns are considerably modified. In this case there is no 
shadow region in the optical sense, although diffraction still 
plays a major role, since it determines the nature of the inter- 
ference pattern of the radiation from the two individual slots. 
It would also be very straightforward to calculate the equatorial 
plane pattern for any array of circumferential half-wave slots 


WAIT AND KATES: RADIATION PATTERNS OF CIRCUMFERENTIAL 


by making use of the tabulated values of the functions =O 
and P~(¢). 

It is believed that slotted-cylinder aerials of this type mounted 
in a vertical position can be very convenient as a source of 24 


vertically polarized radiation in the i plane. ] 
3 
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(6) APPENDIX 


(6.1) Values of the amplitude and phase of P .() and P 4 
are given in Tables 1-7 for values of ¢ from 0° to 90°. 
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Table 1 Table 2 
ka = 3 kg= 5 


P.. 


Py 


Azimuth, ¢ 


Amplitude Phase Amplitude Phase Amplitude Amplitude 


1644 250°73 0-0000 0-00 
1633 251-08 0-:0220 316:94 
1602 PIS 74 0:-0437 317-19 
1551 253-92 0-0648 317-61 


1484 256-59 00849 318-20 


294 


Azimuth, ¢ 
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Table 3 
ka =8 


Amplitude 


Azimuth, ¢ 


Table 4 


Amplitude 


Amplitude 


0-1183 
0-1127 
0-0969 
0-0737 
0:-0503 
0:0440 
0-0635 
0907 
1147 
Shy 
1406 
1419 
1380 
1326 
1301 
1338 
1440 
1583 
173'5 
1870 
1977 


0-1039 
0-0933 
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Table 5 


Amplitude Amplitude 


Amplitude 


0:0967 é 0-0000 
0-0817 z 0-0529 

: 0-0892 
0-0982 


0-0000 
*0579 
0903 
-0847 
-0510 
048 6 
0866 
*1050 
0954 
-0810 
-0943 
-1189 
1292 
-1250 
-1242 
-1374 
*1542 
-1629 
-1650 
-1692 
1799 
*1925 
*2018 
-2076 
2135 
225 
*2314 
2404 
2477 
2538 
-2602 
-2672 


Seesssseoooooosoeooooooocoosc ooo OOOCCCCCOCS 
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Table 7 


Azimuth, & 


Amplitude Amplitude 


py SUMMARY 
: To reduce the problems involved in the design of magnetrons of low 
joltage and power for operation at frequencies of the order of 
Sand and higher, a system is proposed in which the anode has 
aly a few gaps, e.g. two or four. Operation at low anode voltage 
id magnetic field is achieved by electron interaction with the Fourier 
i components of the field. 
A convenient and simple embodiment is described, and factors likely 
) result in operation different from the conventional multiple-circuit 
hagnetrons are analysed briefly. In particular, the modes of oscilla- 
on and the magnitudes of the components of the different possible 
vatial harmonics are discussed for two types of anode circuit. ~ 
| Details of operation of valves using both types of anode with two 
nd four gaps are given, and comparisons are made where appropriate 
keg the earlier analysis. The simple electrical structure of the two-gap 
ode enables a useful tuning range to be obtained by external-circuit 
‘djustment, and some details of tuning performance are given. 
| The paper concludes with comments on noise performance and 
i of build-up of oscillations. 


| LIST OF SYMBOLS 


_N = Number of resonant circuits. 
. w = Angular frequency. 
Vinin = Theoretical minimum voltages for oscillation. 
| a = Anode radius. 
| b = Cathode radius. 
_ r= A radius between a and b. 
, e = Electron charge. 
| m= Electron mass. 
| 9 = Fundamental mode number due to fields in N cavities. 
n = Component mode number. 
| » = An integer. 
_. 6 = Angular position relative to “A” symmetry axis. 
_ 6, = Angular width of slot. 
\\ @ = Angular spacing between gaps | and 2 in m.s. anode. 
K = 27/24. 
E = Electric field in resonator gap. 
_E, = Total electric field at anode surface. 
E,, = Electric field of component n. 
 V=R.F. voltage across gap. 
_ Is = Anode current for start of oscillations. 
I, = Anode current for finish of oscillations, 
Qy = Q-factor of unloaded valve anode circuit. 
QO, = Q-factor of loaded valve anode circuits assuming 
Q) = = 0, 
Or = Q factor of loaded valve anode circuit. 


| (1) INTRODUCTION 

| | The use of the multiple-circuit magnetron to generate a few 
vatts of continuous-wave power at wavelengths of the order of 
jem involves a design of valve which is difficult to construct 


or small resonant circuits with narrow anode gaps and for an 
curately central cathode. 


Such a valve having N resonant 


| Correspondence on Monographs is invited for consideration with a view to publication. 
rhe paper is a communication from the Staff of the ee atv Laboratories of The 
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circuits, where N may be in the range 18-24, is usually designed 
for operation in the 7 mode, i.e. with a phase difference of 7 
between the voltages across successive gaps. Continuous inter- 
action takes place between the rotating electron cloud and that 
rotating-wave component of field present at the anode having the 
velocity w/4N, which is the fundamental of the infinite series of 
waves into which the discontinuous field at the anode surface 
may be analysed.! 

The theoretical minimum voltage V,,,, at which oscillations 
may be generated—although the efficiency is zero—is given by 
equating the potential energy of an electron leaving the cathode 
with the kinetic energy of the electrons arriving at the anode, 
which are assumed to have the velocity of the field with which 
they are interacting. Thus 


eV, 


min 


= 4m(wa]4N)2 


In practice, a voltage about twice the value given by this expres- 
sion needs to be used if good efficiency is to be obtained. It then 
follows that for fixed anode voltage, efficiency and anode radius 
the number of circuits must be increased in proportion to fre- 
quency. Further, for fixed anode voltage and frequency, change 
of number of circuits does not result in any change in the spacing 
between segments, or in segment gap-width. Finally, with 
increase in frequency and fixed number of segments and voltage, 
the gap width must decrease. 

The need to increase the number of segments, and to reduce the 
gap width as the frequency is increased, introduces serious 
difficulties. Increase in number of segments and resonant 
circuits adds to the number of possible modes of resonance of 
the anode system and results in increased problems in ensuring 
satisfactory stability of operation in the required mode of 
resonance of the anode system. Reduction of gap width and 
segment width brings in mechanical difficulties of construction, 
together with problems of heat dissipation. 

The question which has frequently been asked is whether these 
difficulties could be minimized by the use of Fourier space com- 
ponents of the travelling wave with which the electron stream 
interacts. Simple analysis shows that if the circuits of a multiple 
equal-cavity magnetron are excited at the frequency of one of the 
resonant modes, so that the pattern of the electromagnetic field 
within successive cavities is repeated ng times around the circum- 
ference, the electromagnetic wave within the interaction space 
between the anode surface and the cathode is composed of an 
infinite series of components. This arises from the discontinuous 
changes in electric field which take place at the anode surface 
owing to the presence of the metal segments of finite width. In 
an equal-cavity system these components have numbers tg + LN, 
p being an integer. Putting » = + 1 and my = 4N, correspond- 
ing to operation in the 7 mode, one component of this series is 
that having a mode number n = 3N/2, ie. the same mode 
number as for a valve with 3N resonators instead of N. Thus, 
if the amplitude of the field of this component in the interaction 
space is sufficient, it should be possible to achieve operation by 
interaction with this component, with the advantage of the larger 
number of circuits but without the mechanical and electrical 
disadvantages. 
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Experiments have been made to see whether operation of this 
type, requiring lower magnetic field and voltage, can be obtained, 
but so far as is known these have not been successful for valves 
having upwards of eight resonators with anode diameters in excess 
of 0-14. The lack of success in the cases so far tried may be 
ascribed to the rapid fall off of the amplitude of the desired 
component of the field away from the anode. Analysis shows 
that in the absence of space charge the amplitude of the tangential 
electromagnetic field at radius r is proportional to 


(rjay'— [1 — (bfa)"j 


Thus, if 7 is large (it has a minimum value of 12 in the designs 
mentioned above) this field falls off very rapidly on leaving the 
anode surface. Consequently, it seems probable that in the cases 
so far investigated the magnitude of this field over the interaction 
space is too small to allow effective bunching of the electron 
stream to take place. 

It was therefore decided to investigate the performance of 
valves particularly designed for this type of operation, where 
both the mode number of the wave component used and the 
anode radius were not too large, and the work described here is 
the outcome of this. 

It was thought that if satisfactory operation could be obtained, 
it would lead to valves of relatively simple construction, and 
that, owing to the simpler resonance properties of the anode 
system, following the smaller number of resonant cavities used, 
it would be possible to achieve a useful tuning range by coupling 
the valve to a simple form of external-cavity tuner. 


(2) DESCRIPTION OF EXPERIMENTAL VALVES 

In the first place it was proposed to explore space-harmonic 
operation in an anode system which could be thought of as 
having 12 uniformly spaced resonators, eight of which had been 
omitted from the anode in two groups of four, and it was hoped 
to achieve operation by interaction between the electron stream 
and a component field in the interaction space having the same 
periodicity as that produced by the full number of resonators. 
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Fig. 1.—General arrangement of spatial-harmonic valve. 


Fig. 1 shows the general form of valve used for these, experi- 
ments. The anode system is formed in a thin block of copper, A, 
supported by a cup, B, within a glass bulb, C, fitting inside a 
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circular waveguide, D. The anode system consists of a cen 
hole, E, of diameter 2mm having four resonant circuits of 
hole-and-slot type arranged around it. Adjacent slots, F, y 
are long and narrow have their centre lines on diameters 
placed by an angle of 30°, i.e. they have the spacing of a sy: 
of 12 slots, although eight of these are missing. This system 
called the missing-segment system (abbreviated m.s.). It 
be clear from inspection of the Figure, in which the propor 
of the holes and slots are arranged for an oscillating wayele: 
of 3cm, that it would, in fact, be impossible to accommodate 
full number of circuits in the space available. In an alterne 
design a further two adjacent resonant circuits were o 
leaving only two remaining. A tubular cathode, G, is supp 
centrally within the anode hole by mica cards, H, attached to 
raised portions, K, of the copper block, A. Projecting from 
end of this block from the tongue formed by two adjacent s 
is a small wire, M, through which power is radiated from | 
oscillating system into the waveguide formed by the suroumaaa 
close-fitting metal tube, D. 

The top surface of the cup, B, forms the zero-potential referee ih 
surface of the whole oscillatory system, and the cylindrical portion 
forms with the outer tube a choke to prevent transmission of | 
power downwards to the base of the valve. The base carries 
pins to which connections are made to anode, cathode and heater 
wires, and which carry a support for the whole oscillatory system. 

Operation takes place with the valve and its surround 
circular waveguide placed in a magnetic field of direction parallel 
to the cathode axis and formed between the poles, P, of a per if 
manent magnet. 

After a number of experimental valves of this type had been 
made it became clear that difficulties were arising in repeatability 
of operation, owing to inaccuracies in construction arising from 
an inability to machine accurately the long narrow slots used in 
the design. The use of a system having the same limited n’ } 
of circuits (four or two) with gaps which are, however, sym- 
metrically placed around the anode surface was ‘then considered, 
Such a system permits considerable simplification in the method | 
of forming the anode (e.g. hobbing may be used) and results 
a valve of relatively cheap but accurate construction. 

Fig. 1 shows an outline of the anode of the 4-segment version 
of this valve, which is referred to as the symmetrical-anode type 
(abbreviated s.a.). Since the width of adjacent gaps is no 
longer geometrically limited to a value such that the wave i 


angle nf, at the anode surface is of the order of 47 (as it 
with the m.s. system), the opportunity may be taken to in | 
this to a value close to 7. This change reduces the amplitude of 
the space component for a given gap voltage (it is proportional to 
sin 3n6,/4n0,), and consequently the circuit load impedance mus 
be increased in order to give the necessary gap-voltage increase. 


VALVE 


(3.1) Modes of Resonance 


The anode circuits, when not coupled to a load, may bec 
sidered as a first approximation to behave as the ring of lum 
circuits. Such a system has four modes of oscillation, althous 
formally two of these modes are different components of é 
doublet mode. q 

The first, the 7 mode, for which there is a 2A standing wave ¢ 
potential around the anode, is one in which currents in adjac 
cavities differ in phase by 7, as indicated in Fig. 2(a). j 

The second and third modes, the 47 modes, are those for whicl 
there is only a single standing wave of potential, as indicate 
Figs. 2(b) and 2(c) for the two possible axes of symmetry A ¢ 
of a loosely coupled driving source. This driving source mi 
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Fig. 2.—Distribution of current in m.s. anode. 
- (a) = mode. 

a. (6) =/2 mode with A symmetry axis. 

i) (c) z/2 mode with B symmetry axis. 


t Or example, be a short probe of the type shown in Fig. 1, suitably 
excited. 

| r 

j The fourth mode is the zero mode, for which currents in all 
fe cavities are in phase, and there are consequently large 


The frequency of this mode is very high, 
with the small ratio between anode diameter and wavelength 
“used in these valves, so that it may be ignored so far as operation 
is concerned. 

’ In later work it was decided to eliminate two further oscillatory 
‘Circuits, leaving only circuits 1 and 2 coupled to an otherwise 
pilai Only two modes of resonance are then possible, 
¢ 7 mode and the zero mode of much higher frequency. 


7 (3.2) Analysis of Interaction Field 
j 3.2. 1) Oscillation in the 7 Mode (Four Segments). 
ie The total field present within the space between anode and 
‘eathode, arising from the fields present at the anode surface 
which are a consequence of the distribution of current in the 
esonant cavities discussed above, may be derived by Fourier 
ysis. 
It can be assumed that, with the narrow gaps (in terms of 
scillating wavelength) used in the design under discussion, and 
th the relatively large spacing between anode and cathode, the 
d at the anode is represented by the simple function shown in 
3(a) when the anode is resonant in the 7 mode. Here the 
a ar position § = 0 represents the axis of symmetry A of 
ig. 2(a) and 6 = @;, 0, defines the position of the edges of the 
ap 2. The position of the edges of the gap 1 is defined by 
— 6,, —6,. Gaps 3 and 4 are similarly placed round the 
@=7. The spacing ¢ between the centre lines of gaps | 
i 2 and of 3 and 4 is set by the requirement ¢ x 2K = 27, 
ere Kis aninteger. Thus the spacing between near resonators 
the same as it would be if 2K equally spaced resonators were 
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Fig. 3.—Field distribution and component amplitudes for 
a mode (m.s.). 


(a) Field distribution. 
(b) Component amplitudes. 


Inserting V, the r.f. voltage across the slots, the magnitude of 
the separate components is 


ee 8V| sin 4n(6, — 6,) sin 4n(8, + 8,) 

ae: no, 

The variation of E,7ra/8V with n is shown in Fig. 3(b) for the case 
4(6, or; 6,) a 46, — ee 4(6, =F 6,) ane 


This characteristic shows a peak at n = K = 6, indicating that 
the component having the maximum amplitude is that which 
would also have maximum amplitude with 2K equally spaced 
gaps. The value of this maximum is 


8V sin 4n6, 
“7a no, 


The dotted curve shows the effect of reducing the slot width 
4, from 15° to 6° with the spacing of the slots unchanged. 


(3.2.2) Oscillation in the 7*/2 Mode (Four Segments). 

A similar analysis may be carried out for the two cases of 
oscillation in the 7/2 mode, for which the field distributions are 
as shown in Figs. 4(a) and 4(b). The amplitudes of the separate 
components are now 


Fle 5n(8, — 9,) cos 4n(8, + > 


7a ng, 
for symmetry relative to the line A and 
__ 8V{ sin 4n(6, — 4,) sin in(@, + 4) 
7a no, 


for symmetry relative to the line B. 
values of m are permissible. 

Values of the amplitudes of these components are shown in 
Fig. 4(c) for 8, = 15°. 


EB 


E,.B 


In both cases only odd 


(3.2.3) Oscillation in the = Mode (Two Segments). 

In the case of two segments, only the 7 mode is of interest, and 
for this the total field is just half that for the 7 mode with four 
segments, but now all values of n are present. 
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Fig. 4.—Field distribution and component amplitudes for 7/2 
mode (m.s.). 


(a) Field distribution; A symmetry. 
(b) Field distribution; B symmetry. 
(c) Component amplitudes. 


(4) ANALYSIS OF MECHANISM OF OSCILLATION OF S.A. 
VALVE 


(4.1) Modes of Resonance 


As in the m.s. case with four gaps, four modes of oscillation of 
the anode system are possible, the 77 mode, the two 7/2 modes 
and the zero mode. In the 7/2 mode, owing to the symmetry of 
the system, the two components now have the same field distribu- 
tion, but these are displaced in space by 90°, having the alternative 
distributions shown in Fig. 5(b), with axes of symmetry C and D. 
It will be noted that for each of these modes there is no field in 
two alternate cavities. 

With two gaps, only two modes of resonance can be excited 
as before, the 7 mode and the zero mode, the latter occurring at a 
relatively high frequency. 


(4.2) Analysis of Interaction Field 
(4.2.1) Oscillation in the 7 Mode (Four Segments). 
For the 7 mode [Fig. 5(a)] the amplitudes of the components 


of the field present at the anode surface may be written, following 
the previous Section, as 


a ae $n(O2 — 6,) sin 4n(6, + 44 


7a nO, 


with the restriction that only even values of » are permissible. 
Further, the condition 6, + 6, = 7/2 means that all values of n 
which are divisible by four have zero amplitude. 

With these restrictions the amplitude of all components may 
then be written as 


n 
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5.—Field distribution and component amplitudes for 7 and nf 


Fig. 
modes (s.a.). | 


| 


(a) Field distribution; < mode. 
(6) Field distribution; m/2 modes; C and D symmetry. 
(c) Component amplitudes. 


It is clear that by adjustment of the value of 6, = 6, — 0, other | 
components may be made zero, if the possibility of interaction with 
them needs to be avoided. For example, if 0, is made 216° 
for n = 6 it will equal 360° for n = 10, i.e. the amplitude is zero 
for n = 10, so that this component is not excited. 
Fig. 5(c) shows the relative amplitudes of the different com- | 
ponents for 8, = 6°, 15° and 30°. It will be noted that for the 
same gap widths (6° and 15°) the amplitudes of the components 
n = K are the same as for the m.s. case in Fig. 3(b). However, 
for n < K the amplitudes are much greater. On the other hand, | 
fewer components are present. | 


(4.2.2) Oscillation in the 7/2 Mode (Four Segments). 
For both 7/2 modes, the amplitude of components is 


an | 


with only odd values of n permissible. Thus the envelope of the 
amplitude of both 7/2 modes is the same as that for the 7 mo 
with only odd values of 7 present, but with the envelope ampli ; 
reduced to one-half, as indicated in Fig. S(c). 


| 


! 

(4.2.3) Oscillation in the 7 Mode (Two Segments). 

. The amplitude of the separate components is given by 
j 


Psa ay ‘ee am) 
ma\ ng, 
with the restriction that only odd values of n are possible. The 


envelope is accordingly the same as that for each component of 
‘the 77/2 mode for four segments. 


} (5) CIRCUIT DESIGN AND LOAD COUPLING 

The 2-segment structures are of particular interest for tuning 
‘by an external circuit. In order to obtain maximum tuning 
‘range the cavities of the 2-segment s.a. structure were shaped to 
ithe form of Fig. 6(a). 


TO LOAD 


TO LOAD 


i! 


| 

P Fig. 6.—Arrangements of 2-segment symmetrical anode. 
! (a) Single magnetic coupling. 

(b) Double magnetic coupling. 

H (c) For very heavy loading. 

| (d) For higher dissipation. 


_ ‘It was also found possible to dispense with the coupling probe 
of the two types first used, and to couple magnetically from the 
current circulating round one of the cavities as shown in the 
Figure. The alternative arrangement at Fig. 6(5) allowed 
coupling from two resonators to be achieved by rotating the 
anode through 90°. 


(6) PROBLEMS OF VALVE CONSTRUCTION 

_ It will be clear that the achievement of satisfactory performance 
n valves of the type proposed is greatly dependent on satisfactory 
echanical design, and a considerable amount of effort was 
svoted to problems of valve construction. 
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(6.1) Cathode Structure Assembly 


Experience on other magnetrons had indicated that if a reason- 
able efficiency and noise performance was to be achieved it would 
be necessary to use the largest possible ratio between starting 
current and operating current. With the limited anode dissipa- 
tion it was therefore essential that the stray current be kept 
extremely small. That this would depend largely on accurate 
cathode centring was well known, but whether the necessary 
accuracy could be achieved without involving high manufacturing 
skill was uncertain. A number of methods of mounting the 
cathode were tried with gradually improved results, and in a final 
arrangement satisfactory performance was obtained. In this the 
mica mounting pins were moved down to a point near the zero- 
potential plane for the anode to reduce trouble from possible 
resonances. They were inserted in the anode block and fixed 
by deforming the copper around them with a circular tool. Then 
two metal eyelets were placed on the pins on one side of the anode 
block. The mica, which now had two clearance holes for the 
eyelets and a clearance hole for the cathode, was placed in 
position with a cathode end-shield located by four metal tags 
loosely mounted on it. This shield, which was made from sheet 
nickel treated with titanium dioxide, carried the central cathode 
hole. A jig, fitted with a spigot of the cathode diameter, was 
then inserted in the anode bore. The eyelets were deformed to 
clamp to the mica, and the four tags on the end-shield were 
compressed to fix tightly to the mica. This process was repeated 
for the second mica, and finally the central jig was removed and 
the cathode inserted. 

A high standard of consistency of cut-off characteristics was 
achieved by this method, and it was then possible to measure 
the variation of starting current with anode form (arising from 
different methods of construction) without cathode eccentricity 
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Fig. 7.—Cut-off characteristics for H = 2 400 oersteds. 


masking the effects investigated. Fig. 7 shows the cut-off charac- 
teristics obtained with different methods of cathode mounting, 
the “very good” characteristic being obtained with the method 
described. 

(6.2) Anode Construction 


The early anodes of the m.s. type were made by straightforward 
machining methods, but difficulties were experienced in obtaining 
the long slots required with sufficient accuracy of form and 
position. It was found worth while so far as circuit losses were 
concerned to increase the diameter of the output probe from 
0-014 to 0-024 in, the largest wire which could be accommodated 
in the narrow tongue between the circuit slots. 

The first anodes of the s.a. type were made by fabrication, and 
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the opportunity was taken to form the output coupling probe as 
part of one of the vanes of which the anode was made, as can be 
seen in Fig. 1. Later designs used magnetic coupling. Finally, 
hobbing was used, and this considerably simplified the manu- 
facture, since the anode block could be a straightforward section 
from a hobbed billet. The need for two machined steps on both 
sides of the block was also eliminated, and the eyelets holding the 
mica to the pins were so constructed that the mica was supported 
away from the block to ensure a high electrical leakage path 
between anode and cathode. 

The anode bore of both 4- and 2-segment blocks was drilled 
after the anodes were hobbed in early valves, but later it was 
found possible to construct a hob for forming the anode cir- 
cuits and central hole together. In the 4-segment case the 
hob of 80/20 nickel-chromium base alloy was fabricated from 
two parts; the outer part forming the anode circuits and vanes 
had a pin of 2mm diameter inserted centrally to form the anode 
bore. In the 2-segment anode, owing to the comparatively thin 
vane forming the segment gaps, it was not possible to use a 
2-part fabrication method, and in this case the hob was made 
by form-grinding a hot-process die steel, care being taken to 
obtain the minimum radius at the junction of the anode bore 
and segment tips. 

Valves of this type and size (all of 2mm anode bore and 
2-S5mm anode length) are capable of handling an anode dissipa- 
tion of 8 watts; the temperature of the glass envelope sets the 
limit to the output of the valve. One method of increasing this 
dissipation is to provide a high-conductivity connection between 
the anode and an external cooling element, and this has been tried 
in a valve having the arrangement indicated in Fig. 6(d). Sucha 
design is likely to increase the cost of the valve somewhat, but 
the essential simplicity of the electrical design is not affected. 
The anode dissipation is increased to at least 30 watts, and there 
is a consequent increase in power output. 


(6.3) Cathode 


The cathode used in all the experiments described consists of 
nickel tube of 0:625mm outside diameter, 0:525mm internal 
diameter, spray coated to 0:025mm thickness over 2mm length 
with a mixture of ammonia-precipitated barium and strontium 
carbonates. The heater supply for 800°C, with the cathode 
located rigidly to the mica by means of the cathode end-shields, 
is at O0-3amp and 6-3 volts. Difficulties due to delamination of 
the mica around the cathode end-shields were overcome by 
increasing their thermal emissivity with a coating of titanium 
dioxide furnaced in dry hydrogen to a fine black deposit. The 
cathode back-bombardment power is normally 3-5 % of the anode 
power; consequently at 8 watts input to the anode a reduction of 
heater power is necessary. The filament is0-045mm molybdenum 
wire spray-coated with alumina 0-052mm thick. The eyelets, 
pins, assembly support pressing and fixings are all of non- 
magnetic material. A barium getter is mounted near the base 
and, prior to sealing into the bulb, the base is coated with mag- 
nesium oxide. In spite of the close proximity of the getter to the 
base pins no breakdown occurs at 2000 volts. 


(6.4) Processing 


The valves are baked on the pump at 380°C for ten minutes 
to outgas the glass. The complete assembly is then outgassed 
by eddy-current heating at approximately 750°C. The cathode 
is flashed at 10 volts to break down the carbonates, after 
which the getter is flashed and the valve sealed off from the pump. 


(7) OPERATION OF 4-SEGMENT M.S. VALVES, 


Fig. 8 shows a preliminary operating characteristic obtained 
with a good valve of this type delivering power to a matched load, 
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Fig. 8.—Performance of 4-segment m.s. valve. 
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the coupling being adjusted at each reading to give maximum 
power output. Power is obtained over a number of discrete 
ranges of magnetic field corresponding to different component 
numbers, and there is little variation of frequency as it is 
essentially that of a single mode of the circuit oscillations. Small 
changes with operating conditions are due to changes in the 
admittance of the electron stream. 

On correlating the observed ranges of operating voltage with 
those derived from calculation of threshold voltage? over the 
range of magnetic field for which a given mode is excited, it. 
appears that operation at high magnetic fields is in the com- 
ponent n = 5, and at lower fields in the components n = 6, 7 
and possibly 8. This is at variance with the analysis already 
given for this type of structure (Section 3.2.1) from which it is 
to be expected that either odd or even components only would 
be excited for a given circuit mode. The appearance of both 
families may be due to some asymmetry of the structure arising, 
for example, from inaccurate spacing of the circuit gaps. 


(8) OPERATION OF 2-SEGMENT M.S. VALVES 


Fig. 9 shows a performance chart for one of these valves when 
feeding into an output circuit of the type shown in Fig. 15(a). _ 
Useful output was obtained but over more limited ranges of 
operating conditions than for the 4-segment valve. For these _ 
tests, coupling of the valve to the load was adjusted for every 
reading. Comparison of calculated and observed operating 
voltage showed that the two components observed were n = 5 and 
n= 6. No oscillations were observed at lower magnetic field 
and voltage for modes other than those indicated, and it was 
concluded that this is simply because the r.f. field in the inter- 
action space is too low for higher-order modes to be excited. 
As oscillations in both components cease, owing to increase of 
current to the limit of oscillations, the voltage rises sharply to a 
value which is rather below that calculated for the critical voltage. 


(9) OPERATION OF 4-SEGMENT S.A. VALVES 


All valves for which data are given here used magnetic coupli 
and Fig. 10 shows a contour diagram of a 4-segment 
coupled to a load through a matching transformer in the 
indicated in Fig. 15(a). It will be seen that there are t 
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| . Fig. 10.—Performance of 4-segment s.a. valve. 


Tegions of oscillation, two being of approximately the same fre- 
‘quency. Comparison of observed and calculated operating 
voltages suggest that these operate through the components 
-n=5,6and7. The earlier analysis indicates that oscillation of 
‘the 4-segment anode in the 7 mode results in the space components 
n = 2, 6, 10, etc., whilst oscillation in the 77/2 mode results in the 
“space components n = 1, 3, 5, 7, 9, etc. Accordingly, it is con- 
cluded that the higher-frequency oscillation with n = 6 is due to 
e citation of the resonators in the 7 mode, the other oscillations 
both higher and lower voltage being due to excitation in the 
4m mode. 

| It will be noted that the 7 mode is excited only by one com- 
‘ponent, others being widely spaced in number. 

‘| Ac.w. power of 75mW is generated at a voltage of 600 volts 
with a current of 9mA. 

| Tests have been made to high currents with narrow pulses of 
ow duty cycle. Ata magnetic field of 2000 oersteds and voltage 
of 650 volts a peak power of the Ukvad of 1 watt has been obtained 


MAGNETRONS USING SPATIAL-HARMONIC OPERATION 


303 


ni a 


500mW 


1S0mW 250mWw 


n=5 
(f=9200 
Mc/s) 


VOLTS 


7s 
1S) 
oO 


ANODE VOLTAGE, 


300}=——— 


fe) 1 2 3 4 5 6 7 8 9 
ANODE CURRENT,mA 


Fig. 11.—Performance of 2-segment s.a. valve. 


(10) OPERATION OF 2-SEGMENT S.A. VALVE 


Fig. 11 shows a contour diagram under matched load conditions 
measured in the circuit shown in Fig. 15(a) with operation 
obtained in the component n = 5 only at the normal values of 
current. 

A power of | watt is obtained with a magnetic field of about 
2.450 oersteds, a voltage of 970 volts and a current of 7-5mA, 
the efficiency being about 14%. Short-pulse operation to 
higher powers is also possible. 

By increase of current, carried out most conveniently with 
low-duty-cycle operation, the n = 7 component could be detected 
at low magnetic field, and Fig. 12 shows the frequency/magnetic- 
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Fig. 12.—Variation of frequency and limiting currents with 
magnetic field, 


field characteristic for both components at currents for the start 
and finish of oscillations. The variation in frequency over the 
current range is small compared with that over the magnetic-field 
range. At fixed current a frequency variation of at least 400 Mc/s 
may be obtained by variation of magnetic field. It is rather 
higher than the figure obtained with the 4-segment design. 
Valves of this type, for which the above characteristics were 
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obtained, were constructed with plain anode gaps of width 
0:018in. Earlier valves had gaps of 0-:020in, and these gave 
consistently lower efficiency (of the order of 3% instead of 
14%). Valves made later with the gap still at 0-018in but the 
capacitance reduced by chamfering as in Fig. 6(a) have shown 
higher efficiencies still, and these have been in the neighbourhood 
of 25% for the component n = 5. This change improves the 
strength of the hob used for anode construction. 

Experience in this work of changing gap dimensions and 
proportions has shown that, as would be expected, it is very 
necessary to maintain sharp corners at the junction between the 
anode surface and the interaction gap, otherwise the starting 
current may be significantly increased and the efficiency conse- 
quently decreased. 

The change of efficiency resulting from these effects is, however, 
greater than would be expected from the change in the amplitudes 
of the r.f. field components. 


OF LOAD COUPLING ON STARTING 
FINISHING CURRENTS 

The influence of circuit loading on the starting and finishing 

currents (J, and J,,) is shown generally in Fig. 13(a) for the valves 
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Fig. 13.—Influence of load coupling on Is and Jr. 


(a) Contour diagram. 
(6) Variation of Ig and Jp with Q,. 


whose characteristics have been described. These valves have a 
ratio r,/r, of cathode to anode diameter of 0-31, and it is possible 
that variation of this ratio will modify these characteristics. 

In the higher field range (Hj, H3, H4) where operation is in 
the component 7, the starting current falls somewhat with 
increasing magnetic field at a given overall circuit Q-factor of Q,. 
It is little affected by circuit loading, and this behaviour is con- 
sistent with the presence of significant (though small) stray 
currents whose magnitude is not greatly dependent on the 
presence of normal oscillations. 
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On the other hand, the current at which oscillations ci 
varies significantly and is strongly dependent on Q,. It ap 

that J, is determined entirely by the magnitude of the r.f. field { 
coupling to the electron wave. At lowmagnetic field this is small, 
because of low efficiency, and it increases markedly as efficien 

is increased with magnetic field. At high magnetic field, ho 
ever, owing to shrinkage of the electron cloud the r.f. cul 
field falls again, even though the r.f. field may be large at 
surface of the anode. 

This behaviour is repeated for the higher-order component 
at the lower magnetic field H,, although over a much smaller | 
range of parameters. 

Fig. 13(6) shows values of both currents J; and J, at a fixed 
magnetic field plotted as a function of Q,, this being the com- 
ponent of Q, which is due to the external load only. These 
data were taken on a 2-segment s.a. valve having a “side” | 
coupling to tuning waveguides (see Section 14). It will be noted | 
that J, increases markedly with Q, but reaches a limiting maxi- | 
mum when Q, becomes so large that it has little effect on the | 
overall loss factor Q,. hal 


(12) FREQUENCY CHANGE WITH CURRENT 


It has been found that the change of frequency with current — 
(frequency pushing) is much greater with spatial-harmonic 
operation than with fundamental operation. Measurements | 
were made of the frequency change with current of a 2-segment 
s.a. valve operating at a magnetic field of 2300 oersteds in the 
n = 5 component when modulated over the current range of 
1-9:5mA. The valve was coupled to the output waveguide 
sufficiently tightly to give maximum power output. It was 
found that the rate of change of frequency with current varied | 
little over the range and was of the order of 14:5 Mc/s/mA. 
The output waveguide was then mismatched by a probe giving | 
a standing-wave ratio of up to 1°75, and the rate of change of | 
frequency with current was measured as the mismatching probe | 
was moved along through a guide length of greater than a half 
wavelength for different values of the mismatch. It was, how-, 
ever, necessary to limit the current to 6°-5mA for the mismatch | 
setting giving the highest load conductance at the valve. 


Lj — 


— eer 17! 
SWRel- 


Frequency pushing, Mc/s/mA 


i 2 3/ 4 5 6 7 8 
RELATIVE POSITION OF MISMATCH, cm 


Fig. 14.—Variation of frequency pushing with circuit loading. 


Fig. 14 shows the values obtained over the range of loading 
parameters, the high figures corresponding to maximum load 
conductance and the low figures to low conductance. A pez 
value of 21-5 Mc/s/mA is obtained with a peak frequency excu 
sion of the order of 170Mc/s (at slightly less than maxi 
conductance). For a power variation of not more than 3 
from the peak value a frequency excursion of rather less th 
half the above value is obtained. 


(3) FREQUENCY CHANGE WITH CURRENT UNDER CON- 
is DITIONS OF EXTREME CIRCUIT LOADING 

One possibility offered by the simple resonant system used 
in this work is that of investigation of magnetron performance 
‘in the condition where coupling of the load to the resonant 
circuits is so tight that the impedance measured at the interaction 
gaps loses its resonant properties and becomes resistive. Under 
this condition general considerations suggest, and work elsewhere 
/has confirmed, that it is possible to vary the frequency generated 
over a wide range by alteration of the velocity of the electron 
cloud circling the cathode, by variation of applied voltage, 
“magnetic field, or both. Measurements by Wilbur and Peters? at 
frequencies of the order of 550 Mc/s showed that variation of 
frequency over a range of the order of 2:1 could be obtained with 
power output of upwards of 20 watts. In order to obtain a 
jsignal with a line spectrum, reduction of emission to either 
| partial or full temperature limitation was required. 


_ Similar performance was obtained by Guénard and Huber,* 
| but in their case no requirement was found for emission limitation. 
_ Only preliminary measurements have been made on valves of 
; the 2-segment s.a. type with the structure modified as indicated 
‘in Fig. 6(c) to increase the coupling to the load by adding an 
additional choke. With this arrangement the normal oscillations 
‘of substantially fixed frequency could not be obtained, but on 
‘operating the valve with a varying anode voltage at 50c/s it was 
observed that output was obtained over a range of frequency. 
Preliminary measurements were made on a number of valves 
lof this type and in all cases a frequency change of at least 
‘1000 Mc/s was obtained with variation of anode current, the 
‘mean frequency being of the order of 9500 Mc/s. By altering the 
‘arrangement for coupling the valve to the load circuit so that 
‘the low-frequency cut-off arising from the output waveguide was 
‘eliminated, it was found possible to detect output energy over 
‘the range 10000-5000 Mc/s by exploring over an extreme range 
of current. The power measured in this case was significantly 
less than that with normal operation; about one milliwatt was 
obtained with a peak current of 40mA. 

' In these experiments no sign was seen of the requirement for a 
particular emission condition. A clean spectrum was obtained 
with normal space-charge limitation of emission, and this is of 
‘particular importance for the practical utilization of this type of 
‘operation. On the other hand, the absence of temperature 
limitation results in large variation in anode current and power 
‘over a useful frequency range. 


(14) MECHANICAL TUNING 
' One of the advantages envisaged from the start of this work, 
for the structure described in this paper, was the possibility of 
ide-range mechanical tuning by means of an externally coupled 
teactance. The single mode of operation of the 2-segment valve, 
in particular, should allow considerable tuning ranges to be 
achieved. 

' A number of different tuning circuits and arrangements have 
een tried and are indicated schematically in Fig. 15. 

An arrangement used for investigation of the tuning perfor- 
mance of the 2-segment m.s. design is shown in Fig. 15(d). 
Yo deliberate damping of the tuning circuit by a load was 
employed, and the valve projects into-the resonant circuit formed 
; by a piece of rectangular waveguide which is terminated by a 
g piston. A wavemeter coupled loosely to the cathode 
eads of the valve showed that a tuning range of over 1000 Mc/s 
ould be obtained in the higher-voltage mode. In this case, 
although no power was delivered to a useful load, the power 
ansmitted through the wavemeter from the heater leads was 
of the order of 1 mW, so that in fact a power of ai least 10 mW 
vas probably being radiated. 
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Fig. 15.—Coupling and tuning circuits. 


The arrangement which has been found most convenient in 
use with 2-segment s.a. valves having end coupling is that shown 
in Fig. 15(c). In this the valve is coupled by its magnetic field 
to the tuning waveguide, A, the coupling being adjusted by 
the degree of insertion of the valve into the circuit and by the 
position of piston B. The load circuit is coupled by series 
connection to the output waveguide. 

Fig. 16 shows characteristics of frequency and power measured 
as a function of position of the tuning piston with piston B set 
to give either maximum power output at some part of the range 
or minimum power variation over the range. In the first case a 
tuning range of 74% of the mean frequency is obtained with a 
minimum power of 170mW and maximum power of 660mW. 
With the piston set to give minimum power variation, a tuning 
range of 4:3% is obtained with a minimum power of 200mW 
and a maximum of 235mW. These figures apply to operation 
with constant magnetic field. It will be expected from the 
characteristics shown in Fig. 12 that some further increase of 
tuning range of the order 200-300 Mc/s may be achieved by 
variation of magnetic field. 

The arrangement used in the loading experiments described in 
Section 12 is shown in Fig. 15(d). Here a 2-segment valve with 
double coupling, as shown in Fig. 6(4), is used. By movement of 
the tuning plungers symmetrically relative to axes of the valve, 
tuning may be obtained with zero coupling to the load. By 
displacing one tuning piston by a given amount from its setting 
for a particular frequency, and the other piston by a similar but 
negative amount, the frequency may be left substantially un- 
changed, although the coupling to the load may be increased to 
a desired value. Thus, independent control of frequency and 
load coupling is achieved, and a wide range of loading may be 
covered. 
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Fig. 16.—Tuning characteristics of 2-segment s.a. valve: 


(a) Adjusted for maximum power output. 
(b) Adjusted for minimum power variation. 


Power. 
Frequency. 


Experience obtained in mechanical tuning of valves of this 
type is so far only preliminary, and it is considered that wider 
tuning ranges may be eventually obtained with sufficient atten- 
tion to the design of tuning circuits. More rapid control of 
frequency may be obtained by the use of a phase shifter of 
the ferrite type, with which the change of electrical length of the 
tuning waveguide may be effected by change of the magnitude 
of polarizing magnetic field. 


(15) NOISE PERFORMANCE 


Few data have so far been obtained on the noise performance, 
but preliminary measurements of amplitude-modulation noise 
indicate that the level is low enough for the valve to be used as 
a local oscillator in a superheterodyne receiver with a bandwidth 
of a few megacycles per second without degradation of receiver 
sensitivity due to local-oscillator noise. 


(16) OSCILLATION BUILD-UP TIME 


One parameter which is of interest in low-power microwave 
generators is that of time of oscillation build-up. In some 
applications it is desirable for this to be as short as possible. 
The use of an anode structure of the type here described appears 
to allow the possibility of very short build-up time with minimum 


y 
time jitter, since interfering effects due to the generation of » 
unwanted modes are minimized and, in fact, are not present i 1 
the 2-segment structure. No detailed measurements have been 
carried out, but preliminary indications are that very rapid and 
stable starting is achieved when pulses considerably less than 
0-1 microsec long are generated, the limit of build-up time being — 
so far set by the shape of the current pulse which can be generated. 


(17) LIFE 

The most probable cause of failure in valves of this type is loss 
of cathode emission. With the limit of anode dissipation im- 
posed by the structure (see Section 8) the maximum emission 
required is 0-2amp/cm at a frequency around 10000Mc/s. In 
practice a value somewhat lower than this will normally be used. 
Providing, therefore, that the cathode temperature does not 
exceed 1000°K, thorough outgassing and adequate gettering 
should ensure a long life. | \ 


(18) CONCLUSION 
It appears that the use of spatial-harmonic operation can lead — 
to designs of magnetron having attractive characteristics of per- 
formance, design and construction. 
Work is still being carried out, but the results reported here, 
although preliminary in nature, are sufficient to indicate the 
potentialities of this type of operation. 
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SUMMARY 


\_ The radiation pattern in the Fresnel region is expressed as a function 
of the far-field polar diagram. Following this it is shown how the 
true side-lobe level may be inferred from amplitude radiation-pattern 
measurements made in the Fresnel region. This results in considerable 
| = of the range at which polar-diagram measurements may be 
made, 


LIST OF PRINCIPAL SYMBOLS 
2a = Interval in y between zeros of main beam of polar 


diagram. 
} ; 2 
Tt tes 
Ce) =, |0cosg at = Fresnel’s cosine integral. 
1 ! 9 
Zz 
8) = | sin we dt = Fresnel’s sine integral. 

0 


-\ D = Distance from measuring point to centre of array. 
 EQ@) = B(#s) = Radiation pattern in Fresnel region. 
~ P(6) = AG) = Polar diagram. 
H(z) = Function defined in text. 
I(x) = Amplitude distribution of sources along array. 
J, = Integral defined in Appendix. 
_/  k = 2n/A = Wave number of power radiated or received 
by array. 
Linn = Level of nth side lobe of mth polar diagram. 
By / = Half-length of array. 
O = Centre point of array. 
‘ n = An integer greater than zero. 
Q = Measuring point. 
r = Distance from measuring point to any point on array. 
x = Array co-ordinate. 
%, 4, V = Parameters. 
Pre ¥, = Constants defined in Appendix. 
A = Free-space wavelength of power radiated or received 
by array. 
@ = Angle to array measured from normal to array. 
b= Angular width between zeros of main beam of polar 


U 


1 


Vi diagram. 
~ =ksin 0. 
¢, z = Dummy variables. 


(1) INTRODUCTION 
\ The electromagnetic field associated with any aerial system 
can be roughly divided into three regions, namely 
(a) Induction or near field. 


(b) Fresnel region. 
\ (c) Fraunhofer region or far field. 
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A radiation pattern is defined as the relative field strength 
measured at a fixed point as the aerial is rotated, and the shape 
of this pattern is independent of distance from the aerial only in 
region (c). There is no definite dividing line between regions (5) 
and (c), but there are reasonable criteria for determining whether 
the measuring point is in the far field. One of these,! which 
applies to aerials whose sources are situated in a straight line, 
is that the distance from the measuring point to any part of the 
array should be greater than 8/2/A. 

For many practicable arrays the measuring point would Bave 
to be several miles distant. This would not be an insurmountable 
difficulty, but it could prove inconvenient; e.g. a suitable site 
for the measurement would not be easy to find. 

To determine completely the polar diagram from a radiation- 
pattern measurement taken in the Fresnel region it is necessary 
to discover the relative phase of the field as well as its amplitude. 
However, it will be shown in the paper how the main charac- 
teristics of the polar diagram may be inferred from the Fresnel- 
region amplitude-radiation pattern alone. The measurement of 
relative amplitude can be done simply and quickly, whereas the 
measurement of relative phase is altogether more tedious. 

The results given in the paper apply to linear arrays whose 
main beams are within about 30° of the broadside direction. 


(2) THEORETICAL INTRODUCTION 
Only arrays whose sources are situated in a straight line are 
considered in the paper, and the sources are considered to be 
similarly polarized. 


Fig. 1.—Geometry of array and measuring point. 


Fig. 1 describes the geometry relating the array, which exists 
between x = — / and x = /, and the measuring point Q. The 
radiation diagram, E(@), is recorded at Q while the array is 
rotated about O in the plane of the paper. 

From the potential theory? of the electromagnetic field the 
radiation diagram of the field strength polarized parallel to the 
sources is given by 


i! 
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This formula is exact, provided that the amplitude distribution 
consists of only electric or magnetic sources. If the distribution 
is of a mixed kind, the two types of source must be treated 
separately and the results combined at the end of the analysis. 

Since we are interested only in relative values there is no need 
to insert any constant of proportionality in eqn. (1). 

It is necessary to determine how large D must be for Q to be 
in the Fresnel region. There are two conditions, namely 

(a) Variations of r with x in the denominator of the integrand 


on the right-hand side of eqn. (1) may be neglected. 
(b) r in the exponential may be expressed as 


x2 : a 
Te D + xp — x sin 0; for |8| < about 30° - 


This expression is obtained by expanding r in a binomial 
series. 
Applying these conditions to eqn. (1) gives 


foe] 
I(x)e—dkx2/2Dg ikx sin Ody 


E(6) = 


The limits have been changed to +00 for analytical convenience. 
Since I(x) exists only in the interval —/ < x < /, this equation 
is the same as eqn. (1). 


Writing 
dom kein sem evn en ee 
and discarding constants of proportionality gives 
@ 
Bp) = E(6) = | Uxjek2Deitxdx =... (3) 


—o 
In the far field kx?/2D < yx, and so the polar diagram can be 
written as 


ice) 


Ah) = POO) = | I(x)eixdx tee ae (4) 
—a@ 
Ean. (4) is true? for all values of 0. 

We wish to show how the main characteristics of a polar 
diagram may be inferred from measurements taken in the 
Fresnel region. It is unlikely that a general relation could be 
derived from eqn. (3). The aperture distribution, I(x), can be 
infinitely varied in practice, and approximating it by the first 
few terms of an orthonormal series appears to give results which 
are too complicated to be combined into a universal formula. 

There is one thing in which the majority of amplitude distri- 
butions applied to long arrays are similar: they produce polar 
diagrams whose shapes are much the same. This applies 
adequately to polar diagrams whose main beams are within 
some 30° of the normal of the array. It is also usual for the first 
side-lobe to be so placed that, if 2a is the interval in % between 
the zeros of the main beam, 3a/2 is approximately the interval in 
x between the main beam maximum and the first side-lobe 
maximum. The most apparent difference between polar dia- 
grams is the first side-lobe level, which is a parameter which 
can be varied easily. 

Following these arguments, B(:s) should be expressed in such 
a way that it is a function of A(/) rather than I(x). The clue 
to how to do this is given by eqn. (4), where it will be seen that 
A(s) and I(x) are a Fourier-transform pair. The analysis is 
given in the next Section. 


(3) RADIATION PATTERN EXPRESSED AS A FUNCTION OF 
POLAR DIAGRAM 


Proceeding formally from eqn. (4), 


oO 


Ie) = 3 | A@erRe es) 
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Substituting eqn. (5) in eqn. (3), 


BGp) = Bale [ wen Oxe—tkeRDdtdx (6) 


SIO ano 4 
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H(z) -| e—ik|2Deitxdy . . ws 


This is another Fourier transform. From Reference 3 we see — 


that 
Bip) af ACH — Ode. . . . 


Substituting eqn. (8) in egn. (9), 


— j)Di2 


a Sr (10) 


BOp) = J acene- PKL 


The radiation pattern in the Fresnel region has now been | 
expressed as a function of the polar diagram. 
There is an interesting and simple check on the work leading | 
to eqn. (10). When D is large, i.e. the measuring point is in the — 
far field, the principle of stationary phase+ may be applied to h 
the integral in eqn. (10). 
It will be found that 


Lim Bis) = AG) 
D—>o 


(4) CHANGE IN SIDE-LOBE LEVEL WITH RANGE 


The purpose of most long broadside arrays is to produce ay | 
polar diagram with a single narrow main beam. The two most 
important features of such polar diagrams are the width of the | 
main beam, either between 3 dB or zero points, and the level of | 
the largest side-lobe, which is often the first, ie. that nearest the | 
main beam. } 

The following assumptions about the form of the polar : 
diagram will be made so that a general, though necessarily 
approximate, theory of the variation of side-lobe level with» 
range can be constructed: 

(a) Width of main beams between zeros = 2a, measured in 
units of ws. 

(b) Interval in & between main beam maximum and first side | | 
lobe maximum = 3a/2. 

(c) Interval in & between adjacent side lobes = a. 

As was suggested in Section 3, departures from these assum 
tions will be slight in practice. 

There is a certain property of the integral in eqn. (10) which i is 
useful for establishing the general result which we seek. Con- 
sider B(s) for the two polar diagrams A(s) and A(is — a). 
From egn. (10), 
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HN Prhus, if two polar diagrams are similar but displaced in # 
by an amount «, their radiation patterns in the Fresnel region 
also similar and displaced in ys by the same amount «. This 
that any results derived for polar diagrams whose main 
‘beams are centred on % =0 can be applied to similar polar 
‘diagrams displaced in % by an amount equivalent to || less than 
‘about 30°. This restriction on the values of @ and % applies 
throughout the paper. The word “‘similar’’ has been used here in 
the same sense as it is used in Euclidean geometry. 
| Formulae approximating polar diagrams can be inserted into 
the integral in eqn. (10) and the radiation patterns derived. In 
order to make the results as general as possible, and at the same 
time to keep the computations within reasonable bounds, we will 
‘calculate B(ys) for two types of polar diagram, designated A,(+) 


and Ax(i)): 


! sin 7 
A = : a uy 
) ip) Ne o<p<—a 
t i) 
Age 
Fines et —a<p<a 12 
p pias Tris % i - (12) 
i] a 
sin 7 
sae ; a<%<o 
ie 
a d 
i Ax(p) = —vsin —o<e¢e<—a 
| = cos mana + |. (13) 
be : 
mp 
Wty Be eS a<%<o 
| 
| These polar diagrams can be classified roughly as the two 


xtreme members of a set. The side lobes of A,(¢s) decrease in 
height as they recede from the main beam at a rate which will 
be seldom exceeded in practice. When » = 0, A,(~) is the 
olar diagram due to a uniform amplitude distribution. The 
ide lobes of A>(ys) are all equal in height. This is a property of 
polar diagrams produced by Dolph—Chebyshev> amplitude 
distributions which optimize the relationship between beam 
width and side-lobe level; this level is varied by altering the 
rameters pz and v. 
Substituting eqns. (12) and (13) in eqn. (10) yields 


Bip) = J, + pds (14) 
Bo(h) = J, + v[Js + Je] (15) 


|) The functions J, are defined in the Appendix, where the 
ecessary integrations are described. 

Examination of the expressions for A,() and A,(:s) shows 

‘that the side-lobe maxima occur at ¢ = 3(2n + 1)a, n being an 

integer greater than zero. The level of the nth side lobe relative 

to the main beam, measured in the Fresnel region for the two 
pecified polar diagrams, will be 


1 
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By i a 2) 
2 

Ly, = > 
| B,(0) | 

Comparison of eqns. (16) and (17) with (14) and (15) shows 
that L,,, and L,,, can be expressed as functions of a2D/k alone. 
Reference to eqn. (1) shows that a = k sin 6; where 2a and 2¢ 
are the width of the main beam between its zeros measured in 
units of % and @ respectively. Since k =2n/A, a2D/k = 
(27D/A) sin? 4, which is a dimensionless quantity. 

The most important side-lobe is usually the first. This being 
so, L,, and L,, have been calculated for various values of the 
true side-lobe level. The values of the Fresnel integrals were 
found in Reference 6, and Fig. 2 shows the results of the cal- 
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, dB 


OVER FAR-FIELD LEVEL 


INCREASE IN LEVEL OF FIRST SIDE-LOBE 
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g. 2.—Comparison of first side-lobe levels in the Fresnel region for 
two polar diagrams. 


Parameter: True level of first side lobe, dB. 


culations. The graphs for L,, and L,, are nearly the same, 
except at small values of (D/X) sin? d. Since A,() and Ax(~) 
can roughly be considered as the extreme members of the set 
of polar diagrams peculiar to long broadside arrays, the differences 
between the graphs for L,, and L,, could be taken as the possible 
error if the mean results in Fig. 2 were applied to some polar 
diagram other than A,(h) or A,(i). 

While calculating L,,, and L,, it has been assumed that the 
side-lobe maxima stay in the same positions while D/A is varied. 
This is not exact, but side-lobe maxima are generally broad. 
There will be little error if the calculations are made at values 
of ys near to those at which the maxima occur. It is shown in 
the next Section that the beam width varies slowly with D/A. 
Thus the side-lobe maxima will probably change their positions 
very little for the values of (D/A) sin? ¢ used in Fig. 2. 


(5) PRACTICAL USE OF THE THEORY 

The variation of side-lobe level with range is expressed solely 
in terms of D, A and the width of the main beam of the polar 
diagram; the physical length of the array is not used in the 
argument. This means that the width of the main beam between 
its zeros must be determined before the theory can be used in 
practice. The following hypothesis is necessary. 

Consider those points of the amplitude polar diagram at 
which there are either minima or zeros. In the Fresnel-region 
amplitude radiation pattern the zeros will become minima and 
these will be at a higher level with respect to the main-beam 
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maximum than they were in the polar diagram. However, 
the positions of the minima will not be changed appreciably. 

It is suggested that the above will hold in general for the 
types of polar diagram considered in the paper. To provide 
some sort of verification for the hypothesis, the amplitude- 
radiation patterns in the neighbourhood of the first zero of a 
particular polar diagram, for several values of (D/A) sin? p are 
shown in Fig. 3. The curve marked (D/A) sin? d = oo is the 
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Fig. 3.—Amplitude radiation patterns in neighbourhood of first 
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Parameter: (D/A) sin? ¢. 


polar diagram. It can be seen that the positions of the minima 
are practically identical, although their levels change appreciably. 
The patterns are normalized so that the value of the amplitude 
of the main beam is unity. The results given in Fig. 3 cannot 
be classed as a general theorem, but it seems probable that the 
hypothesis will hold in general. 
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The following statement can now be made: The width of 
main beam of the polar diagram between its zeros or minim: 
is the same as the width of the main beam, measured in id | 
Fresnel region, between its minima. 4 

Fig. 4 has been constructed for practical use. The Prodi 
for finding the true side-lobe level is: 


(a) Measure the wavelength, A, of the radiation used. \% | 
(6) Measure the distance, D, between the measuring point 
the centre of the array. , ae 


(c) Measure an amplitude radiation pattern. 

(d) Note the width of the main beam, 2¢, between minima. 

(e) Calculate (D/A) sin2 ¢. 

(f) Read off the true side-lobe level from Fig. 4, having noted i | 
measured level. ‘ 


Fig. 5 gives the possible error inherent in using Fig. 4. This 
error has been derived from Fig. 2 on the assumption that Ai (by 
and A,(7) are the extreme members of the|set of polar diagrams | 
peculiar to long broadside arrays. From Fig. 2 it can be me | 
that the curves for A,(#s) and A,(3/) cross in the neighbourhood _ 
of (D/A) sin? ¢ = 0-4. It is thought that the curves for other | 
possible polar diagrams need not all meet in this neighbourhood. © 
Therefore, the error curves have been assumed to increase — 
steadily as (D/A) sin? d tends to zero. | 

By examining Figs. 4 and 5 it can be seen that the theory is — 
of little use for values of (D/A) sin? ¢ less than about 0-5. There | 
is a physical reason for this. For (D/A) sin? ¢ greater than — 
approximately 0-5 the array will consist of a single Fresnel zone. © 
The meaning of this last statement is as follows: Referring to | 
Fig. 1, when 6 = 0 the aperture consists of a single Fresnel zone . 
if the greatest value of r does not exceed D by more than A/2. | 
{f D/X is so small that the aperture consists of more than one | 
Fresnel zone, the radiation pattern may bear very little resem- | 
blance to the polar diagram, which means that the theory of | 
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Fig. 4.—Variation of first side-lobe level with range. 
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5.—Possible error in the use of Fig. 4. 
Parameter: True level of first side lobe, dB. 


Fig. 
4 e@ paper cannot be applied. A good account of Fresnel zones 
“will be found in Reference 7. 

There is a type of polar diagram occurring quite frequently 
im practice to which the results of the paper might be thought 
‘not to apply. It may happen that the main beam and the first 
“several side-lobes of a polar diagram fall within the set bounded 
by A, (7b) and A(x), but the side lobes in the end-fire directions 
nay be comparatively large. This will occur if the aperture 
‘distribution consists of discrete sources spaced nearly a wave- 
length apart. However, it is suggested that, so long as only the 
last two or three side lobes are larger than the first, the results 
in Fig. 4 will still apply. Consider eqn. (10). The function 
‘g/DC—Y)22k varies slowly about £ = s. If D/k is comparatively 
large the function will oscillate rapidly for values of € well 
away from ¢ = %. The results shown in Fig. 4 are derived for 
alues of % in the neighbourhood of zero. The contribution to 
the integral in eqn. (10) from end-fire side lobes will then be 
small. It is thought that this reasoning will apply adequately 
when the array consists of a single Fresnel zone. This is the 
‘condition for which the results of the paper apply. 


} 
} 


(6) CONCLUSIONS 

|, An approximate theory of the variation of side-lobe level with 
‘range has been developed for long broadside arrays. The results 
apply when the main beams are centred at not more than 30° 
from the normal to the array and when the array consists of a 
single Fresnel zone. A universal chart, Fig. 4, has been con- 
structed to show the true level of the first side lobe when the 
range of the measuring point and the measured side-lobe level 
are known. Fig. 5 gives the possible error inherent in Fig. 4. 

| The purpose of the paper has been to show that the main 
haracteristics of polar diagrams of long broadside arrays may 
inferred from amplitude radiation patterns taken in the 
‘Fresnel region. The advantage of being able to do this is that 
‘the range at which measurements have to be made is considerably 
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SUMMARY 


' A study is made of the extent to which the high-frequency cyclical 
irec irection-finder devised by Earp and Godfrey is subject to three 
‘pmmon types of error. First, the result is presented of theoretical 
pmputations on the errors given by a practical fixed-aerial system in 
ave-interference conditions. The variance of these errors as the 
hase difference between the incident rays is varied is shown to be the 
ime as that given by the ideal rotating-aerial version of this direction- 
der; it is appreciably smaller than that of an Adcock for a system 
perture of 4, and, in general, much smaller for an aperture of 10,. 
« ek errors due to aerial interaction are considered for a system 
f 24 unipoles, 9m high and 1-1m in diameter, placed on a circle 
E 100m diameter. It is concluded that the errors in indicated bearing 
re likely to be negligible, provided that the aerials not in use at any 
\stant are terminated by a resistor equal to their nominal charac- 
wtistic impedance. Finally, the polarization error is examined for such 
|‘system in which surface feeders are used, without an earth mat, on 
of moderate conductivity; it is found to be small, being greatest 

the low-frequency end of the band, where the standard-wave error 
about 1° at 3Mc/s. With extended feeders the errors at low fre- 
hencies are reduced considerably. 


LIST OF PRINCIPAL SYMBOLS 
) General Symbols. 


d = Diameter of aerial system. 

= Total number of aerials in the system. 

A= Wavelength of the radio waves being received. 

a A number referring to a particular aerial at a bearing of 
Icy 2k7]n from the centre of the system. 

4% = Phase of the signal at the Ath aerial. 

‘*« = An error in the phase of the signal at the kth aerial. 

0 = Bearing of the incident radiation. (If two rays are being 
received, 0 is taken to be the bearing of the stronger ray.) 
y= = The bearing indicated by the system. 

= Error in indicated bearing (measured with respect to 6); 
hence n = y — 8. 


- 


r 


) Symbols used to describe two Incident Rays. 


+ = Amplitude ratio of second ray to first ray as picked up 
by the aerial. It will be assumed to be less than unity; 
hence the bearing of the first ray is 0. 

% = Bearing of second ray’ with respect to first ray. 

1 = Angle of elevation of first ray. 

a= Angle of elevation of second ray. 

b= Phase of second ray relative to that of first ray at the 

centre of the system. 


| 
| 
| 


\ 


a INTRODUCTION 
A cyclical wide-aperture direction-finding system for high 
equencies was proposed by Earp and Godfrey! in 1947. Wave- 
terference errors in an idealized form of this direction-finder 
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were considered in a previous paper.2 Since the result of this 
investigation was promising, it seemed desirable to extend this 
work to cover the effects of wave interference on a more practical 
form of the system, and also to try to assess certain of the other 
errors to which an actual system would be liable. The errors 
studied were polarization errors and those due to aerial inter- 
action, and they were investigated both experimentally and 
theoretically. 

The ideal form of this direction-finder consists of a single 
aerial moving in a circle, the bearing being determined by finding 
the phase of the phase modulation imposed on the received 
signal by the circular movement. As is described by Earp 
and Godfrey, this system can be simulated in practice by the 
use of a number of fixed aerials spaced at equal intervals round 
the circle. In the paper the number of aerials will frequently be 
taken to be 24, and the diameter of the circle 100m. The phase 
discriminator used in the equipment will be assumed to be linear, 
and to be able to measure phase differences in the range from 
—180° to +180°. 


(2) WAVE-INTERFERENCE ERRORS 


Probably the most serious of the errors affecting narrow- 
aperture direction-finders are those caused by wave interference 
between rays which have travelled by different paths from the 
transmitter to the receiver. This Section deals with the effect of 
such conditions on cyclical systems, both of the idealized type 
and with fixed aerials. 

The evaluation of wave-interference errors on systems with 
finite numbers of aerials is a very tedious process; the amount of 
effort involved in an extensive calculation would be prohibitive. 
Fortunately, the opportunity arose of having some of these 
calculations performed by an electronic computer, the Ace at 
the National Physical Laboratory. The results obtained are 
described below and are compared with those for other 
direction-finding systems. 


(2.1) Problems Submitted to Computation 


The case considered is that of two rays incident upon a 
direction-finding system, which can be an ideal cyclical system, 
a fixed-aerial cyclical system or a narrow-aperture Adcock. 
Instrumental errors are taken to be zero. Particular numerical 
values have been selected for the parameters of the rays, and a 
computation has been made of the mean square error averaged 
over all phase differences between the two incident rays, the true 
bearing being taken to be that of the stronger of the two. The 
results which follow give the error variance, 02, calculated from 


This error, 7, for the fixed-aerial cyclical system was computed 
on the Ace from the formula 


n = y, taking 0 =0 


ieey Ss! es aay 
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as given in a previous paper.? The method of deriving %; is 
explained in Section 8.1. This formula for 7 applies to the 
system whether “phase compression’’* is used or not, although 
it is assumed that the system is operated with sufficient phase 
compression to prevent the discriminator attempting to measure 
phase differences over 180° in magnitude. The errors for the 
ideal cyclical system and the Adcock system were calculated 
from formulae which have also been given previously by the 
author ;? the cyclical-system errors can only be fixed between 
two limits in this way. The Adcock errors have been omitted 
from the Tables when the formula for their computation is 
unreliable. 


* The technique of phase compression, proposed by Earp and Godfrey,! involves 
ee use of higher than first-order differences in phase between successive aerials in 
e ring. 


System apertures of 1, 4 and 10A have been used in the calev " 
tions, and the number of aerials has been taken to be 36. 1 


angles of elevation chosen are approximately those for 1E, 1 


and 2F reflections on a 700km transmission path. Ho 
the results for 6, = 5, = 33° can be taken as applying rough 


to a case where both rays have angles of elevation under 1: | 
i.e. to a long-range transmission. 


(2.2) Results 


The following Tables give the error variance for each sys om 


in degrees squared. The parameters r, 6, and n have 
same values throughout, these being r =0-8, 6, = 33° ai 


i — 36; 


Table 1 


ERROR VARIANCE FOR 6) = 17° 


dj, =1 


dj, =4 


dj, = 10 


Cyclical system 


a ee Cyclical system Cyclical system 
Ideal (limits) Fixed-aerial Tdeal (limits) Fixed-aerial 

deg deg2 deg2 deg2 deg2 
1 = 0-41-2-78 1-61 0:19-0:32 OeZ7, 
2 | — 1-65-10°4 6:23 0:75-1:23 1-01 
3 oo 3+74-21-7 13-28 1:60-2:55 PEM 
4 — 6:67-35:5 22:04 2:66-4:04 3-38 
5 —_ 10-1-53-4 31-84 3:71-5:52 4-65 
6 — 14-5-70-9 42-13 4-72-6: 5:79 


Table 2 


ERROR VARIANCE: FOR 67 = 33° 


dj, = 1 


dj, = 4 


Ideal (limits) Fixed-aerial 
deg2 
0-001-0-001 0-001 
0-003-0-003 0-004 
0:013-0:014 0-014 
0:045-0-048 0-047 
0:117-0-125 0-121 
0-223-0:241 0-235 


df, = 10 


Adcock 


system Cyclical system 


Cyclical system 


Cyclical system 


Ideal (limits) 


Fixed-aerial 


Ideal (limits) Fixed-aerial 


deg? 
0-88 
3-43 
7:41 
12-51 
18:46 
24-99 


deg2 deg2 
0:80-0:81 0-81 
2+62-2:68 2°65 
4:71-4:85 4-79 
6:76-7:00 6-88 
8-55-8:+89 8-74 
10-1-10°7 10-31 


Table 3 


ERROR VARIANCE FOR 6) = 53° 


dj,x=1 


Cyclical system 


dp. =4 


Cyclical system 


Ideal (limits) Fixed-aerial 


Ideal (limits) Fixed-aerial 


deg? 

0:16 
0:64 
1:43 
Doe 
3°92 
5:60 


Ideal (limits) Fixed aerial 
deg2 
0-59-0-60 
1-40-1-41 
1-91-1-93 
2:07-2:09 
1:82-1:85 
1-20-1-22 


Cyclical system 


Ideal (limits) Fixed-aerial 


deg2 deg2 
0-008-0-013 0-011 
0-032-0-047 0-042 
0:07-0:10 0-08 
0:10-0:16 ets 
0-15-0-22 0-20 
0-20-0-28 O25 


A 20-aerial system was also examined in all the cases for 
'= 1° and 6°. The error variances obtained nowhere differed 
the corresponding ones for the 36-aerial system by more 
fan 0- 04deg?. In addition, tests were made to discover 
hether the value of 6 affected the results for the 36-aerial 
stem, by trying values of @ of 1°, 2°. . . 6°; no appreciable 
jiange was found. A fact related to this was also discovered, 
‘mely that there were no errors for « =O in the 36-aerial 
stem, as is already known for the ideal and the Adcock systems. 


[ (2.3) Discussion of the Results 


|The most striking feature of the results is the close similarity 
stween those for the ideal and practical systems, at least in 
ose cases where the ideal system performance can be assessed 
jirly accurately. It appears that the use of a finite number of 
trials does not seriously upset the behaviour of the system, 
rovided, of course, that the phase discriminator is not set the 
isk of measuring phase differences exceeding 180°. Even the 
)-aerial system would appear to work satisfactorily throughout 
10 : 1 frequency range. 

|The improvement given by both wide-aperture systems upon 
ie narrow-aperture Adcock is quite considerable when djA = 4 
10. It may be mentioned here that the Adcock values for 
» = 17°, which are not quoted, are in all cases greater than 
lose for Osie= Sr: 


(3) EFFECT OF AERIAL INTERACTION 


In the experiments described here the aerial used was a vertical 
ipole of cylindrical shape, 9m in height and 1-1m in diameter, 
d tapered towards the base. It was constructed in cage-form 

om 16s.w.g. wires, joined together electrically in the horizontal 

Jane at five different levels by means of aluminium strip. Three 
ch aerials were made, one being portable and two fixed. 

The main objects were to assess the magnitude of errors likely 

) arise from aerial interaction, and to find the best way of 

‘rminating those aerials not in use at any moment. It will be 

| sreciated that in the cyclical direction-finder at a given instant 

i 


ily one aerial is connected to a receiver; the comparison 
etween signals at different aerials in the system is achieved by 
Dice | of delay techniques. The termination of the aerials not 
ey is therefore not determined directly by the operation of 
t gstem and may be selected to minimize aerial interaction 
ir The methods of termination which are studied here are 
(a) A short-circuit. 

(6) An open-circuit. 

(c) A 100-ohm resistor, this being equal to the nominal charac- 
_ teristic impedance of the aerial. 


(3.1) Experimental Arrangements 
The experimental work was confined to assessing the effect 


nding system; the effect of all the other aerials in the ring is 
onsidered later theoretically. If a plane wave is incident on 
se two aerials, and if aerial A is moved round aerial C (see 
ig. 1), the signal picked up by C will vary in phase as shown 
eqn. (6). Several of the parameters in this equation are of 
nknown magnitude, but it can be seen that, if the phase and 
mplitude of the signal in aerial C are taken as the polar 


6 movement of aerial C will be a circle. The size of this circle 


ill depend on the magnitude of the aerial interaction. 


{ rtable a aerial, and T was an ordinary thin unipole 
hergized by a. low-power transmitter. An earth mat was 
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RECEIVERS 


DIRECTION OF INCIDENT RADIATION 


Fig. 1.—Diagrams of the experimental arrangements. 

T. Transmitting aerial. 

R. Reference aerial (fixed). 

C. System aerial (fixed). 

A. System act Geonae): 

TR = TC = 

AC = 10- gary 
employed, of circular shape with its centre at the point C; it 
had a radius of 15m and a mesh size 0-61 m square, thus being 
of very similar construction to the earth mat often used with an 
h.f. Adcock installation. It was earthed at the centre, and earth 
stakes were also inserted at 10° intervals on a circle of radius 
10:5m, at the points where the portable aerials were to be 
placed. Additional earths were also inserted at 18° intervals 
round the circumference of the circle. The wire used in the mat 
construction was of 16s.w.g., and every cross-over point was 
soldered. The plane of the mat was made horizontal. 

From the central system aerial C and the reference aerial R 
feeders were run to a trailer containing the necessary amplitude- 
and phase-measuring equipment. Feeder of 70-ohm impedance 
was employed, with a resistive matching unit at the aerial base. 
Each input fed a cathode-follower, and the grids of these valves 
could be connected together by means of a switch for lining-up 
purposes. Each cathode-follower output was connected to one 
channel of a twin-channel receiver of the Admiralty type FHB. 
An output was taken from each channel to phase-measuring 
equipment of the sum-and-difference type similar to that used 
by Ross, Bramley and Ashwell.* 

Suitable electrical alignment facilities were provided, so that 
there were no errors from differential effects between the channels 
in the circuits following the line-up unit. It must be assumed 
that the aerials and feeders did not change in their electrical 
properties during a cycle of rotation of the portable aerial. It 
is not essential that the feeders should be identical, provided that 
the method is applied only to results at one frequency; com- 
parisons between phases on different frequencies, for instance, 
cannot be made directly from the results, for the difference in 
electrical length of the feeders is not the same in each case. 


(3.2) Results 


Measurements were made of the impedance of an aerial, with 
the results given in Fig. 2. It will be seen that the variation of 
impedance over the band is not great, except at the low-frequency 
end. 

Experiments in moving a portable aerial around the conttal 
system aerial were carried out with frequencies at 3 Mc/s intervals 
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Me/s 
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FREQUENCY, 
(¢) 
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Fig. 2.—Impedance of a wide-band aerial. 


(a) Resistive component. 
(6) Reactive component. 


from 3 to 30Mc/s. It was found best to keep the frequency 
constant while the portable aerial was moved round the whole 
circle, its termination being changed between all three values at 
each position. In this way random ‘errors due to changes in 
local conditions were kept as low as possible. 

The phase and amplitude results of these experiments were 
plotted as polar co-ordinates separately for each frequency and 
aerial termination, as explained in Section 3.1. Fig. 3 shows a 


PHASE OF RECEIVED 


Pp: 14 oO 
18 f 1616 IS AMPLITUDE OF RECEIVED SIGNAL 


Fig. 3.—Aerial interaction locus for 15 Mc/s, with open-circuit 
termination of the portable aerial. 


Observed points are shown with the best theoretical circle fitted to them. 
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typical result, with a theoretical circle fitted to the points b 
least-squares method. On this diagram each radial line cros 
the circle at the point where the observed point with the 
number should appear. The number shown with each point 2 
line, when multiplied by 10, gives the bearing of the moya 
aerial. The lines are numbered only from 0 to 18, and a po 
with a number, say m, greater than 18 should lie on the 
marked (36 — m). The interaction ratio—the ratio of the 
of this circle to the distance of its centre from the origin—has 
also been calculated, and a plot of its values against frequency 
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Fig. 4.—The interaction ratio from the aerial interaction loci. 
+4 
Termination of portable aerial: 
x Short circuit. 
e Open circuit. 
© 100-ohm resistor. 


is shown in Fig. 4 for various types of termination of the 
movable aerial. 2 
A value was derived in each case for the standard deviation of / 
the interaction ratio. This was found not to exceed 0-023 for, 
any frequency or type of termination. It may therefore be con: 
sidered that the points follow ia well the theoretical! 
distribution. ' 
The interaction ratio shows a large maximum near the 4 | 
resonance of the aerial when the portable aerial is short-circuite¢ | 
to earth. There is another maximum in the open-circuit cas¢ 
near 15 Mc/s. The low values at the low-frequency end of the 
spectrum for all terminations can be derived from the theory 0!) 
the system. As shown in eqn. (7), the interaction ratio is pro) 
portional to the ratio Z,/(Z; + Zx), where Zg is the self-impe, 
dance of an aerial, Z, is the mutual impedance between the twt!_ 
aerials, and Zx is the termination of the movable aerial. Now 
at frequencies below that of the first aerial resonance the self 
impedance increases rapidly (becoming mainly capacitive) ai” 
the frequency decreases, but the mutual impedance decrease! 
somewhat. Hence the interaction ratio will decrease rapidh 
with the frequency. This argument requires some elaboratiot . 
when the termination is an open-circuit, but the result is thi. 
same. The ratio is remarkably constant for a 100-ohm resistiv 
termination of the portable aerial, and is not very high. 


(3.3) Bearing Errors ' 


If there are errors, e,, in the phase of the signal at the 
aerial, the resultant bearing error 7 can be obtained from 
formula (a 


pene) 
; 


ded that the phase errors are small compared with a 

n (see Section 8.3). The phase errors described in previous 

\etions were due to a single neighbouring aerial, but here a 
re general expression will be used, including the effect of all 

als in the ring; it is derived in Section 8.4.1. 

Section 8.4.2 the bearing error due to these phase errors is 


i 


i; 2 i s sin (sn6) = (2 — 8; np(—1)*r, cos , 
4 J,,(2B sin sin — 


. (30) 


f- an even number of aerials. The restriction on the validity of 
; expression is that R should be small, when 
* ies 1 . 
Rei = py r€/6,1 
[=1 


i — 


(16) 


jere r, is defined with eqn. (14) and 6,, with eqn. (15). 

Bc. (30) gives an error which vanishes when @ is any multiple 
( a[n, corresponding to the planes of symmetry of the aerial 
tem. Also, because of the properties of the Bessel functions 
Messed the error will rapidly fall to a negligible amount as n is 
meased above 2, i.e. as the spacing between adjacent aerials 
teduced below A/2. Hence we reach the conclusion that for 
| aerial system of given diameter the errors due to aerial inter- 
‘tion are reduced to negligible proportions by increasing the 
mber of aerials until the aerial spacing is less than A/2, provided 
at the values of r; do not increase too much. This result is, 
«course, quite independent of the number of stages of phase 
‘mpression used. 

To apply eqn. (30) to an actual system it is necessary to know 
'2 values of r,and ¢;. This is probably best done by experiment 
a complete system; if the resistive termination of aerials not 
iuse is employed, an e.m.f. could be injected at the base of 
trial No. 0, and r,é/#, could be taken to be the ratio of the base 
trents in the /th and Oth aerials. 

i ‘this cannot be done, the values must be found by calculations 
»m the results of experiments such as those described in 
iction 3.4. For a 10-5m aerial spacing, for instance, the inter- 
m ratio was found to be 0-2. This can be taken as giving 
ughly the value of r, for this spacing. In the following it will 
assumed that r; is inversely proportional to the distance 
tween aerials subtending an angle of 2/7/nrad at the centre of 
le circle; this should be very roughly true, for r;is approximately 
ioportional to the mutual impedance between such aerials if 
teraction is not too great. 

On this basis the bearing error for a 24-aerial 100m-diameter 
Stem can be estimated: r, can be taken to be given by 


i 


he validity of the assumption about the magnitude of R can 
vw be checked. From eqn. (16), 


R? = x DF, 008 Gey —— 6,3) 
‘It is now assumed that the values of 6,; are uncorrelated for 
ferent values of /; this is not unreasonable, since each 6,, 


(ntains the term fe. which depends i in a complicated way upon 
lutual impedances. The expression for R? therefore reduces to 


n—1 
R2 = ay r2 
' l=1 
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for a large number of aerials. This gives R = 0-37; hence 
eqn. (30) can be used without a great risk of error. 

To obtain the bearing error when the aerial spacing is always 
somewhat less than A, only the term in s = 1 in egn. (30) need 
be considered. The value of |7| at several frequencies has been 
computed, with the results given in Table 4. (—1)/cos ¢, has 


Table 4 


Upper LIMITS TO BEARING ERROR DUE TO AERIAL INTERACTION 
ON THE 24-AERIAL SYSTEM 
Potente 12-00 12-75 13-50 15-00 


3:00 3°50 3°75 4-00 4:25 4-50 5-00 
0:03 0:18 0:33 0-49 0-62 0-60 0-39 


Frequency, Mc/s 
Aperture, A 3 
Bearing error, deg .. 


been assumed to be 1 for all values of J, and sinn@ has also 
been taken as 1, to give an upper limit to the error. On the 
basis of the assumption made earlier that ¢, was random, the 
true etror will be appreciably less than this. 

In this system the distance between aerials exceeds 4/2 when 
d/X = 3-83, i.e. at 11-5Mc/s. It can be seen that the error does, 
in fact, fall off rapidly below this frequency and becomes 
negligible below 10 Mc/s. The fall in the error as the frequency 
is increased above 13 Mc/s is due to the 1/f? factor in eqn. (30). 
These features of the bearing error will still be present even if 
the values of r; are changed considerably, provided that they are 
not made too large. It will also be noted that, for values of r; 
of the magnitude quoted here, even the greatest of the errors is 
very small. 


(4) POLARIZATION ERRORS 


The aerials used in the polarization-error experiments were the 
same as those employed in the work on aerial interaction. The 
object of the investigation was to find the polarization error due 
to the feeders connected to the aerials rather than that due to 
extraneous objects which happened to be on the site selected. 
The possibility of reducing the error by continuing the feeders 
to some distance beyond the aerials was also studied. 


(4.1) Experimental Methods 


A method was adopted which would give the polarization error 
in the phase at a single aerial due to the presence of its own 
feeder in such a way that effects due to the site were eliminated. 
A site was selected as far removed from obstacles as possible, 
and the two aerials were placed in line with the mast carrying the 
transmitter. The trailer containing the receiving and phase- 
measuring equipment was also placed in this line, the feeders 
being run directly from the aerials to the trailer [see Fig. 5(a)]. 
Aerial A was treated purely as a reference aerial, whereas aerial B 
was regarded as one of the system aerials and the d.f. system 
centre was assumed to lie at a point on a circle of 50m radius 
around B. A dummy feeder, whose inner conductor was left 
unconnected, was run from the earth terminal at the base of 
aerial B to the system centre [see Fig. 5(b)]. The diameter of 
its screen was 0-95cm. The dummy feeder then simulated the 
feeder running from the system centre to an aerial in the actual 
direction-finding system. The other feeder, running direct from 
aerial B to the trailer, was, of course, required to convey the 
signals picked up by aerial B to the receiving equipment; it 
should not affect the results, since the horizontal component of 
the electric field is at right angles to it. The angle of elevation 
of the transmitter from aerial B was 10-5°, and the distance 
separating them in the horizontal plane was 138m. 

The principle of obtaining the polarization error was to 
measure the phase difference and the amplitude ratio of the 
signals for cases where the transmitter loop was vertical or at 
+84° to the vertical. The dummy feeder was then transferred 


318 
(a) 
FEEDERS 
- A TRANSMITTER 
Anim MAINS CABLE 
(6) 
TRANSMITTER 
B A x 
a TRAILER 
c 
Cc 
©) a 
o“ a pp 2 
D- TRANSMITTER 
Bx A x 
TRAILER 


Fig. 5.—Arrangement of the site in the polarization-error experiments. 


The transmitter is at the top of a 100 ft mast. 
(a) Layout of cables and feeders carrying signals to the receivers. 
(6) and (c). Arrangements of dummy feeder to obtain one measurement of polariza- 
tion error in the phase. The'broken line CD in (c) shows the position which would be 
occupied by the feeder to a neighbouring aerial if the whole ring of aerials were present. 


to the other side of the line joining the aerials, as shown in 
Fig. 5(c), and the measurements were repeated. By subtracting 
one set of results from the other, the polarization error due to 
the presence of the dummy feeder could be obtained. 

The method of calculating the error is explained more precisely 
in Section 8.5. Two independent expressions, eqns. (38) and (39), 
are derived for the in-phase polarization error ep, and two other 
expressions, eqns. (40) and (41), for the quadrature error eo: 
These two errors, of course, are errors not in the bearing but in 
the phase. The expression “in-phase error’ is used here to 
signify an error which would appear in a measured phase, 
whereas ‘“‘quadrature error” is used for an error which appears 
as an alteration in signal amplitude, but which would become a 
phase error if the phase of the horizontal component of incident 
electric field were changed by 90°. The means of the results 
obtained from each of these pairs of values were taken as the 
best values of ep and eg. The total polarization error, e7, in 
the phase difference was obtained from the usual relation 


er = V(e2 + e2) 
The experiments were carried out for a number of pairs of 
values of X = + Xo, where X is the angle between the direction 
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of the dummy feeder and BA, the measurements for the 1 
values +Xy being carried out with as small a time interval q 
possible. The transmitter covered the frequency band 3-20 hh 
in three ranges, which were used in turn. 

The arrangement of apparatus in the trailer was as given ij 
Section 3.3. Measurements at each frequency were carried ou 
by first setting the transmitter loop to be vertical and tuning i 
the signal. Lining-up and measurement of phase and amplitud 
were performed as described in Section 3.3, and this process wa 
then repeated for loop tilts of +84° to the ‘vertical. 

To simulate as closely as possible the layout of the actua 
direction-finding system, the outer of the dummy feeder shoul 
be connected to earth at its far end, which represents the systen) 
centre. This was done in the first of the experiments, but it wa 
discovered that the results were quite unaffected by disconnectin, 
the earth. In subsequent work the end of the dummy feede 
was left disconnected to save the labour of driving in more eartl 
stakes. It may be noted here that earths were provided at th’ 
base of each aerial, consisting of four earth stakes driven to. 
depth of about 2m. 


(4.2) Results “el 
The polarization-error results which follow are all expressei| ” 
in terms of a loop tilt of 84° and an angle of elevation of 10- 5 
The errors quoted here are therefore converted to the standari A 
wave error by multiplying by the factor 0-8, provided that | 
perfectly conducting earth is assumed. As the measured con. 
ductivity found on the site was about 7 x 10~-3mho/m, thi) 
derivation of standard wave error does not apply strictly, | 
course, but it may still serve as a useful indication of the magni 
tude of the effect. | 
Now suppose the transmitter was at a bearing of 0° from th. 
system aerial. The polarization error in the phase was measure 
in the frequency range 3-20 Mc/s for the positions of the dumm 
feeder given by Xp = 30°, 60°, 90°, 120° and 150°. The result 
for the total error are given in Fig. 6, and a specimen of th) 
individual results for the in-phase and quadrature errors is give” 
in Fig. 7. k 
The total errors in the phase are not very high, except at th. 
top of the frequency range, where there is a noticeable increas 
of error with the frequency. An examination of the curves suc. 
as that shown in Fig. 7 reveals that the increase is mainly in th) 
in-phase component of error. At the low-frequency end of th” 
range the quadrature component is predominant, and is near! 
constant with frequency at a value of about 4° for X = + 90°. | 
It is important to know the functional dependence of the errc! 
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Fig. 6.—Total polarization error in the phase for different positions, %», of the dummy feeder. Peis Ro i 
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POLARIZATION ERROR, DEG 
° 


i] 
\ The in-phase error occurs as a phase advance where shown positive. 


ton the position of the dummy feeder (X), for in the complete 
ection-finding system the feeders to the different aerials will 
finclined at various angles to the direction of propagation. 
is dependence was checked in detail for the frequency of 
Mc/s; the error curve was found to be approximately sinu- 


I (3 
FREQUENCY, Mcls 


Fig. 7._In-phase and quadrature polarization errors in the phase for the positions of the dummy feeder given by %) = 90°. 


+ 180°. The polarization error with extended feeder was then de- 
rived by combining these results in the usual way (see Section 
8.5) with those for feeders at X = — X) and X = — (Xp + 180°). 

Results of this type are shown in Fig. 8 for X%) = 60°. It can 
be seen that the presence of the extended feeder reduces the error 


il 2 bia 
ige7, 


IN PHASE ERROR, DEG 


QUADRATURE ERROR, DEG) 


and 180°, as might be expected 


dal with zeros at 0° 
A few measurements of polarization error were made at fre- 
tencies above 20 Mc/s with the value of 90° for Xo. The total 
‘for in the phase was found to rise to about 13° at 24 Mc/s, and 
n to fall off again at higher frequencies. A possible explana- 
on of this phenomenon i is that the polar diagram of the aerials 
ed probably has a minimum near the angle of elevation of 
5° at a frequency of 24 Mc/s. 

It has been suggested that the polarization errors in this system 


ithe opposite direction to the system centre, provided that these 
‘ders had the same external radius and were of the same length 
i the feeders carrying the signal to the receiving equipment. 

is condition was simulated here by placing, in addition to the 


Fig. 8.—Polarization errors in the phase for the system with and without extended feeders; %) = 60°. 


No extended feeder. 
Extended feeder. 


appreciably over most of the frequency range, although there is 
little or no improvement in the region of 20Mc/s. If Xo = 90° it 
can, of course, be said on theoretical grounds that there is no 
error with an extended feeder. It therefore appears that below 
15 Mc/s the extended feeders reduce the polarization error by a 
factor of 2, but above this frequency the benefit is doubtful unless 
the wave is incident in the plane normal to the feeders. 

Some other observations were made which may help in 
determining the polarization error of wide-aperture systems. 
With the dummy feeder at X = 90° the transmitter loop was set 
at 84° to the vertical and at a frequency of 20 Mc/s. The feeder, 
which had an insulating outer covering, was then gradually coiled 
up, beginning with the end distant from the aerial. No change 
could be detected in the phase or amplitude of the signal picked 
up by the aerial until the length of the feeder had been reduced 
to 10m. The feeder was again extended to the full 50m length 
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and the distant end was held 2m in the air, thus subjecting it to 
a much greater horizontal electric field than when it lay on the 
ground. Again no change was observed in the signal received. 
This seems to indicate that at 20 Mc/s signals are not propagated 
readily along the outer screen of a feeder lying.on the ground. 

Tests were also carried out in which the feeder carrying the 
signals from the system aerial to the trailer was run out 50m 
from the aerial in the direction X = 90° or 270° and from there 
returned to the trailer direct by another feeder. It was found 
that the polarization error was the same as in the case of the 
dummy feeder. 

Experiments were also performed on placing a feeder in the 
position which it would have occupied if connected to the 
neighbouring aerial in the direction-finding system [see Fig. 5(c)]. 
This was found to have no detectable effect on the error at any 
frequency. 


(4.3) Bearing Errors 

The polarization errors in bearing can be deduced from the 
errors in the phase; if in-phase errors in the phase are used, the 
resulting bearing polarization errors will be in-phase in the usual 
sense, and if the phase errors are total, the bearing errors will be 
total. The numerical data in this Section deal with total errors. 

Suppose that the phase error in the kth aerial is e,. The 
expression for the error 7 in the indicated bearing has already 
been given; if e, is small it is 


2 
1 =— Ee, sin ic. (10) 


vive 0) 
np 
It has previously been stated that the variation of phase error 
with the position of the dummy feeder is approximately sinu- 
soidal, so to a first approximation e, may be taken to be of 
the form 


e, = asin (9 — >") 
n 


If this value is substituted in eqn. (10) we obtain 


n => alp 


The bearing error of a/f is not likely to be serious when we 
consider the values of a given by the measurements, for which the 
angle of elevation of the transmitter was 10:5°. These ranged 
from about 4° at 3 Mc/s to about 9° at 20 Mc/s, and would give 
bearing errors of 1-3° and 0-4° respectively. (The corresponding 
standard wave error at 3 Mc/s is 1-0°.) Above 3 Mc/s the error 
would fall off steadily to a value of 0:2° at 18 Mc/s, but above 
this frequency the error would rise again. The results obtained 
above 20 Mc/s suggest that the maximum value of the error at 
these frequencies would be 0°5° at 23-5Mc/s. It should be 
noted that the total polarization error in the phase has been used 
to derive these figures. 


(4.4) Discussion 


The observations made here indicate that polarization errors 
need not be a serious problem on this wide-aperture system. 
Even with no earth mat or extended feeders, the errors remain 
small on ground of conductivity 7 x 10-3mho/m. If extended 
feeders are used the largest of the errors which remain—namely 
those from 3 to 6Mc/s—become negligible. The provision of 
an earth mat therefore does not appear essential to keep polariza- 
‘tion errors small, provided that the ground is not of poor con- 
ductivity and that aerials of the type and dimensions described 
are used. 

It is interesting to attempt to deduce from the results the 
polarization error to be expected on a U-Adcock direction-finder 
with surface (screened) feeders and no mat. Suppose that a 
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wave of frequency 3 Mc/s and with polarization the same a h 
the wide-aperture experiments is travelling from the ni 
towards the Adcock aerials. In the east and west aerials then 


This will induce a voltage proportional to sin 4 
in the east-west pair. In the north-south pair a voltage wil 
be induced proportional to sin [(7d/A) cos 6]. Now, sinc. 
[(ard/A) cos 6] ~ 11°, the total polarization error will be 20° 
After reduction by the factor already quoted this gives a stan 
dard wave error of 16°. The observed polarization error whict 
compares most closely with the experimental conditions is tha) 
measured by Smith-Rose and Ross.5 They give a figure of 8 
for a transmitter with an angle of elevation of 11° and a loop a’ 
75° tilt; conversion of this by the usual process gives a standar¢| 
wave error of 16°. Of course, too much weight should not bi 
attached to the fortuitous agreement, especially since the Adcoel 
aerials used by Smith-Rose and Ross were only 6m high insteac 
of the more usual 9m. None the less, it shows that an effect 0) 
the correct order of magnitude can be predicted from the phasi 
results. 

The phase errors were practically constant with frequency uj} 
to 15 Mc/s, so that on this basis the Adcock polarization erro, 
should be inversely proportional to frequency up to 10 Me/s a) 
least. This does not agree well with the curves given by Smith 
Rose and Ross, but, on the other hand, some earlier work 0° 
Barfield® shows this effect very plainly. 

The absence of change in the phase results with length of | 
dummy feeder (provided that this exceeds 10m) implies that th 
polarization error of the cyclical system will be inversely pro 
portional to the aperture at any given frequency. This may wel 
be a characteristic of most, if not all, wide-aperture systems. 


opposite sense. 


(5) CONCLUSIONS 


The performance of the cyclical system considered here ha 
been found to be identical for practical purposes whether 3) 
or 20 fixed aerials are used or a single continuously-rotatin 
aerial under the same specified conditions of wave interference 
Such a system gives a substantially lower error variance than th 
Adcock system if it has an aperture of 4A, and is better still fo 
an aperture of 10A. 

The aerial interaction experiments revealed that it was best t 
terminate the aerials not in use by a resistance equal to th 
nominal aerial impedance (100 ohms). In this case the presenc 
of a single neighbouring aerial of the 24-aerial 100m-diamete 
system could alter the phase at an aerial by 9° at the most. Al’ 
examination of the combined effect of all the aerials in the rin 
indicated that the error in indicated bearing was likely to 6 
negligible. 

If the aerials are 9m high, have surface feeders and are situate: 
on ground of moderate conductivity (0-7 x 10~2mho/m 
polarization errors should be small even if no earth mat is use¢ 
The highest polarization error in bearing is expected to occur 4 
the low-frequency end of the band and should be about 13 
at 3 Mc/s for a transmitter with a loop tilt of 84° to the vertice 
and an angle of elevation of 10:5°. At frequencies above 4 Me} 
it should be less than 1°. With extended feeders the errors 4 
low frequencies should be reduced substantially. 
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(8) APPENDICES 


1) Phase of the Received Signals in Conditions of Wave 
Interference 


seen from the centre of the system, the aerials are separated 
an angle of 27/n. Suppose the voltage induced in the kth 
lis V,. Then, if two rays are incident on the system, 


= exp;| or ae 7A cos 5, cos (6 _ all | 
ad 2kr 
, a a 
+rexp/ E +¢4 oe cos 85 cos (6 +a = ) (1) 


By = 7 c0s 5; cos (4 aa) 


ad 2k 
65, = = cos 62.c0s (¢ 1 ees 


en V,=expj(wt + 6,,)[1 + rexps(6., — 6, + )] 
e phase of this signal, #,, is given oe 
“ ' rsin (63, — + ¢) 
He Ory “tae tan 1 +rcos i RE + ¢) 2) 


|.) 
4 (8.2) Interaction Effects between Two Aerials 


uppose the transmitter applies to the base terminal of its 
ial, T, a voltage V. If this aerial has impedance Z;, a 
nt V/Z;, will flow in it, and this will cause a current J, say, 
\flow in the aerial C at its base terminal (see Fig. 1). Then, 
the principle of reciprocity, if a voltage V were applied to 
, base terminal of the aerial C a current J would flow in the 
al T at its base terminal. If the current / can be calculated 
his second case, the current in the original ae is known 
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Suppose now that the two aerials C and A are terminated in 
loads Z; and Z, respectively. C is driven by a voltage V, since 
the inverse problem is being considered. The currents in the 
loads of the aerials are therefore given by 


(Zg + Zp), +Z,b=V 
Bi, #425 + Lgl = 0 


(3) 
(4) 


where Z,, Z, are the self- and mutual impedances of aerials with 
the configuration of aerials in question, /, is the current in the 
driven aerial (C), and /, that in the other (A). The solution of 
eqns. (3) and (4) is 


ies V(Zs + Zx) | 
! (Z5 + Zs + Zg) — Z? 
(5) 
ee Vz, 
(Zn + Zp Z5\+ Ze) — 22 


Now the e.m.f. at the base of aerial T will be proportional to the 
currents J; and J, and may therefore be written 


& J, + &2l2 exp (j 27a cos 6’/A) 


where 27ra cos 6’/A represents the phase difference between signals 
arriving at T from A and C; g, and g> will depend upon the current 
distributions in aerials C and A and upon certain other geo- 
metrical quantities. 

Hence the current at base of aerial T is 


1 
—=(g,T, + lz exp (j 27a cos 6/2) 

Zr 
This is the same as the current in the original problem. The 
voltage across the load of aerial C in the original problem is 
therefore 


V[e(Zs + Ze) — BZ, exp (j27a cos 6/A)] 
Zr|(Zs + Z)(Zs + Zx) — Z?] 


If a plot is made of the phase and amplitude of this voltage in 
polar co-ordinates, the resulting locus as 6 varies will clearly be 
a circle with its centre displaced from the origin. The ratio of 
the radius of this circle to the distance of its centre from the 
origin is 


(6) 


&2Z, | 
= iar Raa ae Mealy aL Of 
'g (Zs + Ze) SU 


This is a useful measure of the perturbing effect of the parasitic 
aerial, and will be termed the interaction ratio. Note that if the 
aerial not in use is open-circuited Z, is infinite, but this ratio 
does not vanish as g, also becomes infinite in this case. 


(8.3) Bearing Error produced by Given Phase Errors 


If the phase at each aerial is #f,, it has already been shown? 
that the indicated bearing y is given by 


y = arg ES D> we exp e) a 
nis 


- 
Now let x, = cos (6 - =) +e,, where f cos (6 re 


is the phase in the absence of error and e, is the error in phase. 


XB cos (6 — ase ex 


-83| exw (0 A) 4 exp i(4 A) | exe =! 


(8) 


2kaj 
p(— 
n 
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~ Fy exp. +exp —j(6 = | 
k 


= 4Bn exp j0, since n > 3. 
Substituting in eqn. (8] gives 


2kaj 
y = arg "Pex 1 + Le, exp (— a3 


=6+4 arg & a + exp — j0Xe, exp (— em 


So the error 7 in indicated bearing is given by 


y= arg| P+ Sey exp j (A -6)| (9) 


If |e,| < n8/2, which will certainly be true if |e,| <1 for 


all values of k, 


z de, sin ee (10) 


7 7B “— 6) 


(8.4) Bearing Errors due to Aerial Interaction 


(8.4.1) Effect on One Aerial of Interaction with All Other Aerials. 


The treatment here resembles closely that in Section 8.2. 
Suppose it is desired to calculate the voltage V, induced in the 
load of the Ath aerial of the system when an e.m.f. V is applied 
to the base terminal of a distant aerial T at the bearing 0. 
Suppose a current J, flows in the load of the kth aerial in this 
case. Then, by the principle of reciprocity, if a voltage V 
were applied to the base terminal of the kth aerial a current J, 
would flow in the aerial T at its base terminal. If the current J, 
can be calculated in this second problem, the current in the 
original problem is known, and hence the voltage V;, in the load 
of the kth aerial. 

Suppose now that the xth aerial is terminated in an impedance 
Z, and that all the other aerials in the ring are terminated in Zp. 
Consider the inverse problem, where V is applied to the kth 


aerial. If the current in the (kK + /)th aerial is /;, the currents 
are given by 
Zs3+Zy4 Z, fix, Laren ai Io x 
Zz Zs +Zp 2 we, rf 0 
Z Zi 0 
. . = 0 
Zn Ly-2 Zs + Zp Jis4 _0 
(11) 


where Z, is the self-impedance of an aerial, and Z; is the mutual 
impedance of a pair of aerials separated by an angle of 2nj/n 
round the ring of diameter d. Note that Z,= Z,_;,andJ, = I,,_, 
by symmetry. 

It can then be shown that 


Vie wes t, exp {ie cos E — Ge 
1=0 


Z b i 
where ft; = eh T,, and the coefficients g, depend only on aerial 


(12) 


current distributions and geometrical parameters. o 


81 = 8n_p hence t; = t,_ 
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The phase, ¢/,, of this voltage is given by 


__ 2ntk + ui M4 
oN Gea 7 


The value of the constants t, cannot be accurately dete 
since the necessary calculations of mutual impedance and 
current distributions have not been made. However, the maj 
tude of |t,/to| would be expected to be of the same order as t 
of the single-aerial interaction ratio defined earlier. 


by, = arg c exp E iB cos (8 Be es f 


1-21 [Sheol 
1=0 


1=0 40 


Seats +) — cos (6 — ake 
nl 


= 
3 


x exp i} cos E 


= B cos (6- mie + do + arg [ bs yy r, exp (jf) 


x exp iB cos E ee | — 


- 
4 
| 


os (0 =| 


.n—1, and ¢) = ata 
As previously noted, mi | 


where r,exp (j6))= t/to, 1 = 1, 2, . 
r,; is taken to be real and positive. 
closely related to the interaction ratio. Note that | 

a 


UG Mey YE: db) = Coe 1 7 


The constant term ¢y may be neglected, since it will not affec 
the indicated bearing. The error in phase e, is given by ~ | 


iil! 
e;, = arg (: of en exp fy) 
i=1 


where 


0,, = B {cos E — ak Dt — cos (6 ee 
= 28 sin Zz sin |e Ces eae + ¢, 


n—1 
Now write Rei% a r, exp JO,, 


where R is real and positive. If R is small compared with unity 
as may well happen in a practical system, eqn. (15) becomes ql! 


sin | 8 — | +4) a’ 


and the errors will be small, since R is small. 


e, = RsinX 


n—1 


= ae r, sin {28 sin! sin — 


(8.4.2.) Bearing Errors due to the Phase Errors. i 
The bearing error, 7, due to small phase errors e, has bee: 


derived in Section 8.3 and shown to be | 


= S esin(@ oe 
BK Tuy sin {ovsin |¢- oe ox eS 4} 


mB 
x sin (8 — _— 


Liars n 


li 
= 28 sin — 
P; = 26 sin : 


ie fsa | ian Se Nin n(0- 2ka 


n 


2 Gah 4 4jk 27+ Din 
Jap.) Xe {cos ED — “ Pe bs ch 


tj=0 


— cos Ee + 1)6 — 


/ integral multiple of , i.e. unless 
PU OM. 21, css 
e will suppose now that 7 is even. The values 


F n 3n 

i] rm 0, De n, we 

ii all give a non-zero sum and correspond to the values 
4 Sel el. 3. ws 

yf = sn/2. 


_ Ajka (Qj + ue 
wl 


n 


. 1 
= Zi Jonzi(P) ncos | nt _ (s ae ad 


: — 4gj+ Dkr (27+! 
J2q41(P)) & Cos [2+ 1d — G : kr Qj+ ud 


n 


. 1 
= Zoned cos snd = (s = 2) i | 


? e (21) becomes 

eben ame 2 
| ; > oO I 

23 1 Yon 4.(P)) Cos EZ — (s ae =) tr | 


a 
Ps 7X Joni) cos snd 5a (s = in| 


= cos bs ain forsin t — oy sin (6 — — 
K=0 n 
+ sin Ai cos {e sin E - Jaa) sin'(4 _ 
k=0 n 
tint eo) 
aS Es.) (apsinfi+) 8 ON (9- 
k=0j=0 A 


AG + Dkr (2j+ al (21) 
nh i 


ie first sum of cosines with respect to k must vanish unless 2/ is = 


BAIN: POSSIBLE ERRORS OF A PARTICULAR WIDE-APERTURE DIRECTION-FINDER 323 


The other sum in egn. (20) is 


(19) 
4 ; (2k + 1)a : kar 
209s {ri sin le - ae sin (6 ae —) 
© n—l kn rl 
= >» J2;(pp) 2 {cos 2, = 16 —(2j — N= — al 
Qk ae a 


Qk Dili i 
n n }} Cy 


— cos | 2 L_ 1)6 — (27 + 1) 


2kar 
=) The first sum of cosines with respect to k will vanish unless 
(20) Dy i Ory 2H ae 
i.e. unless seer eulge 27 il 
<. J De b) > z es. 


If n is even none of these values for j is integral; hence the sum 


= must vanish completely. The same is true of the second sum. 


Hence 
n=l ; 2k +1 2k 
doos { p, sin E = ga) sin (6 2 =) =0 (26) 


provided that m is even. Hence from eqns. (18), (20), (24), (25) 
and (26) we have that, for m even, 


4 ‘8 4 
s 1, COS Bq 5 Saeed cos EZ _ (s ie =) P| 


~ 3 Jon i(PD) cos snd = (s a Vin} 


(27) 


nN 


2" 
Bi 


Consider now 


S 1, COS # > don Pi) cos and = (s a i | 
= 


ae lr lr 
mh ig V eee _ln 
7 2a ” x tn cos biJonsi( 28 Sol yc 1)’cos (snd ) 
dr 
a Fy, 1 COS per ae (28 sm =) 


2) (—1)8@-) cos snd — oe } 


eT SH 7 
+ Fiz COS bnjsn4i (2 sin 5)(-1)2 cos (snd = 5) 


tN 


( 


©0 n[2—1 
=| » | p>) r, COS $5 sn 41 (28 sin 2) (1) 


(23) s=0 


2 sin (sn@) sin 4 + Faiz COS Pyp2Jsn+.1(2B)— 1)2 sin nt)| 
00 nl2 
= parle CMe = é ni —1)"r, cos $; 


Fa (28 sin e aie — .« (8) 


(24) since the s = 0 term vanishes. The Kronecker 6 symbol is used 
here to shorten the expressions. COR: q=Oifp +4 


= lifp =q) 
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The other sum involved in eqn. (27) can be evaluated in a 


similar way, namely 


n—1 2 
> 1, cos $, > Jan—1(PD cos snd = (s eS -) | 
11 s= ‘ 


= — ¥ sin (snd) 2 (28, 2X1)" 608 $ Jay (28 sin e) 
Sat 
x sin = (29) 
Hence 
Payee n/2 
qi ig xu sin en) 2G — 01 nja—1)"r, cos dy 


“si deb ee (28 sin =) +J,,— 1(28 sin >) 
EU HES: . Se sin (snd) $2 — 6) nj2—1)"r, cos $, 
5 ee (28 sin 2 


A formula when n lis odd can be derived in a similar way to 
that when n is even. 


(30) 


(8.5) Calculation of the Polarization Error in the Phase due 
to a Feeder from the Experiments made with a Loop 
Transmitter 


Suppose that the loop is mounted on a mast in line with two 
aerials A and B (see Fig. 5). A dummy feeder is directed from 
B so as to make an angle of X with BA. Let the plane of the 
loop make an angle « from the vertical. Suppose now that the 
voltages at the base of aerials A and B are V4, Vz respectively, 
and that the phase difference (arg Vz — arg V.,) and the ampli- 
tude ratio |Vz,|/|V4| have values given in Table 5 under the 
stated conditions. 


Table 5 


PHASE DIFFERENCE AND AMPLITUDE RATIO OF THE SIGNALS 
PICKED UP BY THE AERIALS FOR VARIOUS VALUES OF « AND X 


Zo 
YL 
rYL 


He 
arg Vg — arg V4 
|Val|l|V.al 


Now when « = 0, X = + Xo suppose that 
V4 = Vo. exp ji 
Vp = Von exp jd, 
where Vo,, Vo2, $j, 5 are all real, and Vo, Vo. > 0. 


Then tye = 5 — $, = bye = py, say . (31) 
Also ryt = VoolVor = 'yr = Wy, Say (32) 
Now when « = &, X = Xo suppose that 

Vig = Vou exp Jf; COS af 1 + k; exp (5 — $1]. (33) 
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Vg = Vop exp jf; COs xf 1 + ky exp j(h4, — $5) ht | 
+ keexp i(dg — $5) . 4 
where k3, k, and k, are real and have the sign of tana. H 
the terms in k,; and k, are due to the effect of horizont 
polarized radiation on the site, excluding the dummy feede 
and will change sign if the sign of « is altered. The term ink 
is due to some form of coupling between aerial B and the dum 
feeder and will change sign with an alteration of sign in eithe 
a or X. It will be assumed that the polarization error is small 
ie. that k3, k4, Ke < il | 
Eight such relations can be obtained by taking all pail 
values from « = + a, X = + Xp, and He these the values 0) 
Urr,» rp etc., can be found. 
Now suppose for the moment that there are no errors dua 
the site, ie. that k; =k, —=0. A method closely analogo 
that used with the Adcock system can employed to give’ 
polarization error in the phase difference. The in-phase com 
ponent of error due to the presence of the feeder may be defined ai! 


ab bor — Per ¢ 


oo = = ae 


In these circumstances it can be shown that | 


ep = ke sin (65 — $3) 


The total polarization error e; is obtained by adjusting th 
phase of the horizontally polarized wave relative to the verticall 
polarized wave to maximize the in-phase error. Here thi 
process involves varying PG» the phase of the induced signal ii| 
aerial B due to the horizontal electric field, so (as to make |ep| | 
maximum. Clearly this occurs when $% = $5, + 7/2, in whic) 
case leép| = ke = =e, the total error. Now if we define 

“quadrature” error eg due to the dummy feeder by the relatio, 


2 2 2 
ep = eb + ey 


we may take the value of eg to be given by 


9 = ke cos ($5 — $5) 
the site; what is required is a method for deducing from th 
observable quantities given in Table 5 the total, in-phase Wt 
quadrature errors due to the presence of the dummy fee | 
given by eqns. (35)-(37). This can be done; it is found that tt 
in-phase error can be calculated from 


ep = Wr — bre) - | 
or from ep = — Hp, — Wp) 
The formula for calculating é9 is 
1 
€9= Oy Vi — rrp) 


or eo = Ip RL — rrp) 
e; can now be obtained from eqn. (36). 

In practice, ep was taken to be the mean of the values obt 
from eqns. (38) and (39), and eg the mean of those obtain } 
from eqns. (40) and (41). ; 


| 
i 
317.784.082.742.029.4 


) 
; 
tg 


SUMMARY 


eriive-fecdback amplifiers are used to supply the currents to the 
Is of a nickel-iron-cored dynamometer, and by this means, indica- 
4s proportional to current, voltage or power in an external circuit 
be obtained from the dynamometer at any frequency between 
/s and 20ke/s. The signal voltages required at the amplifier input 
linals for full-scale instrument deflection are 2 volts. A voltage 
ider, having a resistance of 1000 ohms/volt and time-constant ratios 
less than 0-02~H/ohm, is used to give eight voltage ranges up to 
volts. The current ranges are obtained by using four terminal 
“istance standards of different values and having time-constants of 
than 0-02H/ohm. 

The overall instrument error at any power factor and any frequency 
shin the working range does not exceed 0:6°% of full-scale deflection. 
| nternal switching is provided so that the voltage, current and power 
‘a load may be determined without disturbing the load conditions. 
je upper limit of frequency is 20kc/s for power measuremenis, except 
ar unity power factor, but voltage and current may be measured at 
‘quencies up to 30kc/s. 


(1) INTRODUCTION 


Tt was shown in an earlier paper! that the dynamometer may 
‘used as an ammeter up to frequencies of 20 kc/s or even higher 
thout serious loss of accuracy, provided that the rated current 
hosen so that errors from eddy-current losses and capacitance 
ent in the coils are both kept small. However, although 
2 accuracy may be adequate, the high volt-ampere consumption 
‘the instrument at the higher frequencies is a disadvantage, 
‘ice it may disturb the conditions in the measured circuit. 

[he errors of the dynamometer as a voltmeter or a wattmeter 


‘count of the high impedance of the moving coil, which makes 
Mifficult, except for high-voltage ranges, to maintain a current 
it having the correct magnitude and phase relationship to the 


duced by the use of electronic amplifiers to supply the currents 
“the fixed and moving coils whilst requiring only small signal 
Itages from the measured circuit. This principle was naturally 
plied to the moving-coil circuit first, and various instruments 


g amplifiers for both coils has been constructed for operation 
/a single frequency.> A new instrument has now been con- 
< icted at the National Physical Laboratory to operate over the 
: ole range of frequency from 50c/s to 20 ke/s, and it is thought 


e accuracy achieved closely approximates to that of British 
ndard precision grade, and consecutive readings of voltage, 
ent and power ina circuit may be obtained without appreciable 
turbance of the measured circuit. 

The instrument is semi-portable, having overall dimensions of 
im X 13in x 10in and a weight of S51lb. These figures do 
t include the dimensions and weight of the necessary power 


ot aeeresnee on Monographs is invited for consideration with a view to 
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supplies and the current shunt, which are separate from the 
instrument. 


(2) DYNAMOMETER MOVEMENT 

The greater efficiency of the nickel-iron-cored dynamometer 
compared with the iron-free instrument was considered to out- 
weigh the disadvantages associated with the use of ferromagnetic 
materials, and a movement was specially manufactured for the 
N.P.L. by a well-known manufacturer. The eddy-current losses 
have been reduced by the employment of 0-005in magnetic 
laminations in place of the usual 0-015in laminations. A further 
reduction may be possible in the future when the manufacturing 
difficulties associated with the use of 0-002in laminations have 
been overcome. 

The design of the amplifiers is easier for small output currents 
than for large, but errors in the dynamometer from capacitance 
currents may be excessive at the higher frequencies if the instru- 
ment is designed for a very small current. From a study of 
various instruments it was decided that the best compromise 
would be reached if a rated current of 30mA were adopted for 
both coils. This is a convenient current for a type CV450 valve 
to handle. It is also probably near to the best current for the 
dynamometer itself, since a larger current might well involve an 
increased error from eddy-current losses offsetting the reduction 
of error from capacitance. 


(3) AMPLIFIERS 

The load on the amplifiers is highly inductive, and there is, 
moreover, the complication of mutual inductance between the 
dynamometer coils. This latter phenomenon, however, was not 
found to cause any difficulties, as would be expected from the 
following considerations. 

In the working range of frequency two conditions of operation 
are of interest. In the first the e.m.f. induced in one dynamo- 
meter coil is sufficient to provide the major control of current in 
that coil. The most extreme example of this, of course, is when 
there is no input voltage for the amplifier concerned. In this 
case the induced e.m.f. in the coil is able to send a small current 
through the feedback resistance, thus providing a signal voltage 
on the grid of the first valve which tends to reduce the feedback 
current to a negligible value. In the second condition of opera- 
tion there is an appreciable input voltage to the amplifier. In 
this case the voltage at the terminals of the coil may be increased 
or decreased by the induced e.m.f., but the variations which can 
occur are well within the power of the amplifier to handle. 

Outside the working frequency range there is the possibility of 
a stray e.m.f. of high frequency producing a current in one coil, 
which in turn induces an e.m.f. in the other coil. However, such 
an e.m.f. can be treated in the same way as any other induced 
e.m.f. in the coil when considering questions of stability outside 
the working range. 

The problem, therefore, to be considered is that of achieving 
stability, together with the necessary performance, when supplying 
a highly inductive load. The working frequency range was 
arbitrarily fixed at 50c/s to 20 kc/s, and the circuit finally adopted 
is shown in Fig. 1. 
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Fig. 1.—Amplifier circuit. 
R1 1MQ,4W Guns stability). C1 100yF, 25 V (electrolytic). 
R2 2°2kQ,4W C2 0:5uF, 250V (paper). 
R3 3900, 1 WwW (high stability). C3 2uF, 350 V (paper). 
R4 100 kQ, 4.W (high stability). C4 500uF, 12 V (electrolytic). 
RS ws Ges 1W (high stability). C5 40uF, 400 V (paper). 
R6 120kQ, ee eee stability). 
R7 2:2kQ,4W L 50H, 80mA. 
R8 115 Q,2W. 
RO 1000; 4 W (high stability). Vi CV138. 
RF 66. Non-inductive wire wound. V2 CV450. 
1, 
Ra Ca DYNAMOMETER 


COIL 


lo 


Fig. 2,.— Equivalent circuit for last stage of amplifier at high frequencies. 
Ry = Anode resistance. 


Cy = Total capacitance shunting valve. 
J, = Pentode current source. 
Jo = Current through feedback resistance. 


Considering, first, frequencies above the working range the 
output stage may be represented by Fig. 2. It is convenient for 
the moment to consider the dynamometer coil as a pure induc- 
tance. The capacitance C, includes the valve capacitances, the 
capacitance to earth of the condenser C5 (see Fig. 1), the self- 
capacitance of the inductor L in the d.c. supply to the anode, 
and its capacitance to earth. 

This inductance resonates with its self-capacitance within the 
working frequency range, so that above the working frequency 
it is behaving as a capacitance. The total capacitance C, is thus 
appreciable, and resonance with the dynamometer-coil inductance 
will occur before the amplifier feedback factor has fallen to unity. 
As the frequency is increased above resonance the phase shift 
between the current, /;, of the last valve and the current in the 
feedback resistance, Jp, will approach 180°, and since there must 
be some phase shift in the first stage, instability will result. This 
instability is avoided in practice by the effects of the resistance 
and self-capacitance of the dynamometer with the effect of added 
capacitance and resistance shunts across it. Fig. 3 shows the 
equivalent circuit of Fig. 2 in more detail. With this circuit the 
ratio of I,/Jo is given by eqn. (1): 


bt eer oe Li 
Bst pe Lh, Ci 
4 RAR + Zit io(Cat A 73) x 
Ig Ly j 
mtmta(G oa) Poca 


where Z2 = R2 + w2L?, 
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Fig. 3.—Equivalent circuit for last stage of amplifier at high frequi 
showing lumped circuit components of dynamometer coil. — 


Cy = Self-capacitance plus added shunt capacitance. 


= Added shunt resistance. i | 
La = Inductance of coil. BA 
Ra = Resistance of coil. if 


Let @ = Phase angle between J, and fo, 


1 
Crs 
ans 
C =i 
Then 
Lg 
OGCy = ae Beare FH) 
tan¢d = Zi 


GG+G)+ w(C, ae (C. ene 


The first resonance occurs when C, + C, = L,/Z%. Bot 
the numerator and denominator of eqn. (2) are positive so e 


There may, however, be an unwelcome gain in amplificati 
and it is desirable that this resonance should occur well outs 
the working frequency range. The capacitor CS a 
inductor L (see Fig. 1) were therefore separated from the c 
by 3 in- thick insulating | supports in order to reduce | 


first resonance to a comparatively high frequency. | 
At frequencies above this first resonant stAUCRCY, but | f 
the second resonant frequency when C, = L,/Z2, the riche 
term in the denominator of the right-hand side. ‘of eqn. (2) \ 
be negative. If, as is usually the case, G(G + G,) is small, 
whole denominator will be negative for most of the freque 
range between the two resonant frequencies. The numerator |” 
positive. The phase angle therefore exceeds 90° and will reac 
a maximum value at some frequency intermediate between th 
two resonant frequencies and very approximately equal to — 


1/2a/[L(C, + 4C,))] a i. 
The tangent of the phase angle is then approximately equal 


SV ULaCs +4C)] | 


In order to avoid instability at this point, it is important fin q 
that the frequency at which this maximum phase angle ocew 
should be sufficiently low for the phase shift on the first am 
stage to be small; secondly, G should be as large as possi 
It is fortunate that resistance and capacitance shunts across bol)» 
dynamometer coils are desirable in order to improve the dynami|» 
meter performance within the working frequency range. Ti 
resistance shunts reduce the maximum phase shift on the lay 
amplifier stage, while the capacitance shunt lowers the frequent) 
at which this maximum phase shift occurs. They therefore ser 


amplifiers, in addition to improving the dynamometer pe): 
formance in the working frequency range. ‘ 


When the second resonant frequency is reached the phase angle 
once more less than 90°. As the frequency is raised further 
le phase shift on the last amplifier stage decreases further, but 
'¢ phase shift on the first stage begins to be important and the 
yerall amplifier phase shift increases. The total phase shift 
‘nnot reach 180°, however, so that there is no possibility of 
‘stability. The effect of mutual inductance between the 
‘mamometer coils is to alter the frequency at which resonance 
curs, but it has little effect on the maximum value of the phase 
ift. This conclusion is borne out in practice, since no sign of 
‘jstability can be observed for any relative currents in the 
10 coils. 

Over the whole of the working frequency range, except below 
W0c/s, the feedback loop gain is approximately 115 and is 
pnstant to within 5%. There is a fall in gain between 200c/s 
hd 50c/s of about 10%, which affects the performance with 
‘edback by less than 0-1°%. This small error is taken account of, 
: gether with the dynamometer errors, in the overall adjustment 
; the whole equipment described in Section 5. There is also 
peiase shift of about 25° at 50c/s, which could introduce a 


her amplifier, and the power-factor error from phase shift will 
ot exceed 0:1% provided that the performances of the two 
mplifiers do not differ by more than 20%. 

Below the working frequency range, phase shift occurs on 
ount of four factors—namely the feedback introduced by the 
ing impedance of the capacitors C1 and C4 (Fig. 1), the change 
the relative impedances of the dynamometer circuit including 
‘le capacitor C5 and the d.c. supply circuit including the inductor 
+ (Fig. 1), and finally the effect of the increasing impedance of 
ye coupling capacitor C3 (Fig. 1). The phase shift due to Cl 
‘aches a maximum value of about 40° at 4c/s, while that due 
) C4 reaches a maximum value of about 30° at 3c/s. The phase 
iift on account of the parallel output paths reaches a maximum 
ilue of about 110° at 2c/s. To avoid instability it is therefore 
‘portant that the phase shift due to the coupling capacitor C3 
‘tould be kept small until the frequency falls below 2c/s. This 
4s been achieved by the use of a large capacitor giving a phase 
‘Aift at 2c/s of 15°. It was found experimentally that there was 
‘maximum phase shift at 2c/s of 162°, which agrees well with 
“e calculated value of 166°. 


\ 
(4) VOLTAGE DIVIDER AND CURRENT SHUNTS 


|The dynamometer with its two amplifiers constitutes a single- 
nge instrument, which may be used as a voltmeter giving full- 
ale deflection when a voltage of 2 volts is applied to the inputs 
the two amplifiers, or as an ammeter if the current is passed 
‘rough a resistive shunt to give voltage drop of 2 volts and if 
is voltage is then applied to the amplifier inputs. The instru- 
‘ent cannot be used as a wattmeter on the 2-volt range, since all 
the applied voltage would be absorbed by the drop in the 
‘sistance shunt carrying the circuit current. It may, however, 
2 used as a wattmeter on higher circuit voltages if a voltage 
vider is provided to give the necessary 2 volts for one amplifier. 
‘The use of a divider is a disadvantage in that the input 
Mpedance of the divider is very much less than that of the 
mplifier. Instruments designed for operation at power fre- 
encies may be fitted with a capacitance divider having a high 
Apedance and negligible power consumption. Such dividers 
ye both cheap and efficient. However, the current taken by a 
pacitance divider increases in direct proportion to the fre- 
hency, and it is not practicable to build one having the necessary 
yeuracy with a small current consumption at 20kc/s. It was 
“erefore necessary to construct a resistance divider, and in order 
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to obtain the requisite accuracy and stability, wire-wound units 
were used and not high-stability carbon units. This necessarily 
involved increased dimensions with a corresponding increase of 
capacitance. It was decided to provide voltage ranges up to 
500 volts, and that it would not be practicable to have a resistance 
of more than 1000 ohms/volt, making a total of half a megohm, 
if excessive errors from capacitive stray currents were to be 
avoided. 

The divider consists of a 2-kilohm section which is connected 
across the input of one amplifier, and seven sections of resistance 
3, 8, 18, 48, 123, 248 and 498 kilohms, respectively, all connected 
to one end of the 2-kilohm section and with their free ends 
connected to the inner terminals of concentric sockets mounted 
on the front of the instrument case. The junction of the 2-kilohm 
resistance and the other seven resistances is also connected to 
the inner terminal of a concentric socket. The outer terminals 
of all the concentric sockets are connected to the instrument 
chassis. Thus eight voltages ranges of 2, 5, 10, 20, 50, 125, 250 
and 500 volts are provided and range changing is effected by 
moving a plug with leads connected to the circuit in which power 
is being measured to the appropriate socket. This is less con- 
venient than using a range-changing switch, but it has been 
found easier to maintain the necessary high insulation resistance 
with a plug-and-socket arrangement than with a multi-contact 
switch. The three upper voltage ranges were chosen to be 
suitable for mains supply voltages of 110, 240 and 440 volts. 

Each section of the divider consists of a single-layer coil 
wound on a mica card 2in wide and 0:01 in thick. The edges of 
the card are covered with polystyrene tape, and no varnish or 
other impregnation is used on the wound card. Adjacent turns 
touch, but a gap of 0:5mm is left between adjacent groups of 
100 turns in order to reduce the self-capacitance of the coil. 
The wire used is of 0-001lin diameter, insulated with synthetic 
enamel and composed of an alloy of nickel, chromium, alu- 
minium and copper having a resistivity 24 times that of manganin 
and a temperature coefficient of resistance of a few parts in a 
million per degree centigrade. The edges of the mica card need 
protection from the cutting action of the wire, but the protective 
material used must have high quality as an insulator. It was 
found that some experimental cards in which paper insulation 
and impregnating varnish were used, although quite satisfactory 
on direct current since the enamel on the wire provided adequate 
insulation, were unsatisfactory on alternating current on account 
of excessive self-capacitance. The poor insulation resulted in 
remote turns with a high voltage between them being brought 
into electrical proximity. 

The voltage-divider ratios of the completed divider were 
measured, and the results showed that the time-constant 
differences between the input resistance and the tapping section 
were less than 0:05 4H/ohm for voltage ranges up to 50 volts, 
and less than 0-1 ~#H/ohm for the three higher voltage ranges. 
These results were very satisfactory for such high resistances, but 
a time-constant difference of 0:1H/ohm would introduce a 
zero-power-factor error of over 1% at 20kc/s, and compensation 
was necessary in order to reduce this error. To compensate 
the 500-volt section would require the connection of a capacitor 
across the tapping section, and this would result in over- 
compensation of all the other sections. The following com- 
promise procedure was adopted. Capacitance was connected in 
parallel with the tapping section to reduce the time-constant 
difference of the 125-volt range to less than 0:02 wH/ohm. This 
resulted in slight over-compensation of the lower-voltage ranges. 
Capacitance was then connected in parallel with the 50-, 20-, 
10- and 5-volt sections to reduce their time-constant differences 
to less than 0:02 wH/ohm. The 250- and 500-volt sections were 
under-compensated, and this was rectified by adjusting the 
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position of a metal plate connected to the chassis so as to increase 
the earth capacitance of these sections. These adjustable plates 
were fixed parallel to, and at a distance of 43 in from, the section 


DYNAMOMETER 


| 
Geil 


AMPLIFIER AMPLIFIER 


SCREENED VoLTacE Y 


DIVIDER 


EXTERNAL SHUNT 
POTENTIALS 


SOOV 


SUPPLY 


Fig. 4.—Circuit diagram for power measurements including 
compensation networks for dynamometer. 
m = 3600 ohms. Cm = 24 upF*. 
Ry = 12000 ohms. Cm2 = 0:03 uF. 
Cy; = 80 uyF*. 
Crz = 0:05 uF. 
$1, $2, S3 and S4: Four-pole wafer switch. 
* Including capacitance of connecting Jeads. 


Table 1 
OVERALL ERRORS OF COMPENSATED DYNAMOMETER WITH AMPLIFIERS AND VOLTAGE DIVIDER | 


Wattmeter Circuit power 
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resistance cards. 
from any earthed metal. ‘ 

The capacitance of the screened lead connecting the tappi 
section to the amplifier input terminals was included in 
adjustment. / 

The resistance shunts for providing a voltage proportional t 
the circuit current are not mounted inside the instrument casé 
but are separate units. The principles of their design have 
already been described.? 

The dynamometer is mounted in a metal chassis together with 
an amplifier on each side. The voltage divider is mounted 
underneath the instrument together with a four-deck switc 
switching the amplifiers so that the instrument reads volta; 
current or power. The switching arrangements are shov 
diagrammatically in Fig. 4. The instrument may also be use¢ 
as a 2-volt voltmeter of high impedance when switched to th 
ammeter position. 


The remaining cards were not less than 2it 


(5) ADJUSTMENT OF PERFORMANCE 


The principal error in the completed instrument was the powe 
factor error of the dynamometer, and the most obvious meth 
of adjustment of this error was to connect a resistor across th 
moving coil to increase the value of f;, to that of 8, (see Appel 
dix 9). An inductor in series with this resistor would be of value 
in reducing the error at unity power factor and also in preventing 
over-compensation of the power-factor error at the higher fi 
quencies. However, it was soon found that stability difficult 
were met which had to be overcome by other devices. Thes 
stability difficulties were eliminated, and equally good perf or 


across both coils as shown in Fig. 4. A little reduction of e ‘0! 
was also achieved by adjustment of the feedback resistan 
Table 1 shows the performance of the adjusted instrument, ca 
which it may be seen that the maximum zero-power-factor error I! 


Error, % full-scale value 
7 


factor 


scale reading | 
i 


50 c/s | 300 c/s 1ke/s 4kc/s / 12ke/s 16kce/s | 20kc/s 
| as | aml 1 | 
(a) Instrument tested as a wattmeter at rated voltage on any range. | 
100 Unity O88 20-4 0-0 40-1 0-1 B30;9 mi | 

70 Unity 0:0 —0-1 0-0 —0:1 —0:1 —0-1 —0:1 / 
50 Unity +0-2 +0:1 +0:1 0-0 —0:1 0-0 0:0 
30 Unity +0-2 +0-2 +0:2 0:0 0-0 0-0 0-0 | 

50 | 0°5 (lead) +0:4 +0°3 +0:4 +0:4 +0-2 +0-2 +0-20 

50 | 0-5 (lag) 0-0 | —0:1 —0:2 —0:4 —0-3 —0-1 +0:2. | 

| i| 

0 | Zero (lead) +0-5 | +0°5 +0-3 0-0 —0-1 —0-1 0:0nm 

0 | Zero (lag) 0-0 0-0 —0-2 —0-6 —0-4 +0-1 +06 Pt 

3 | ae 
Error, % indicated value { 7 

Voltmeter scale reading | — 

| 50c/s 300 c/s lke/s 4ke/s 12ke/s 20 ke/s | 30 kc/s i 

(b) Instrument tested as a voltmeter or ammeter on any range. 7 ; 
, 7 
100 072 Oa —O-1. | 0-0 —0-1 —0-2 0-0 | 

80 0-0 0-0 0-0 —0-1 —0-1 +0-1 +0°6 | 
GON ak 40-1 0-0 Cape HOT Pos 0-1 40-1 +0-6 
40 0-0 —0:2 —0:2 | —0-4 —0:4 =0°2 +0:4 
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6 % of full-scale deflection and the maximum unity-power-factor 
‘ror is 0:2°% of ‘full-scale deflection. 


(6) DEFECTS OF THE COMPLETE INSTRUMENT 


The instrument described is capable of a reasonable accuracy 

yer a wide frequency range, but it does not possess all the 

irable qualities. Some of the defects may be eliminated by 

ducing the range of frequency operation and some must await 

itther development. The principal defects are briefly con- 
red below. 


(6.1) Accuracy 


The power-factor error of the uncompensated dynamometer 
ight be reduced by the employment of thinner nickel-iron 
nations. This would reduce the amount of compensation 
cessary. The power-factor error arising from the change of 
If-inductance of the moving coil with deflection might be 
duced by a reduction of the moving-coil ampere-turns. 
ternatively, it might be possible to introduce a compensating 
rice such as a magnetic shunt, in order to eliminate this effect. 


(6.2) Earthing 


It is necessary to earth the chassis in order to avoid capacitance 
fects from the observer’s body when reading the instrument, 
id this means that one lead in the circuit in which power is 
ing measured must also be earthed. This would be a disad- 
jntage in some cases. When the instrument is only required 
ver a restricted range of frequency a solution may be found in 
€ use of transformers to isolate the measured circuit from the 
strument. 


) 


(6.3) Voltage Drop in the Current Shunt 


‘The drop of 2 volts in the current shunt might be excessive in 
ime cases. This could be reduced to 14 volts or even 1 volt by 
eration of the feedback resistance, with perhaps a small 
istriction of the working frequency range. If a further reduc- 
bn were required an extra stage of amplification would be 
icessary. Alternatively, the use of a current transformer with 
le shunt connected in the secondary would provide an acceptable 
‘lution in many cases. 


(6.4) Impedance of the Voltage Divider 


e impedance of the voltage divider might be increased by 
2 use of high-stability carbon resistors, but it is doubtful 
nether these are yet sufficiently reliable for high-class work. 
1e alternative of range changing by alteration of the feedback 
sistance might be used for low-voltage ranges, but there are 
siderable difficulties in the way of applying it to the higher- 
Itage ranges. 


(6.5) Limitation of Frequency Range 


The upward extension of the frequency range might be possible 
the cost of reducing the instrument torque. The use of a 
spended movement in place of a pivoted movement is an 
svious development. There would be considerable difficulty 


sent values, and some loss of accuracy at higher frequencies 
vuld almost certainly have to be accepted. 
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(9) APPENDIX 

The simple theory of the dynamometer is concerned with 
demonstrating that the response of the instrument is approxi- 
mately proportional to power, and with deriving an expression 
for the power-factor error arising from the inductance in the 
voltage circuit. This power-factor error is practically eliminated 
by using an amplifier to force the correct current through the 
moving coil irrespective of the change in its impedance with 
frequency. By this means the useful frequency range of the 
instrument is greatly extended, and it is desirable to consider 
what other errors limit the accuracy and frequency range. It 
will be assumed in the first place that it is the function of the 
amplifiers to deliver the correct currents, J,, and J;, to the ter- 
minals of the dynamometer coils, and the function of the dynamo- 
meter to make the correct response. In practice it may be 
possible, to a limited extent, to balance dynamometer errors 
against amplifier errors, but this need not be considered 
theoretically. 

The torque on the moving coil is approximately proportional 
to the scalar product of the currents in the fixed and moving coils 
multiplied by the rate of change of the mutual inductance 
between the coils with respect to angular deflection of the moving 
coil (dM/d0). This latter quantity, dM/d0, is usually designed to 
be nearly independent of 0, so that the torque may be assumed 
to have the same coefficient of proportionality to the scalar 
product of the coil currents for all values of 6. Now, the effective 
coil currents producing torque will differ from the currents at 
the coil terminals on account of the effect of the coil capacitance 
and its associated dielectric loss. This may be allowed for, and 
since capacitance is only of importance at the higher frequencies 
when the inductive reactance of the coils is large compared with 
their resistance, the capacitance may be represented in an 
equivalent circuit diagram by a lumped capacitance connected 
across a pure inductance. The dielectric loss may usually be 
neglected. 

In addition to the coil self-capacitances there is capacitance 
between coils and between each coil and the screen. Butterworth® 
has shown that the effect of these capacitances may be repre- 
sented by lumped capacitances connected between the coil 
terminals and between the coil terminals and the screen. In this 
case the screen and one terminal of each coil are maintained 
near to the same potential by the connections to the amplifiers, 
so that it is possible to reduce the system of capacitances to 
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three—an effective self-capacitance of each coil and a capacitance 
between the terminal of each coil which is not near screen 
potential. Each of these capacitances includes the effect of 
capacitance between the appropriate points via the screen. The 
three capacitances are shown in the equivalent circuit diagram 
(Fig. 5). Two coil terminals are shown connected together, 
although there is actually a small voltage between them. 


In 


Fig. 5.—Equivalent circuit diagram of dynamometer. 


Hysteresis loss in the iron produces a constant phase shift 
between the coil current and the magnetic field produced by it. 
Assuming that the hysteresis loss is proportional to the square 
of the flux density, it may be represented in the equivalent circuit 
diagram by a conductance connected in parallel with the fixed 
coil inductance. This conductance is inversely proportional to 
the frequency. No similar conductance is required for the 
moving coil since the hysteresis losses produced by the current 
in this coil do not affect the torque. 

The textbook treatment of eddy-current losses is to assume an 
eddy-current path of resistance R,, inductance L, and impedance 
Z, = R2 + w?L2 having mutual inductance M, with the fixed 
coil. Then the eddy current is given by 


I, = — M,I;w(wl, + jR,)|Z2 (1) 


The torque-producing effect of J, is a fraction, say K, of that of 
an equal current in the fixed coil, so that the total torque is 
given by 

= (Up + KI,) . In (2) 
On this basis the eddy-current effect may be allowed for in the 
equivalent circuit diagram by a conductance and a negative 


capacitance connected in parallel across the fixed coil inductance 
having the values given by 


Effective conductance, G, = KM,R,|Z2L; 
Effective capacitance, C, = — KM,L,/Z21, . 


(3) 
(4) 


This approximation is often satisfactory when only a small 
frequency range is under investigation or when only a qualitative 
treatment is required. It is less satisfactory for a large frequency 
range, especially with instruments having ferromagnetic cores. 
The causes for this are probably, first, that there are several 
eddy-current paths having different ratios of R,/L,, and secondly, 
that the resistance R,, and to a lesser extent the inductances 
M, and L,, vary with frequency. Eqns. (3) and (4) should 
therefore be replaced by eqns. (5) and (6), where R,,, M,,, and 
L,, are variable with frequency: 


n= 


K,,M.,R 


G Pa en "en (5) 
a n=1 (R2,, ate w2L2 Ly 
n= M 
a —_ K,, ile (6) 


n=1 (Ra, sie wL2,) Ly ; 


Eqns. (5) and (6) provide adequate scope to account, for the 
performance of most instruments, but are not very practical. 
If the frequency range is not too large and the eddy-current 
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torque is small, the eddy-current paths may be divided into t "| 
groups—those where the reactance is negligible compared to' 
the resistance and those where the resistance is small, but ot 
negligible, compared to the reactance. For the former grot 
the effective capacitance may be neglected, while for the la 
group the effective conductance may be neglected. The comp 
site effect of the former group may then be represented in 1 
equivalent circuit diagram by a conductance connected acro 
the fixed coil inductance. This conductance is independent 
frequency at low frequencies, but is inversely proportional to the 
square root of the frequency at high frequencies in accordance | 
with the skin-effect law. The working range of frequency may | 
usually be covered by the approximation of eqn. (7), where a 
and 6 are independent of frequency: 


G 1 


«abe | 


The latter group of eddy-current paths may be represented in the) 
equivalent circuit diagram by a negative capacitance, gf 
approximately by eqn. (8), where p is a constant having ie 
dimensions L/R? and q is a time-constant: : 


D 
ae a | 


The values of a, b, p and gq may be deduced from the performanoe | 
of the instrument or estimated from design data. 

The conductance Gr, shown in Fig. 5, includes the effect of the 
dielectric loss, which is usually negligible, the hysteresis loss, 
and the eddy-current loss in accordance with eqn. (7). The 
capacitance Cy, shown in Fig. 5, includes the effect of self- 
capacitance and the negative-capacitance effect of the eddy- 
current losses. | 

The currents supplied by the amplifiers are shown in Fig. Ali 
as I, and J-, while the currents which a effective in producing | 


torque are ios shown in the Figure as J,,, and I;,. The other 
parameters are defined by the following equations: 
Ci, = Cre Ce ) 


where C,,,, = Moving-coil self-capacitance. 
C,, = Capacitance of leads from moving coil to amplifier, 
Ca = Any added capacitance across coil terminals. 


n= Ging + Gna 


pk 
where G,,,, = Effective conductance across coil terminals due tt 
dielectric loss. | 

G,,q = Any added conductance across coil terminals. 


When G,,,, is zero, G,, may usually be assurned to be zero alse A 
since G,,. is “small. | 


A 


L,, = Self-inductance of moving coil. 
M = Mutual inductance between coils and is assumed to b 
positive when the moving coil is in the posit 
corresponding to full-scale deflection. 
L, = Self-inductance of fixed coil. 


Lae 


Gp 
OF Cte Tt eae | 
where G,, = Effective conductance across coil terminals due t th 
dielectric loss. + 
G;, = Any added conductance across coil terminals. q | 
G 


—" = Conductance across coil terminals to account f 
2 the effect of hysteresis. ‘ 
r | 


+] : ; 
Seba = Conductance across coil terminals to account for 
id the effect of eddy currents. 


P 


Peete Ce Fo + w2q2 . 


(12) 
i 
mere C,, = Fixed coil self-capacitance. 
r Cr, = Capacitance of leads from fixed coil to amplifier. 
Cj, = Any added capacitance across coil terminals. 


- ae = Equivalent negative-capacitance effect of eddy 


Pe 7252 
moe" currents. 
C = Effective capacitance between coil terminals 
which are not near screen potential. 


| The effective currents /,,. and I;, are related to the currents 
upplied by the amplifiers, /,, and J;, by eqns. (13), (14) 
nd (15): 


De. = In — 0% + JB2) — Ices + JB). - (13) 
p Dye = 1p(1 — 044 + 581) — Inorg + 584) (14) 
vhere D = (1 = 0% — & + oa — a304 — B,B + B3Py) 
i +i(B, + Bo — a8. — Byx%2 — «384 — 483) (15) 
nd a, = w2C(L,, — M) + w?C, Lin 
q O = wC(L;y — M) + w?CyLy 
a = w?C(Ly — M) — w?C,,M 
a4 = @C(L,, — M) — w2C,M 
By = WG Lm 
Bo — wGrL 
Bp; = wG,,M 
qns. (16) and (17) follow from eqns. (13), (14) and (15): 
j [DIP = ~ 2m + 2 + BDU — 2mm + of + £8 
+ (0% + B3)(0% + BD 
— 2(%3 — ayo, + B,B5)(%q — x04 + BoP,) 
+ 2(B; — 08; — a 3B,)(B4 — x284 — x4P2) . (16) 


q 

2I 0° Tpe = Ty Tp = cy — 062 + 000g + 063004 + B,B2 + B3B4) 
+ |p| |Zp\(B2 — By — 04182 + x28; + 0384 — a4 83) sin d 

© = [Epa 7(%4 — e¢2%q + BoB4) — |Zp|7(e3 — oee¢3 + 8183) (17) 


here ¢ is the phase angle between J,, and J,. 

/ Eqns. (16) and (17) show that the instrument response is a 
‘inction of power only when the « and f terms are negligibly 
nall. 

_At very high frequencies the « terms will be large compared 
) the B terms, so that the latter may be neglected and eqn. (15) 
‘mplifies to eqn. (18): 


4 


(18) 


he system is in resonance when (1 — «,)(1 — %) = «30,4, and 
ie) torque then rises to a high value, which is limited in practice 
y the finite values of the f terms. It is clearly impracticable to 
se the instrument near the resonant frequencies, and it is 
lerefore desirable to estimate these. The constants of the 
ynamometer were measured and the values obtained are given 
| Table 2. The resonant frequency is dependent on the mutual 
ductance and varies from 170 to 210kc/s. There is another 
ysonant frequency band from 410 to 520kc/s. The lowest 
sonant frequency, 170kc/s, which was verified by direct 
leasurement, is more than eight times the upper frequency limit 


the instrument when used as a wattmeter and more than five 
Cr 


Dew ad oe ot, )(1 a 2) — A304. 
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Table 2 


DYNAMOMETER CONSTANTS 


Constant Remarks 


Determined by resonating moving coil 
with added capacitance at various fre- 
quencies, with coil in position of zero 
mutual inductance with fixed coil 

Determined similarly to above 

Determined by resonating coils con- 
nected in series when in position of 
maximum negative mutual inductance, 
and also by direct measurement 

Not measured 

Not measured 

Determined from power-factor error of 
dynamometer at frequencies of 50 and 
100c/s 

Determined from power-factor error of 
dynamometer at frequencies from 
300c/s to 20000c/s 

Determined from performance of dyna- 
mometer as an ammeter at frequencies 
up to 20000c/s 

The value given is half that directly 
measured between the two coils, in- 
cluding capacitance between coils 
via the screen, with each coil short- 
circuited 

Determined from performance of dyna- 
mometer with current supplied to 
fixed coil only, and also deduced from 
resonance measurements above 

Determined similarly to above 

Direct measurement 

Direct measurement 


For f = 20ke/s and M = + 3:4mH 
o& = 0:0031: a = 0:0082: 
a3 = — 0:0016: «4 = — 0-:0027 
By = 0: Bo = 0-027: Bs = 0: 
fs = 0-011 


For f = 20kc/s and M = — 3-4mH 
a, = 0:0052: a = 0:-0104: 
a3 = 0-0070: a, = 0:0048 
py == 1()}5 Bo ==) OOD 

p3 = 0: B4 = — 0-011 


8:-4mH 
3-4mH 
(maximum) 


Neglected 
Neglected 
0:25 mho x w 


14000 ohms 
82 ohms/4/ w 


340 uwuF 
27 ps 


20 wk 


times its upper limit when used as a voltmeter or ammeter. It is 
interesting to consider the behaviour of the instrument when 
measuring a constant power, as the lower resonant-frequency 
band is approached from a lower frequency. Neglecting the 
B terms, eqn. (17) becomes egn. (19): 


| D| 2c Le & Im I (|D| + 2oczex) 


— o4|F,,|27C1 — x2) — ot3|I,|?(1 —o;) (19) 


D will be a positive small quantity approaching zero. «, and « 
are positive quantities less than unity. a3 and a, are also less 
than unity but may be positive or negative according to the value 
of the mutual inductance M. 

For a scale range from somewhat above half scale to full scale 
both a, and a, are negative. In this range the torque will be 
positive, and as it increases the pointer will increase its deflection 
until it reaches the stop above full-scale deflection. 

For approximately half the scale range from zero deflection 
to a little above half scale both «3; and a4 are positive. The 
torque due to the first term on the right-hand side of eqn. (19) 
will be positive and opposed to the torque due to the remaining 
terms. The negative torque will usually predominate and the 
pointer will deflect below zero until it reaches the stop. There 
will be a small range of the instrument scale near half scale where 
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the positive and negative torques may be sufficiently closely 
balanced for the pointer to stay on the scale, but the equilibrium 
achieved will tend to be unstable. The movements of the pointer 
will be greatly reduced in practice, partly on account of the effect 
of the 8 terms and partly because, as the pointer moves, the 
resonant frequency changes also. 

If the upper resonant frequency is approached the pointer 
tends to deflect to the position of zero mutual inductance for 
any load conditions. 

Now, reverting to the working frequency range of the instru- 
ment, it may be seen from Table 2 that both the « and the B 
terms are small quantities compared with unity. To the first 
order of small quantities, eqns. (16) and (17) may be simplified to 
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When the instrument is used as an ammeter or voltmet 
I; =1,, and sind = 0. Eqn. (22) then simplifies to f 


Ime Tp, = (1 + 0% + & — a3 — o4)|Z,,|? 4 
= {1 +w2[C,(L,, +M) + C(Lp+ M)}¥Lnl2 (23 


Egns. (22) and (23) provide a means of estimating the dyname 
meter response for any values of the currents at the coil termina 
in terms of six instrument parameters, a, a2, «3, «4, 8, and f 
The validity of these equations depends on the assumption tt 
the only significant torque on the movement arises from t 
change of mutual inductance with deflection. This, unfortunatel 
is not quite true. There is a small change in the self-inductanc 
of the moving coil with deflection, which gives rise to a sma 


! D|? = 1 — 2a, — 2a, (20) unwanted torque. 
Measurements indicate that the self-inductance is a maximum 
[Dine Aes ey ey when the coil is in the position of zero mutual inductance wit 
+ (B, — Bon ml Up| sin & — o4|Z,,|? — o¢3|Zp|2 . (21) the fixed coil. Eqn. (24) may be adopted to represent the 
h inductance of the coil with sufficient accuracy for determining 
thes Feed the torque: . 
Lode SO be feed ; M2 | 
me* *fe ( T Oy in if ; i — Lo aa v(=—) | ‘ : : : (2 i 
+ (Bo — By)[Fnl [Lp sin & — 4|T,,|? — os|Zp|2 . (22) Lind 
| Table 3 
ERRORS OF UNCOMPENSATED DyYNAMOMETER 
Error in instrument deflection Error in instrument deflection 
Frequency In I; Frequency In Ty - 
Full-scale defiection Full-scale deflection 
: = 
ke/s mA aa iene Le ees ke/s mA mA. a hag i ; oe 
1 30 30 —] 0 1 30 +730 24 
25°5 25°5 —2 0 30 —j30 —6 —5 
21 21 —1 0 
eZ 30 +j30 +30 +30 
2, 30 30 —2 —1 30 —j30 —12 —11 
; 25°5 25:°5 —2 —1 
21 21 —1 0) 4 30 +730 +33 +40 
30 —j30 —21 —20 
4 30 30 —3 —3 
25-5 25°5 —3 —2 8 30 +730 +48 +54 
i 21 —2 —1 30 —j30 —39 —36 
8 30 30 —] —3 10 30 +730 +56 +59 
25:5 25:5 —3 —2 30 —j30 —46 —45 
21 21 —2 —1 
12 30 +730 +57 +63. 
12 30 30 +5 +4 30 —j30 —54 —53 
25°5 DSi 5) +2 +2 
21 D4i\ —1 +1 16 30 +730 +66 +69 
30 —j30 —69 —70 
16 30 30 +16 +16 
25°5 25:5 +7 +8 20 30 + 30 +72 +71 —— 
21 21 +2 +4 30 —j30 —93 —89 
20 30 30 +31 1139 20 - 30 0 +6 =f 
25°5 DIS +13 +18 16 30 0 +6 +4 
21 21 +6 +9 12 30 0) +7 +8 
10 30 0 +8 +9 
0:05 30 +730 +14 +16 8 30 0 +9 ° +10 
30 —j30 +1 +2 4 30 0 +9 +10, 
2 30 0 te +10 
0-1 30 +730 +15 +16 it 30 0 +9 +9° 
30 730 +1 2 
20 0 30 —21 —21 
0:3 30 + 730 +16 +18 16 0 30 —11 —13, 
30 —j30 —3 12 0 30 —6 —7 
10 0 30 —3_ —5 
0:5 30 +730 +21 +20 8 0 30 —2 —3 
30 —j30 —2 —1 4 0 30 0 —1 
2 0 30 0 
a 1 0 30 0 
' 
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vhere y is a constant coefficient and L,, is the inductance of the 
aoving coil in the position of zero mutual inductance. 
The torque, which is proportional to the change of stored 
nergy with deflection, may be represented as follows: 


M,, \,dM 
2 
Y 7 Vml? ag 


M 
Trl?) ae 


d 
ap tem Eo l/ml? dé = (25) 


ince L,, is approximately equal to L,,o. This torque may be 
dded to that given by eqn. (22) to give eqn. (26) for the total 
istrument torque: 
! 


‘otal instrument torque = 


IM 
Wo [a ++ oy + Op), 


. M 
+ (Ba — Balin il sin d — ali |? — (a4 + 977~) Mn? | 
(26) 


‘or the particular dynamometer used in the N.P.L. instrument, 
) had a value of 0-003. 

og scale is marked so that it is free of error when the instru- 
hent is used as an ammeter at low frequencies, which means 
jat it is based on the total instrument torque being equal to 


r) M dM 
i (1 = 95) in lag 


| Eqn. (27) may therefore be written for the instrument error 
der other conditions expressed as a fraction of full-scale 


i 
| 


rror in instrument deflection 
Full-scale deflection 


= | (x: lie coy Af YE) Im ly 


: M 
+ (B2—B lll Ll sin — a1 |2 — (0 +922) il? | 
(27) 


there / is the current in the fixed and moving coils to give full- 
a le deflection at unity power factor. 

)Table 3 shows the measured performance of the dynamometer 
‘gether with the calculated performance using appropriate 
ilues of the parameters. The reasonable agreement shown 
qficates that eqn. 271i is satisfactory for aie the instrument 


ad in the complete instrument they have been reduced by 
@mpensation. The method of compensation is described in 
ction 5. 


It may be seen from eqn. (27) that the error caused by the y 
terms is only significant when J,, . J; differs appreciably from Zral 

Two cases are of interest. The first is at low power factors 
when J,,.J; is negligible compared to |J,,|7._ In such cases there 
is only one significant y term in eqn. (27), and this may be deter- 
mined empirically by observing the instrument deflection with 
current in the moving coil only. Alternatively, the instrument 
zero may be set with current in the moving coil only, i.e. electrical 
zero, when the y term will be eliminated from the instrument 
error. The second case of interest is for readings above one-third 
of full scale. In all such readings either the mutual inductance W 
is small, or the difference between I,, . J; and |J,,|? is small so that 
the y terms do not introduce significant error. This was verified 
experimentally by determining the difference in the instrument 
error at unity power factor when first the fixed-coil current was 
varied while the moving-coil current was maintained constant at 
rated value, and when, secondly, the moving-coil current was 
varied while the fixed-coil current was maintained constant at 


Table 4 


DIFFERENCE OF DYNAMOMETER ERRORS AT UNITY POWER FACTOR 


Calculated difference 
of error 


Difference of errors. 
Test A minus Test B 


Scale reading = S 


% Of full-scale deflection % of full-scale deflection 
—0-05 
—0-07 
—0-06 
—0:04 

0-00 
+0:°05 
+0-11 
+0-18 
+0-25 
+0°31 


—0-02 
—0:06 
—(05 
(ss) 
—0-08 
—0-08 
+0:01 
+-O-17. 
+0°28 
+0-30 


Test A—Moving-coil current = 30mA. 
Test B—Fixed-coil current = 30mA. 


Calculated difference of error is 


ory oy i 
[()°- 1|y#4 Naa x 100 % Of full-scale deflection. 


= 0:0062(S — 50) ((s35) = 1| % of full-scale deflection. 


the rated value. Table 4 shows the measured and calculated 
results. The instrument error under the two test conditions 
differs from the mean by less than 0°1% at all instrument 
deflections from 30% upwards. The methods of measurement 
have been described in earlier papers.!»3 
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(The paper was first received 27th June, and in revised form 30th November. It was published as an INSTITUTION MONOGRAPH in April, 1956.) 


SUMMARY 


A method is demonstrated for arriving at simple formulae by which 
the resultant reactive power of overhead lines under any load condition 
can be quickly calculated, and in which the only line constant necessary 
to be known is the inductance. Tables of practical overhead-line 
inductances are given. The method is extended to lines containing 
series capacitors and also to low-voltage lines. The accuracy of the 
_ method, applied both to electrically short and long lines, is discussed 
fully in the Appendix. 


(1) INTRODUCTION 


An overhead line will act as a capacitor or a reactor depending 
on the load current flowing in it. Another way of stating this 
is to say that an overhead line will act as a reactive-power 
source or load, depending on the load current flowing in it. 
When no load current flows, all overhead lines are reactive-power 
sources, but as the load current increases, the reactive-power 
output falls, passes through a zero point and changes to a reactive 
load. At the zero point the line is transmitting its natural or 
surge-impedance load, if the power factor of the load is unity. 


Let us call capacitive power Qc, and inductive power Q,. The 
output of Q> varies as the square of the line voltage. The 
consumption of Q, varies as the square of the line current. They 


can be subtracted arithmetically to give the resultant reactive- 
power performance of the line. It follows from this that the 
higher the voltage of transmission, the more likely is an overhead 
line to be a reactive-power source rather than a reactive load, 
because line currents tend to be of the same order whatever the 
voltage, and the line reactance also is independent of the voltage, 
except to the extent that the voltage influences spacing of 
conductors. 

It is useful to be able to evaluate the reactive-power per- 
formance of overhead lines in the manner indicated above 
because it facilitates the planning of other reactive-power sources, 
such as synchronous condensers and capacitors, and the disposi- 
tion of them in such a way as to increase the system efficiency 
to a desirable level. A method is demonstrated below. It is 
based on the assumption that line current will not differ greatly 
from load current and that if the receiving-end voltage is fixed, 
the sending-end voltage will vary, with varying load, only within 
the limits which are normally regarded as practical. These 
assumptions are valid for all ‘“‘short’’ lines, by which is meant 
lines not exceeding about 100 miles in length. They are also 
valid for lines which are electrically long, say 100 to 300 miles 
long, provided that the voltage regulation of these lines is kept 
within acceptable limits by means of equipment such as synchro- 
nous condensers. They are not valid for electrically long lines 
where the effect of the inductance and capacitance of the line on 
load current and voltage is not mitigated in any way, and in such 
cases the method will not give accurate results; but in practice 
this is not of importance because, for obvious reasons, the voltage 
has to be regulated. The accuracy of the method when used for 
both short and long lines is discussed in Appendix 6. 
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When the method is used for long lines associated with syn- 
chronous condensers, it is necessary to remember that it gives the 
reactive-power performance of the line alone and not that of the 
line and synchronous condensers combined. This point is a. 
discussed in Appendix 6. 


(2) METHOD | i 
Q¢ (3-phase) = 2nfClV2 | 
Q, (3-phase) = 3 « 27fL’II2 


where / = Frequency. ra 
1 = Length of line, miles. | 

C’ = Capacitance per conductor per mile, farads. i 

L’ = Inductance per conductor per mile, henrys. | 

V = Line voltage, volts. 

I = Line current, amp. | 

For overhead lines the product L’C’ is practically a consi | 
and equal to 3 x 10—1!, 


3 x 10-1 &| 


Therefore Ca V jo. S JS 


Now the resultant line reactive power (in vars) is | 
Or, — Qc =3 X 2nfl/U2 — InfC'lV? . | 


Subsituting for C’ from eqn. (1) and changing vars to kilovars 
and volts to kilovolts, this becomes } 
| 


(kV)? 
— —— * Ms p) Se 
0, — Oc = 0-018 84fl(L'1 ae 703) a a 
and if f = SO, the resultant line reactive power (in kilovars) is 
(kV)2 | 
A 442) oo ea i 
0-9421(L'I2 — 7) | 


Inductances for steel-core aluminium conductors are given ir 
Table 1, and for copper conductors in Table 2. It will be note¢ 
that the values vary within quite narrow limits, and if conducto! 
sizes and spacings are selected in reasonable relation to lin 
voltage, the variation is even smaller. For example, the value) 
of L’ in Table 3 should be noted. 

By making /=1 in eqn. (2), we obtain the resultant lini 
reactivé powers per mile. 


Example. 
Assume a 132kV 3-phase 50c/s line of the type indicated i i 


Table 3. 
Then L’ = 0:0021 henry and eqn. (2) becomes 


2 
(0, — O.)|mile = 0-018 84 x 50(0-002 i) ale ) 


0-0021 x 105 
= 0-001 98/2 — 78-2 resultant line kVAr per mil 


From this the resultant line reactive power per mile can easily t 
found for any value of J. If J = 0, itis —78- 2kVAr/mile, whic 
indicates that the charging power of the line is 78- 2kVAr/mil 
When the result of eqn. (2) is positive, it indicates lagging 


ee 


a 
4 


Conductor 
size (copper 
equivalent) 
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Table 1 


VALUES OF L’ (IN HENRYS PER MILE) FOR STEEL-CoRE ALUMINIUM CONDUCTORS 


Equivalent spacing 


10 ft 


16 ft 


18 ft 


0-002 29 
0-002 20 
0-001 95 
0-001 89 


0-002 36 
0-002 26 
0-002 01 
0-001 96 
0-001 93 


0-002 41 
0-002 32 
0-002 06 
0-002 01 
0:001 98 
0-001 95 


0-002 14 
0-002 08 
0-002 05 
0-002 02 
0-001 98 


Table 2 


0-002 12 
0-002 08 
0-002 06 
0-002 02 


0-002 12 
0-002 09 
0-002 04 


0-002 12 
0-002 07 
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Conductors 


VALUES OF L’ (IN HENRYS PER MILE) FOR COPPER CONDUCTORS 


Equivalent spacing 


Construction 


See = ee ae 
SSSSSSSSSS 


— 
co 
nn 


a 
RS 


ooooooocoeoo 
— 
Nn 
a 


SSSSSSSSSE 


4ft 


0-002 05 
0-001 96 
0-001 98 
0-001 90 
0-001 82 
0:001 81 
0-001 77 
0-001 70 
0-001 64 
0-001 60 


0-002 14 
0-002 04 


0-002 28 
0-002 17 
0-00 220 
0-002 13 
0-002 04 
0-002 04 
0-001 99 
0-00 193 
0-001 86 
0-001 83 


0-002 28 
0-002 27 
0-002 29 
0-002 22 
0-002 14 
0-002 14 
0-002 08 
0-002 02 
0-001 96 
0-001 92 


0-002 44 
0-002 34 
0-002 36 
0-002 29 
0-002 21 
0-002 21 
0-002 16 
0-002 09 
0-002 02 
0-001 99 


kVAr/MILE (LEADING) 


kVAr/MILE (LAGGING) 


{e) 60 120 180 240 300 360 420 
LOAD CURRENT,:-AMP 


Fig. 1.—Resultant reactive-power curves of 3-phase single-circuit 
overhead lines. 


(a) O-lin? 66kV. 
(b) O-1Sin2 88kV. 
(c) 0:175in2 132kV. 
(d) 0-25in2 165kV. 
(ec) 0°4in2 =220kV. 


‘he meedscfors are steel-core aluminium, and the sizes are copper equivalent (see 
). 


Table 3 


S.C.A. 
Line conductor 

voltage (copper 

equivalent) 


Equivalent 
spacing 


henry 
0-00220 
0-00201 
0-00209 
0-00206 
0-00202 


power, i.e. the line is acting as a reactive load. When the result 
is negative, it indicates leading reactive power, i.e. the line is 
acting as a reactive source. When it is zero, the line will be 
neither generating nor consuming reactive power, and for this 


condition 
; (kV)? 
a ( 
a EMA HOS 
kV 
Hence T= 316L’ (3) 


This is the current of natural or surge-impedance load, 
assuming this load to have unity power factor. 

In the above example, /,, (current of natural load) is 199 amp. 

In Fig. 1, the resultant line reactive powers per mile of all the 
lines indicated in Table 3 have been plotted against current. 
The curves bring out clearly the difference in reactive-power 
performance between the lower- and higher-voltage lines. The 
66kV line becomes a reactive load when transmitting all currents 
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over 100amp; the 220kV line does not become a reactive load 
until the line current is over 345amp. The charging reactive 
power per mile of the former is 18-63kVAr/mile and of the 
latter 226kVAr/mile. 

Owing to the small variation that occurs in L’ with all practical 
conductor sizes and spacings, the curves in Fig. 1 can be used to 
find the reactive-power effect of any line operating at the voltages 
considered, with a fair degree of accuracy. 


(3) LINES CONTAINING SERIES CAPACITORS 
For lines containing series capacitors, eqn. (2) can be rewritten 
as follows: 
i (kV) 
) a 
39 -6f2C, EX KAO 
where C, = Total capacitance per phase of the series capacitor, 
farads. 


eee ee 0-o1884/| 12(1L 


It will be noted that the effect of the series capacitor depends 
on the line current, and therefore will not increase the charging 
reactive power. It will, however, increase the line current at 
which the line changes from a reactive-power source to a reactive 
load, and when it is large enough to compensate (or more than 
compensate) the reactance of the line, it will ensure that the line 
never becomes a reactive load but always remains a reactive 
source. 

(4) LOW-VOLTAGE LINES 


In all lines of voltages of 11 kV and below, the charging reactive 
power is negligible and consequently the second term inside the 
bracket of eqn. (2) can be neglected. The formula then becomes 


Or O18 84 IIe a. ed a) 
and per mile at 50c/s it becomes 
Q,/mile = 0-942L’/2 


As currents in low-voltage mains supplies can be of the same 
order as in high-voltage lines, and as the counterbalancing 
charging reactive power is practically absent, the resultant line 
reactive power per mile of low-voltage lines can be high and will, 
of course, always be a reactive load. 


Example.—400-volt 3-phase 50c/s line; conductor 0-15 in?; 
1ft spacing; current 200amp; L’ = 0-00135 henry (from 
Table 2). 

Resultant line reactive power = 0-942 x 0-00135 x 2002 
= 50:9kVAr/mile. 


Low-voltage lines are, of course, necessarily short, but this is 
usually counterbalanced by their number, and their total effect 
on a system may be appreciable. 
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(6) APPENDIX 
(6.1) Accuracy of the Method 


If we consider specific examples of overhead lines which are 
electrically long, and calculate their reactive-power performance 
for varying load currents, both by the author’s method and by the 
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method of rigorous solution, and if we plot the results, we can 
clearly the degree of any divergency that the two methods 
exhibit. This has been done in Fig. 2 for three such lines 


250 


200 


150 


100 


KVAr/MILE (LEADING) 


50 


50 


100 


KVAr/MILE (LAGGING) 


(e) 100 


200 300 400 
LOAD CURRENT, AMP™ 


500 


Fig. 2.—Resultant reactive-power curves of “long’’ overhead lines, 


(a) 0:175in2 132kV 130-mile single-circuit line. | a 
(b) 0-25in2 165kV 180-mile single-circuit line. of 
(c) 0-4in2 220kV 250-mile single-circuit line. 
Author’s method. 
—-—-—— Rigorous method. 


The conductors are steel-core aluminium and the sizes are copper equivalent (see 
Tabie 3). 


being a 220kV 250-mile line with a 0-4in conductor, anothet 
being a 165kV 180-mile line with 0-25in2 conductor, and the 
third being a 132kV 130-mile line with 0-175 in? conductor (see 
Table 3). The full-line curves represent the author’s method, 
and the dotted-line curves represent the rigorous method. 2 
It will be noted that in every case the full-iine and dotted-line 
curves cross each other, and it may be assumed that this wi 
happen with any other example of along line. For the particula 
load currents at which the curves cross, the two methods give 
results which are in exact agreement. The further we move 
away in either direction from these currents, the greater fl 
divergency exhibited by the two methods. At the extremes 0 
the current ranges, the divergency is serious for the example! 
considered, particularly, for the 220kV example. Howevei 
these lines are electrically long, and the rigorous results ar 
theoretical and would be modified in practice. This will bi 
discussed later. S: 
If we consider lines which are electrically short—say not m 
than 100 miles in length—we find that the divergencies, — 
the extremes of the current ranges, are not important. ‘c 
example, if we take the 220kV example referred to above, bu 
assume a length of 100 miles instead of 250 miles, we obtain th 
comparison shown in Table 4. 7 
From Table 4, it should be borne in mind that 450 amp Is 
high current for a 220kV line. It is about 100amp abo 
current of the surge-impedance load, and the divergency 
will decrease with decrease of current. 
Let us return to electrically long lines, and consider the 


Table 4 


LESULTANT REACTIVE POWER PER MILE OF 220KV OveRHEAD 
- LINE WITH 0:41N2 StTeEL-CorE ALUMINIUM CONDUCTOR 


| | Rigorous method 
| Load Author’s 
| current method 


150 miles long 


| 100 miles long 


kVAr | 
—220 | 


kVAr 
—214-5 


150 141-5 


|50-mile example. The rigorous solution indicates that the 
oltage at the sending end, with the receiving-end voltage fixed, 
will be 200kV at zero load current, and 256kV when the load 
vurrent is 450amp. (It is assumed that the power factor of the 
‘oad is unity.) It is this big voltage swing, due mainly to the 
‘apacitance and inductance of the line, which is chiefly responsible 
or the differences between the results obtained by the author’s 
‘nethod and those obtained rigorously. In practice, however, 
his swing would not be tolerated and would be reduced by use 
yf equipment such as synchronous condensers connected to the 
eceiving end of the line. This equipment would draw reactive 
yower from the line during periods of light load and inject 
eactive power into it during periods of heavy load. 

| In our example, if a synchronous condenser is connected at 
he receiving end and it draws a current, lagging 90° (approxi- 
nately), equivalent to 75amp at 220kV, when the load current 
5 zero, the voltage at the sending end will be very close to 220kV, 
ind the current at the sending end will be 74-5 amp leading 90° 
approximately). The resultant reactive power of the combina- 
jon of line and synchronous condenser will be 28400kVAr 
leading). The reactive load of the synchronous condenser is 
8570kVAr (lagging); and therefore the reactive-power output 
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of the line alone will be 28 400 + 28570 = 56970 kVAr (leading), 
which, dividing by 250, gives an output per mile of 228kVAr 
(leading). This result, according to the author’s method, would 
be 226kVAr (leading), i.e. a very close agreement. 

Similarly, if we take the case when the load current is 450 amp 
at unity power factor, and inject by means of the synchronous 
condenser the equivalent of 60amp at 220kV, leading 90° 
(approximately), the voltage and current at the sending end will 
be 242373 volts 731° 43’ and 455-8 amp Vix 35’ respectively, 
and the resultant reactive power of the combination of the line 
and synchronous condenser will be 16900kVAr (lagging). The 
reactive-power input of the synchronous condenser is 22 880 kVAr 
(leading); therefore the resultant reactive power of the line alone 
will be 16900 + 22880 = 39780kVAr (lagging) which, dividing 
by 250, gives a line load per mile of 159kVAr (lagging). This 
result, according to the author’s method, would be 160kVAr 
(lagging), again a very close agreement. 

The synchronous-condenser currents selected above are reason- 
able in the circumstances because they result in a voltage regula- 
tion of 10°, as compared with 25% in the unmodified line, but 
a load current of 450amp is an extreme case because, among 
other things, it causes in a 250-mile line an angular displacement 
of the voltage of about 30°, which may be too high for stability. 
It was chosen because, if the author’s method can be shown to be 
reasonably accurate at the extremes of the current range, it will 
also be accurate at all intermediate currents. 

In the paper, load currents have been assumed to be in phase 
with the voltage. Synchronous condensers are often used to 
bring about this condition, and if they are used as well to inject 
leading reactive power into the line as indicated above, they may 
have to be very large. This can be avoided by using them in 
association with static capacitor banks, which can be arranged 
to take care of the lagging reactive component of the load, leaving 
the synchronous condenser to deal only with the line reactive 
power. 
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RELUCTANCE OF THE TEETH OF A SLOTTED ARMATURE 
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(The paper was first received Tth October, and in revised form 15th December, 1955. 


It was published as an INSTITUTION MONOGRAPH int 


April, 1956.) 


SUMMARY 
The paper treats of a practical method for calculating the m.m.f. 
required for a tapered tooth, which is correct over the whole range of 
flux densities and for all proportions of teeth, slots or ducts. Working 
curves are given for a typical core steel. 


INTRODUCTION 


Fifty-five years ago Hird! gave an accurate method of cal- 
culating the m.m.f. required for a tapered tooth, embodying 
correct allowance for the air space in an adjacent parallel slot; 
but the original treatment was inapplicable where there was also 
some non-magnetic space in the axial length of the core, such as 
ventilating ducts or the! insulation between stampings. Subse- 
quently, however, Carter? pointed out that Hird’s method could 
be correctly applied to such cases if the tooth was treated as 
made of a composite material—part iron, part space—of which 
the magnetic properties were known and were uniform through- 
out. The purpose of this note is to present Carter’s adaptation 
of Hird’s method in a form familiar to designers and convenient 
in practical use. It covers accurately the whole range of flux 
densities, and all proportions of teeth, slots or ducts; it fails 
only for an entirely parallel tooth, the result then becoming 
indeterminate. 


(1) THEORETICAL BASIS 


With reference to Fig. 1, it is necessary to distinguish between 
the following estimates of the flux density at any point in the 
tooth: 


B’ = Apparent fiux density in the iron, assuming the total flux 
of the whole slot pitch, ABCD, to pass through the iron. 
B” = Fictitious flux density in the iron, assuming the whole flux 
of the tooth region, ABXY, to pass through the iron. 
B = Real flux density in the iron, in terms of which the necessary 
magnetizing force H is known. 


A Y D 


Fig. 1.—Cross-section of tooth, slot and duct. 
Definition of B, B’, B’’. 


These three values are in descending order of magnitude. The 
excess of B” over B allows for flux in the insulation of stampings 
and in radial ducts, within the width of the tooth; the excess of 
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B’ over B” allows for flux in the slot, over the whole axial length, 
B’ being the density ordinarily appearing on a design calculation 
sheet, and from which it is required to calculate the tooth m.m.f. 
At any peripheral cross-section, for a real density B (gauss) 
in the iron, with corresponding magnetizing force H (oersteds), 
there will be a flux density in all adjacent spaces vi is 
numerically equal to the magnetizing force. | 
If A is the total non-magnetic axial length expressed as a_ 
fraction of the net length of iron, and if the additional flux in 
insulation and ducts, within the width of the tooth, is assumed 
to pass through the net iron, the density therein will be raised 
by AH. Thus the ‘fictitious’ density in the iron is : 


BY” =B AH Seen, be at 


Similarly, if the additional flux in the slot (of width, say DB 
over the whole axial length, is assumed to pass through the tooth 
region (of width, say rt), the average density therein will be raised | 
by (s/t)H; and if it is further assumed to pass only through the 
iron, the density therein will be raised by (s/#)(1 + A)H. Thus 
the ‘apparent’ density in the iron is 

B’ = B’ + (s/) +A | 


In a straight-tapered tooth of radial length L, if ¢, is the width 
at the wider end, /, that at the narrower end, and ¢ that at any 
section distant / from the narrower end, we have from eqn. (2) 


tB” + si +) = th =e, | 
whence t = t,B5/B” — s(i + AAI/B’ | 
or dt = t,B,d(1/B’) — s(1 + AdCH/B’”) | 


Then, since dt/dl = (t, — t)/L, the average magnetizing force 
over the length of the tooth is | 


i! ie 
| Ha 
q, ~ aS 


L 
H(mean) = | Hai 
0 


BY 
id 6s) Happ’) — +” =e “an 
4 7 2) By Ms 7) ‘BY 
we ; a s Ag : 
= Pah — 8) ae rr | 


where f>, 8,, and 0, «,, are the values at BS’ and B;’, respec- 
tively, of the integrals 


B = — J Hd(]B’) 


and a =(1 +A) f Hd(A/B’) 
the relation of B” to H being given by eqn. (1). The change of 
sign between the two terms in eqn. (3) should be noticed. 
Application of the method requires the preparation of curves 
for 6 and «, derived by graphical integration from the original 


* With rationalized M.K.S. units, densities being in webers per square metre, 
H would be replaced throughout by 47/10 x 10—° ampere-turn per metre. \ 
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Fig. 2.—Derivation of integral curves from given B/H curve. 
B= — f Hd(1/B”). 
a = (1 +A) f Hd(H/B”). 
(a) Original curve of B to a base of H. (e) Deduced curve of H/B” plotted to base H. 
(6) As at (a) but with enlarged scale of H. (/) «/( + A) plotted against H/B’’. 
(c) B’ plotted to the base H. (g) @ plotted against the two different scales of 1/B’’, and with the scale of 
| (d) Deduced curves of 1/B” to base H, using two scales of 1/B’’, shown 6 enlarged tenfold for the lower part. 
by right-hand margin, and the two scales of H. (h) Flux density equal to AH, plotted to base of H. 
| 


magnetization curve of the material and a value of A appropriate 
to the work in view. The lower limit of integration is arbitrary 
nd need not be known. The curves can be extended to den- 
sities below the lower limit of integration if required; the values 
of 8 and « simply become negative. 


| (2) CONSTRUCTION OF WORKING CURVES 

./ Fig. 2 is an example of the graphical work, for a variety of 
fow-silicon core steel, A being taken as 1/3—i.e. (gross core 
length)/(met iron length) = 4/3. The original curve of B to a 
oase of H is (a); the lower part, curve (5), is drawn to an enlarged 
scale of H. Curve (c), obtained by adding H/3 to the values 
bf B, gives B”’ to a base of H. The deduced curves of 1/B” 
and H/B” plotted to the base H are shown by (d) and (e); the 
former has been plotted in two parts, using the two scales of 
{/B” shown at the right-hand margin, and the two scales of H, 


for densities above and below 14kG respectively. The lower 


limit of integration has been taken as 5kG; the integrations 
therefore commence at 1/B’’ = 0:2 and H/B” practically zero. 
The H/B” curve being nearly straight is readily integrated by 
ordinates; the 1/B” curves require a planimeter. The resulting 
values of «/(1 + A) and of B [see curves (f) and (g}] are plotted 
against the vertical scales of H/B” and 1/B” respectively, the 
latter in two parts, using the two different scales of 1/B’’ and 
also an enlarged scale of 8 for the lower part. For any value 
of 8, reference to the curve of 1/B” gives the corresponding value 
of B’, which is then re-plotted in Fig. 3, to a base of 8, where it 
may be seen as the curve marked s/t = 0; its lower part is plotted 
to an enlarged scale of & and is shown by the broken curve. 
It should be noted that the 8 values need to be read accurately, 
since they are multiplied by B’. The « values could, of course, 
be shown in terms of B” by separate curves; but they are more 
conveniently shown against the corresponding values of f, by 
the separate non-uniform scale at the top. 

It is unnecessary to extend the graphical integrations beyond 
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Fig. 3.—Working curves for material of Fig. 2. 


HA nean = 


Ne ee Se ee ee ee 


to 
< BY 
ae (Ba 


the saturation point, which in this material occurs at B = 21:1kG, 
H = 1000 oersteds, and By = 20:1kG. At higher densities 
B=B)+H; and therefore B’ = By) +(1+A)H, or H= 
(B” — B)/ +A). Thus 


4 1 
[HaayB’) = Te Byd(1/B’) 


1 B 
=~ | (109, 2° + 2), 
' By Mg 
n 1 Biivet Bi Staiie 
and B, —B, = ~ | Haas \\ er y (toe 4 B oh z) 
BY 


. (4a)* 


* With rationalized M.K.S. units this expression would be multiplied by 107/4x; 
eqn. (4b) would not be affected. " 


Pr) + 5 (a) — a4) 
= 


t2 


Similarly. | Hd(H/B’) = (5-5) Fol toe. weg 4 


BY 
and a) — oy = (1 +))| HdCH/B’) = (PB, — B,)By - (48) 
BY 
In Fig. 3 the curves have been extended beyond f = 4:6 and 
a = 30 in this way. For practical convenience a set of curves 
giving apparent density B’ for a series of values of s/t up to 2-0 
is constructed by adding the values of (s/t)H to the bottom 
curve; the appropriate values of H are obtained by reference 
back to the curve of B” in Fig. 2. Pe 
Although a particular value of A has been assumed, there 
no perceptible error in applying the resulting curves to a class of 
work in which A’ actually has a somewhat different value, pro: 
vided that an artificial adjustment is made in the slot width, 


\- 
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that (1 + s‘/t)(1 + X’) remains correct (at the narrow end of the 
tooth); i.e. if (s’ + t) is modified inversely as (1 + 2’). 

For a solid core, such as a turbo-generator rotor, A provides 
only for radial ducts; where there are no ducts A = 0, and Hird’s 
original method is a complete treatment. 


(3) NUMERICAL EXAMPLE 


A tooth 7-65in long tapers in width from 1-84in to 1-02in, 
the slot being 0-89in wide; the gross core length is 95in, and 
the net iron length is 70in. Find the total m.m.f. required for 
an apparent flux density of 24kG at the narrow end of the tooth: 


Since the actual value of ’ is given by 

N = 95/70 — 1 = 0-357 
t> + s = 1-91 in must be increased to 
ty + 8’ =1-91 X 1°357/1-333 = 1-945in 
making s’ = 0-925. 
_ Then we have, referring to Fig. 3, 
 ty=1-02 s’Jt2= 0-905 BL=24-0 Bo= 
_ t=1-84 s‘/t,notused. Bi=13-3 B,= 


t)—t2=0-82 


1 ¥ 
pi 


2 2. a 
H(mean) = ae x 24-0 x 6-49) =f x 72) 


= 194 + 81 = 275 oersteds. 


A carefully plotted curve of the values of AH calculated at eight 
sections of the tooth confirms this value. 
Thus total ampere-turns = 275 x 7:65 X2:54 x 10/477 = 4250. 
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THE USE OF THE BLACKBURN A.C. NETWORK ANALYSER IN THE ANALYSIS OF 
POWER SYSTEM FAULTS 


By J. H. BANKS, M.Sc., and K. C. PARTON, B.Sc., Graduates. 


(The paper was first received 23rd September, 1955, and in revised form 28th December, 1955. 
in April, 1956.) 


SUMMARY 

The paper describes the use of the Blackburn a.c. network analyser 
in analytical and analogue methods of investigating faults on 3-phase 
power systems. In the analytical approach, after defining the faults 
in matrix form by symmetrical components, the ensuing equations are 
solved using the Blackburn analyser without the need for further matrix 
manipulation. 

In the analogue method, it is shown how the constraints imposed 
upon the phase voltages and currents can be applied directly to the 
sequence networks by the connection of symmetrical-component 
operational matrices at the fault positions. No knowledge of the 
relationships between the symmetrical-component currents is required, 
but it is necessary to know the relationships existing between the phase 
voltages and currents by virtue of the applied faults. 

The ‘equivalent series’ connections of the sequence networks, derived 
recently by Kirschbaum in America for application to the conventional- 
type network analyser, are shown to be unnecessary when using the 
Blackburn machine. 

Finally, systems containing unsymmetrical simultaneous faults are 
investigated using both methods. 


LIST OF SYMBOLS 


V, I, Z = Voltage, current and impedance matrices, respec- 
tively, of the system in terms of phase quantities. 
V’, I’, Z’ = Voltage, current and impedance matrices, respec- 
tively, in terms of symmetrical-component para- 
meters of the system with balanced faults. 
Voltage, current and impedance matrices, respec- 
tively, in terms of symmetrical-component para- 
meters of the system with unbalanced faults. 
C = Fault-constraint connection matrix. 
A = Symmetrical-component connection matrix. 


Vee 1G, Ghee a 


0, 1, 2 = Subscripts denoting zero, positive and negative 
phase-sequence components respectively. 
a= — 0°5 + j0°866. 


(1) INTRODUCTION 


Whilst the prime functions of any analogue machine are to 
simulate electrical and physical problems in model form, its 
value is greatly enhanced if it may also be used as a mathematical 
tool in analytic investigations. The Blackburn type of a.c. net- 
work analyser possesses this facility and for many problems, 
therefore, has distinct advantages over the conventional form of 
analyser which employs variable-impedance elements. When 
applying the Blackburn analyser! to interconnected-network 
problems, ‘ideal’ voltage transformers are used to represent the 
various resistive, inductive and capacitive components of the 
network. Negative resistors, resistance-free inductors and cur- 
rent sources can be represented without difficulty by single 
universal units of the analyser, whilst two units coupled together 
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serve to represent mutual inductors, network transformers and 
other coupling effects. When employing the machine as a 
mathematical device for the solution of simultaneous equations, 
for instance, the voltage transformers are interconnected to form 
the various coefficients of the unknown variables. te 

The application of the Blackburn analyser to the solution of. 
fault investigations in 3-phase power systems may entail the use 
of both its analogue and mathematical facilities. For instance the 


most general type of series fault?-© which can occur in a Sohal 


transmission system is one in which three unequal impedances 
are introduced in the three line conductors between two points 


sequence networks directly to meet the constraints imposed by 
such a condition, since the mutual-impedance elements in the 
network equations of performance are non-bilateral. 

It is possible to overcome this complication in two ways. 


in the system. There is no simple way of interconnecting the 


first is to define the equations of the faulted network oe ae 
and to solve these either on the Blackburn analyser or by an ' 
automatic digital computer. The second is to interconnect the 
sequence networks by means of symmetrical-component opera-— 
tional matrices to form the phase values of voltage and current | 


connection to fulfil the fault condition. Both methods are | 
described in Section 2, and their application is considered in | 
Section 3. 

If the series fault is symmetrical with respect to the reference | 
phase, the mutual-impedance elements are bilateral, and solution | 
is possible by classical analogue and analytic methods. For those — 


: 
and then to constrain these phase quantities by further inter- | 


| 


| 


| 
cases of fault in which the real parts of the impedances of two of | 


the line conductors exceed the real part of the third line conductor | 


impedance, negative-resistance elements appear in the inter- | 


connected sequence network and representation of these cases IS ~ 
not easily possible by a conventional a.c. network analyser; no | 


difficulty is experienced when employing the transformer analogue | 


machine, however. | 


The methods described herein may be applied to all types of | 


fault, including simultaneous dissymmetries. Since they are con- | 
cise in principle they may be set up with ease when using a large - 
Blackburn analyser. For smaller analysers, the statement of the. 
problem in matrix terms may first be condensed by the evaluation — 
of matrix products. 

Although the paper is a statement of principle, expermmental 
experience has indicated that errors incurred when employing the | 
analogue form of solution on the Blackburn machine will be | 
within +2°% of base quantities, for all but the largest networks. _ 

Larger errors may be met when evaluating the matrix equations 
if the component equations are ill-conditioned. 


(2) ANALYSER AND MATRIX TECHNIQUES 
(2.1) Transformer Analogue Representation 


A full description of the principle and working of the Blackburn 


analogue machine can be found elsewhere,! and it will suffice here 
to mention the basic principle. 


| 


\ 


_ If a voltage x is applied to an ideal transformer tapped in the 
ratio of 1/y the output voltage obtained will be of magnitude yx. 
‘This was developed by Blackburn, using two transformers and 
two voltages to represent complex quantities, in order to multiply 
the voltage x + jx’ by a constant y + jy’ to give the output 
voltage (yx — y’x’) + j(yx’ + yx). By reversing the polarity of 
the tapped windings, it is possible to make either y or y’ negative 
at will, permitting the facile representation of any impedance 
eA ae JB. 

Where analyser transformer circuits are shown in this paper 
they will in general be drawn for non-complex quantities in 
order to keep the principle of the interconnections as clear as 
possible. Wherever non-complex multiplications are shown, 
however, complex multiplications may always be performed with 
standard Blackburn analyser units.! 


(2.1.1) Matrix Representation. 

| A group of complex multiplier and mutual units may be used 
to obtain the solution of a set of simultaneous equations with 
complex coefficients. 

- Consider the simultaneous equations 


V,=2Zy-4 4-22. A a) 
: Vg 2y oy 292: 1) 

which may be written in matrix form as 

| V; 

: = (2) 
| V, 


On the Blackburn analyser, the equations would be represented 
by the circuit of Fig. 1, where the lower windings of each trans- 
former have unit numbers of turns and the upper windings are 
apped to the values Z,;, Z;2, etc. The settings of the mutual 
pedance in each row of the analyser are such as to inject 
appropriate voltages into the other rows. The physical arrange- 
ment of the analyser units shown in Fig. 1 thus corresponds to 
the transposition of the impedance matrix. 


Fig. 1.—Blackburn analyser connections for solution of matrix 
equation of order 2. 


|. By applying the voltages V, and V7 at the left-hand terminals 

shown, the voltages appearing at the right-hand terminals will 

ve the solution for J; and /, respectively. 

| Generally, by applying voltages x to the left-hand column of a 

trix equation circuit similar to that of Fig. 1, the resultant 

utput voltages y on the right-hand column represent the solution 
o the matrix equation x = zy, where z may be any matrix. 

| If, however, the identical matrix z is used, but the voltage x is 
ow applied to the right-hand column, the resultant voltages y’ 

\ppearing on the left-hand column will represent the solution to 

> equation 

Ws GX or x= zy’ 
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Hence, in general, any impedance or connection matrix can be 
used directly to operate as its matrix inverse by simply inter- 
changing the input and output connections. 


(2.1.2) Matrix Multiplication. 


Matrix multiplication may be performed~on the Blackburn 
analyser machine by direci interconnection. For example, if 


a b e ii 
Vhoe= : geet Mice of (5) 
c d g h 


the Blackburn circuit for the evaluation of Z will be shown as in 
Fig. 2. If, however, 


a | b 
fo 
c | d 


then Z will be evaluated by the interconnections of Fig. 3. 


(4) 


Fig. 3.—Blackburn analyser connections for multiplication of a matrix 
inverse by another matrix. 


It is possible to simplify matrix products by combining any 
number of connected matrices into an equivalent matrix, with 
the values of the elements rapidly determined by the following 
procedure. 

(a) After connecting together the block of matrix products, 
unit voltage is applied to the first element of the output column 
vector and zero voltages to the other elements of this vector. 

(b) The voltages in all elements of the input column vector are 
now measured and their magnitudes are those of the elements in 
the first column of the equivalent single Z matrix, as shown in 
eqns, (5) and (6). 


(5) 
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(c) This procedure is repeated with unit voltage applied succes- 
sively to each element of the output column vector, until each 
column of the equivalent Z matrix is evaluated. 
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be seen to be tapped at a, i.e. — 0-5 + j0-866; two at a”, ie) 
—0-5 — j0-866, with the remaining unit having all windings set 
at unity. 

The expression Z’ = AZA7! can therefore be used to evaluate 
the symmetrical-component impedance matrix directly from a 
given 3-phase impedance matrix by the interconnection of Fig. 5, 
It will be noted that the first A4—! matrix has been inverted to an 
A matrix, since it is more convenient to interconnect this inverse 
due to the absence of the factor 1/3. 


a 
0900 


6000000 


1 


Fig. 4.—Blackburn analyser connections for symmetrical-component operational matrix. 


(2.2) Symmetrical Components 


The symmetrical component currents 1’ = Up, 4, 1,) and vol- 
tages V’= (Vo, V;, V2) are defined in terms of the three phase 


currents I=(,, J,, J.) and the line-to-neutral voltages 
V =(V,, Vs, V.) by the relationships 
TG S= A Ces ae ni ce ie 18 Slew ona) 
and Vi AVE pte gcd (yor tye eget teed) 
where 
(9) 
The inverse relationships are 
I= AJ’ (10) 
and Vas Jy? (11) 
where 0 1 2 
(12) 


The transformation law of impedance follows, for if in the 
old (phase) system of reference V = ZI, and in the new (sym- 
metrical-component) system of reference V’ = Z’/’, then 
V’= AV = AZI = AZANT 

ZA Ags 


and thus (13) 


On the Blackburn analyser, the symmetrical-component bpera- 
tional matrix consists of five analyser units, with the complete 


| 
i 


| 
dance matrix to equivalent symmetrical-component impedance | 
i 


Fig. 5.—Matrix interconnections for transformation of phase-impe- 
matrix. | 


(2.3) Kron Constraint Technique | 

The zero, positive and negative-sequence networks for a | 
3-phase system with balanced phase impedances are separate | 
and distinct from one another, and the positive-sequence network | 
is the single-phase representation of the system. Using Stigant’s 
rule (see Section 3.1) it is comparatively easy to write down the 
impedance matrix for such a network. Thus the primitive net- | 
work chosen for the calculation of the steady-state fault currents 
is the symmetrical-component representation of the system, all, 
faults having been replaced by a balanced condition. The 
impedance matrix of the primitive network will be denoted by 
Z’, and the voltage and current matrices by V’and J’ respectively. | 

A connection matrix C is obtained by expressing in the form) 
I’ = Cl” the relationships between the mesh currents of the 
primitive network J’, and the mesh currents actually necessary 
for the analysis /’. The number of currents in J” will be less 
than those in I’ because of the relationships existing between the | 
sequence currents pertaining to an unsymmetrical fault.4 

Kron? has shown that the new voltage matrix V” is given by 


V" = CV (14) ° 
and the new impedance matrix Z” is given. by aa: 
2” =EZ2C (15). 


where C, is the complex conjugate of the transpose of C. 


Eqns. (14) and (15) enable the voltage and impedance matrices 
if the symmetrical-component representation of the unbalanced 
lystem to be calculated. The required currents may now be 
'valuated, either by hand, using a desk calculating machine for 
jmall problems, or by an automatic digital computer for larger 
|roblems. Alternatively, the problem can be set up and solved 
lirectly by connecting together the original matrices on the 
$lackburn analyser. 

By considering the application of an earth fault at the terminals 
)f a 3-phase generator, the balanced fault condition will be defined 
by the impedance matrix 


: (16) 
ince the sequence networks are isolated. 
_ The constraints imposed by the earth fault are such that 
Io 
I, (17) 
IL, 
\, that the connection matrix is given by 
(18) 


‘hen the faulted impedance and voltage matrices are given by 
i} 
(19) 


(20) 


Zee C= 25 + 2, + Z, 


V" =6,V’ = V, 


| (2.4) Blackburn Treatment of Kron Constraint Approach 


| By rewriting V” = C,V’ in the form V’ = ()-!”, the block 
jiagram of the connections needed for solution of Section 2.3 on 
nae Blackburn analyser is shown in Fig. 6. If the symmetrical- 


. 6.—Block diagram of analyser interconnections for the solution 
_ of any fault expressed in terms of the symmetrical component, 
matrix Z’. 


Dmponent voltage matrix V’ is now applied, the resultant sym- 
trical-component fault currents I’ are given directly. This 
k diagram is general for all types of fault. 

|For the above example of a single-line-to-neutral fault, the 
complete Blackburn interconnections are given in Fig. 7. The 


dltage output V” of the first G, matrix is seen to equal V,, and 
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Fig. 7.—Blackburn analyser connections for matrix solution of 
line-to-earth fault. 


for voltage balance in the second C, matrix, V’’ must be equal 
tO Zo LZ le Zs 


Vy 


ie. Tes ee 
is LS ETB 


(21) 
giving the requisite constraint equation for the earth fault 
condition. 


(2.5) Blackburn Analyser Constraint Method 


Since the Blackburn analyser can readily transform sym- 
metrical-component quantities into phase quantities and vice 
versa, it is possible to analyse any type of fault dissymmetry 
directly without extensive knowledge of symmetrical-component 
manipulation or matrix techniques. The procedure may be 
stated as follows. 


(6) (c) 


Fig. 8.—Analyser phase-constraint interconnections. 
(a) Blackburn analyser interconnections of sequence networks for any fault. 
(b) Phase constraints for application of single-line-to-earth fault. 
(c) Phase constraints for unbalanced 3-phase load. 
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(a) The three sequence networks are constructed from system 
data and broken at the point or points of fault. 

(b) These terminations are then connected through sym- 
metrical-component operational matrices, and the three output 
quantities obtained on the phase side of the symmetrical-com- 
ponent operators. The system of interconnection is shown in 
Fig. 8(a). 

(c) The constraints required on the phase quantities at the 
point of fault are now applied directly. 

(d) The analyser is energized and the sequence component and 
phase quantities are measured. 

Considering the case of a single-line-to-earth fault as in 
Section 2.3, the phase connections required will be as shown in 
Fig. 8(). As in normal Blackburn analyser procedure, the 
voltage leads are interconnected in similar fashion to the con- 
figuration of the actual system conductors. 

Also, since the currents J,,, J,, and currents J,,, J, must be 
identical, they are connected together, so that the analyser 
voltage representing J,, is the same as that for J,,,; similarly the 
voltage representing the current /,, is equal to that representing /,,, 

The unknown phase-fault current I is given by the difference 
between the voltages representing the currents J,,. and J,, 

Further analysis of the method is given in the Appendix 


(3) FAULT ANALYSIS 


(3.1) Open Conductor on Line a 
(3.1.1) Matrix Treatment. 


Consider the 3-phase system of Fig. 9 shown operating 
normally. The equations of the network may be written down 
most directly using Stigant’s rule’, which is defined briefly below. 


Fig. 9.—Three-phase system, operating normally. 


The paths of the independent mesh currents are chosen to suit 
the problem under consideration, and the elements of the impe- 
dance matrix are found as follows: 

(a) A diagonal element such as Z,, 
the path of mesh current a. 

(b) A non-diagonal element such as Z,, is the impedance 
common to the mesh currents a and b. It is positive if J, and J, 
flow through the impedance in the same direction, and negative 
if they flow in opposite directions. 

For the system portrayed in Fig. 9, therefore, the matrix equa- 
tion of performance is given by 


is the total impedance in 
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Now 


Substituting for (/,, J,, J.) in eqn. (22), and multiplying through- 
out by A~!, the equivalent symmetrical-component equation is 


4} 
(24) 
This is the symmetrical-component equation describing the 


normal operating condition of the system of Fig. 9, and may be 
more concisely expressed as | 


Ve (25), 

The constraint imposed by the opening of line conductor a is. 
that given by the symmetrical-component equation | 
Ltb+pes (26). 

i 

The unsymmetrically faulted condition may thus be expressed in| 
terms of two sequence components, and the relationship between | 


the unfaulted sequence components and those of the fault case | 
becomes Bol 


| 
| 
i.e. Diem (OY (28) 
C is therefore defined for this case. | 
Hence Ci 29) 
and 
3Z, +3Z, +9Z, | 2b dar a*) 
+Z,1 +a — 2a?) 


(30) . 


Zy(1 = 2a2 + a) 


32, 2 32, 
+Z(1 + a? — 2a) 


The fault voltage matrix V”, equal to C,V’, becomes 


Ve 0) ( Vigsa 
Kagid ao CPs 


Vv’ <n DAES [ee 


aes )) 


Va 2) 


and 
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i.1.2) Blackburn Analyser Solution in Matrix Terms. 


By connecting up matrix blocks as explained in Section 2.2, 
is possible to solve the problem directly from a knowledge of 
1e phase voltages, the phase impedance matrix and the con- 
‘raint matrix C, 
| The resultant connection of matrices required in order to carry 
jut the sequence of operations explained in Section 3.1.1 is shown 
) Fig. 10(@). The final A~! matrix has been inserted at the 


i 
; 


(b) 


| Fig. 10.—Analyser interconnections for open-conductor fault. 


(a) Block diagram of matrix interconnections on Blackburn analyser for any fault 
ipressed in terms of the phase-impedance matrix Z. 
(6) Phase constraints for open-conductor fault on phase a. 


| 
ad, in order that the final voltages obtained may represent 
irectly the phase values of the fault currents on the system. 


T 


| For an analogue solution, the method explained in Section 2.4 
‘ould be directly applied, the actual connections of the phase- 
irrent quantities being given in Fig. 10(). 


1.1.3) Direct Solution by Blackburn Analogue. 


(3.2) Unbalanced Loading of 3-Phase System 

2.1) Matrix Approach. 

When considering the general case of the 3-phase system in 
ction 3.1, the non-diagonal elements of the equivalent sym- 
ietrical-component matrix equation were seen to be non- 
Hateral. When Z, = Z,, the impedance matrix Z’ becomes 


(33) 


uch a matrix is capable of equivalent-circuit representation, 
shown in Fig. 11. 

| When the real part of Z, exceeds the real part of Z,, representa- 
on of the resulting negative resistance is not easily possible by 
onventional analysers, and an alternative form of equivalent 
cuit is necessary. Kirschbaum in America has recently advo- 
ated an equivalent series circuit to overcome this limitation, 
hich is shown in Fig. 12, but it will be seen that considerable 
ulculation of admittances is necessary. 

When using a Blackburn analyser, however, no such trans- 
rmation to the dual is necessary, since negative-resistance 
resentation presents no difficulty, as described in Section 2, 
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(lag + Iaz+Ila5) 


Fig. 11.—Equivalent shunt interconnections for series unbalance, for 
the 3-phase system of Fig. 9. 


Fig. 12.—Equivalent series interconnection for series unbalance of 
3-phase system. 


and consequently the equivalent circuit of Fig. 11 may be used 
directly. 


(3.2.2) Blackburn Constraint Technique. 

A 3-phase unbalanced load may be directly coupled into the 
system in accordance with Section 2.5, and no restriction is 
necessary on the relative values of the 3-phase impedances, which 
may all be different. The scheme of the phase interconnections 
is shown in Fig. 8(c). 
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(3.3) Simultaneous Fault Condition of Open Conductor on Phase 
a and Single-Line-to-Earth Fault on Phase 5 


(3.3.1) Matrix Approach. 

Consider the two-machine system shown in Fig. 13 with an 
open conductor on phase a and an earth fault on phase 5b; the 
impedance of the fault path is composed of the arc impedance 
Z, and an earth impedance Z,. 

The balanced condition chosen is that of both machines con- 
nected with a balanced star load of phase impedance Z, and 
neutral impedance Z, at the fault point M. This condition is 
represented by Fig. 14, and using Stigant’s rule, the matrix 
equation of the network in terms of the mesh currents shown is 


Vv’ mae PAG (2 
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Fig. 13.—Three-phase system having an open conductor on phase a 
and a line-to-earth fault on phase b. 


or 


The constraint matrix is built up from the following considera- 
tions. First, the currents in the f mesh are subject to the 
constraint of a line-to-ground fault on line b so that 


Tyo —— arty = al, 


Secondly, the currents in the s mesh are subject to the constraint 
of an open conductor on line a so that 
DP mo) Neo) Foy Mo 


Analysing in terms of Iy9, Io, and J,,, the connection matrix 
becomes 


The final impedance matrix is derived as before from the 
expression Z” = C,Z’C. Equivalent-circuit representation is not 
possible as the mutual-impedance terms are non-bilateral, but 
the analytic solution may be obtained directly on the Blackburn 
analyser as indicated in Fig.10(a). The unsymmetrically faulted 


(d) 


Fig. 14.—Analyser interconnections for simultaneous fault. 


(a) Symmetrical-component equivalent circuit of the system of Fig. 13 wit 
unsymmetrical faults replaced by a balanced fault condition. 

Or. Eas constraints for open conductor on phase a and single-line-to-earth 
on phase b. 


i . . ae . 
apedance and voltage matrices for this condition are given 
elow. 


(36) 


(37) 


).3.2) Blackburn Analogue Solution. 


Following the procedure already established, the resultant 
aterconnections required at the point of fault are as shown in 
jig. 14(d). 


I) (3.4) Use of Clarke «, @, 0 Components 


| Whilst the analysis of unbalanced fault conditions has been 
tformed throughout this paper using the symmetrical com- 
Foss of Fortescue, the «, 8, 0 components of Clarke may 
ften be applied with profit to effect a simplification in the 
aterconnections between the component networks, to reduce the 
mount of phase-shift incurred, and to avoid the representation 
f negative resistances. 

| The choice of components is, however, immaterial when the 
nalysis is performed using matrices, since no complication is 
reated by the presence of non-bilateral mutual impedances. 
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(7) APPENDIX 


With reference to Figs. 8(a) and 8(b), the following constraints 
apply. 


(a) Voltage constraints: 


Ve Vy ==1()) 
Veet by 
and Ve SV, 


from which 
Vox Las V2. = Voy “i Lae Voy = 0 
Vox + a Vix aV, = Voy a yy y aVy 


and Vox + av, f a2V>,. — Vo, - aViy : a?V>,, 


Simplifying, Vox = Voy = Vo 

Ke Vy a 

Vg ae 
and Vo+tV,+V,=0 
(b) Current constraints: 

Lig Hy = 0 
and dos toy 0 
from which 
Io, + 7h, + ab, + hy + ah, + aby =0 

and Tnx + ah, + ah, + Ip, + ali, + ah, = 0 


Simplifying, Ip, + loo = hy + hy = fy, + by 
Le. I = I, = I, 


But from the normal phase-sequence circuits used on the 
analyser, it follows that 


Vo = LZ 

Pie hey Ey 

Va = 1oZo 
But since Vo+tVY,+V¥2,=0 
and h==h=! 
therefore IZy + IZ, — E; -- 125 = 0 
j Ey 
Le. A> FETED, 


in accordance with known theory. 
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H.F. BEARING VARIATIONS ON AN ADCOCK DIRECTION-FINDER ) 
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(The paper was received 7th December, 1955. 


SUMMARY 


Measurements on a number of transmitters at ranges from 1000 to 
5000km show that the variance of snap bearings within a period of 
half an hour is of the order of 10deg?._ To reduce this variance by a 
factor of ten, time averaging over about Smin is required when the 
bearings are taken at 10sec intervals. Bearing changes from hour to 
hour and from day to day have a variance of about 1 deg? and thus 
set a limit to the error reduction obtainable by averaging over a half- 
hour period. The results are consistent with previously published 
estimates of bearing variances. 


(1) INTRODUCTION 


When directional observations are made on high-frequency 
signals from a distant transmitter, the apparent bearing is found 
to vary with time, owing to changes in the ionosphere. With 
continuous-wave signals there are often large bearing fluctuations 
within periods of the order of seconds, but it is known that 
much longer periods are also significant. Some data on the time 
scale of the most rapid variations have been given by Bain.! 
The present paper gives the results of measurements over longer 
periods of time, which enable the relative magnitudes of the 
faster and slower fluctuations to be estimated. 


(2) DESCRIPTION OF EXPERIMENTS 

For the main experiments a number of strong and reliable c.w. 
stations were chosen for regular observation over a period of 
three months, January-March, 1954. In addition, as pulse 
transmissions from Malta were available at the time, a few 
measurements on the first-order F-reflections from this station 
‘were included. The details of the transmitters used are given 
in Table 1. 


Table 1 


TRANSMITTERS STUDIED 


Station Frequency Distance Bearing 
Me/s km deg 

Schwarzenburg .. a 6-165 780 128-8 
GOteborg .. Ss a 8-754 1010 44-9 
Prague ie A 3 8-910 1040 91-6 
Warsaw... i of 11-534 1470 78-1 
Helsinki .. Se Bs 8-706 1850 48-9 
Malta ie ie = 11-210 2120 139-6 
Sackville .. fe a 17-82 4610 289-6 
Schenectady vs Ae 17-76 4990 290-2 


The measurements were all made between 0930 and 1730 hours 
U.T., and in the case of Sackville and Schenectady they were 
confined to the afternoon period between 1400 and 1730 hours. 
Each sequence of observations on a station consisted of about 
100 snap bearings, taken visually on the cathode-ray direction- 
finding display of an Admiralty-pattern twin-channel receiver.” 


Correspondence on Monographs is invited for consideration with ‘a! view to 
publication. 

The paper is an official communication from the Radio Research Station, Depart- 
ment of Scientific and Industrial Research. 
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It was published as an INSTITUTION MONOGRAPH in April, 1956.) 


At the outset of the experiments the interval between snaps was | 
made 20sec, and the readings were taken by the method used 
previous series of observations of this sort, namely by attempting | 
to judge the instantaneous position of the cathode-ray-tube tr | 
and setting a rotatable cursor in this position. This method was, 
however, soon replaced by an improved)technique, in which a 
pushbutton switch was used to brighten the trace momentari 
A cathode-ray tube with about 5 sec afterglow was used, and the 
procedure for taking a bearing was simply to set the cursor on 
the stationary afterglow trace. The bulk of the observations | 
were made using this technique, at a rate of either four or six pet | 
minute. In all cases the snap observations were made at regular | 
time intervals, independently of the signal conditions. If a 
reading was missed owing to a fade, or to interference, the 
reason was noted, and also any readings taken under conditia 
of a fairly deep fade, as judged by the operator, were specially 
marked. 

,On each day on which the observations were made, local ‘spel 
instrumental calibrations were carried out with a portable 
oscillator on the frequencies and true bearings of the transmitters | 
used. At the time of the experiments, access to the field in the|| 
immediate neighbourhood of the direction-finder was 
available, except for the path leading to it, and so the oscillato 
had to be placed at the appropriate bearings outside the edge ¢ 
the field, some 150-300m from the direction-finder. 
two American stations, moreover, the reciprocal bearings had 1 | 
be used, as only the eastern edge of the field was accessible, 
These local tests could therefore not be regarded as providing | 


accurate absolute calibration, but merely served to indicate 
changes in instrumental balance. t 


(3) RESULTS | 
(3.1) Short-Period Variations | 
For each set of about 100 bearings taken in a period of 


Calculated, using all the readings obtained. These usual | 
contained a number of widely deviated bearings owing to the. 
more extreme effects of wave interference. These conditions 
often produced small signal amplitudes, leading to comparatively 
large polarization errors, in addition to the wave interference 
errors. To eliminate such cases, therefore, the analysis was 
repeated after exclusion of all readings lying outside a range 
arbitrarily chosen as +30, which would be expected to exclude 
0:27% of the results if their distribution was normal. This 
process of eliminating ‘wides’ was repeated if necessary until all | 
the results lay within & + 30, x and o now referring to the values’ 
still remaining in the sample. As a check on the effect of fades 
alone, a third calculation of & and o? was made, this time! 
excluding from the original sample only those results designated 
by the operator as having been taken in a fade. ! 
Table 2 gives the overall results for each transmitter separately, ” 
and for all of them combined, for all the periods of observation, 
To eliminate the effect of bearing variations from period to period 
in combining the results, all deviations were measured from th 
mean of the period in which they were obtained. { 
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Table 2 
SUMMARY OF BEARING DATA 


: Numberor _Percentage o2 (dee? 2 2 Percentage of 62 (dee? 
Station bearings pier one LO (all cn pakecend 2 RAs Ree ae ad ede 

_ Schwarzenburg oA 3 166 0:7 13-1 2:0 8-7 2:4 11:8 

; Goteborg (a) 1890 0:8 62:2 1:6 S/O a Qt 56:0 

| Goteborg (d) ip 0:5 6-4 1-6 5-0) 2-0 5:4 

_ Prague 3 434 0-9 6:0 1:8 4-3 2°4 4°8 

| Warsaw .. 2089 1:0 3°8 2:8 2:5 2°6 3-4 
Helsinki .. 1679 1-0 10-7 2-1 7:6 2-9 OES) 
Malta .. 827 5°9 2°6 1-9 2:0 D9) Pas 
Sackville (a) 2152 pyeen) 35:0 Qa PINES Depp B35 
Sackville (b) 1861 Ze 13-0 2:6 7:4 Pip) PAY? 
Schenectady (a) 1 500 2:3 58°4 1:9 50°7 4:9 53-0 

| Schenectady (5) 1 400 2°4 13°+3 1:9 9-1 5:0 Dots 

) All stations (a) .. 16737 1-4 2-1 21 iS 2°6 20-0 

|All stations (5) .. 16213 1-4 8-9 2°1 6-0 6 1 

4 


' It will be seen that double entries in Table 2 have been made 
n the cases of Goteborg, Sackville and Schenectady. For all 
ne stations, the variances in individual periods varied con- 
iderably, over a range of about 10: 1 (3: 1 or 4: 1 for standard 
‘eviations), but for the three stations just mentioned, there were 
‘ome periods (two on Goteborg, three on Sackville and one on 
‘chenectady) in which the results were quite anomalous, in 
spect of very large variances, many times removed from the 
sual range of values. As these periods weight the overall 

ults, given in line (a) for the three stations, very heavily, 
-second line (6) has been added showing the results obtained 
hen the anomalous periods are excluded. These exceptional 
esults were obtained at normal times of observation of the 
tations concerned, and do not appear to have been associated 
yith clear-cut skip conditions, although the signals were some- 
hat weaker than usual. On Sackville and Schenectady the 
vansition from normal ray to skip conditions appeared to be a 
ather gradual effect, and there was a definite tendency for the 
irger variances to be associated with the weaker signals, as 
lustrated in Fig. 1. The figure shows the standard deviation 


SACKVILLE 
17°82Mels 


SCHENECTADY 


7h 26:2 17-76 Mc/s 


40 50 60 30 40 50 60 


RELATIVE SIGNAL STRENGTH, dB 


Fig. 1.—Variation of standard deviation with signal strength. 


br a period plotted against the approximate mean signal level 
decibels during the period, relative to an arbitrary zero. 
. similar effect is suggested weakly in the Warsaw and Helsinki 
ata, but is not apparent in the results from the other stations. 
| thus appears to become more pronounced with increasing 
stance, and it may be noted that Sackville and Schenectady are 
ne only ones for which the transmission path would require 
ore than a single hop. 

With regard to the general magnitude of the variances, the 
ults illustrate the very large bearing variations which occur 
hen truly snap readings are taken on c.w. signals. The variances 


are rather larger, on the whole, than the values obtained? in a 
similar set of measurements made previously with the same 
Adcock instrument, although the station which gave the largest 
deviations in that series (Prague, variance about 12 deg?) gave 


much smaller variances in the present tests. The two sets of 
measurements were made at the same time of year (three years 
apart), with very similar techniques, and the discrepant results 
illustrate the great difficulty of generalizing from one set of data 
to another, even under apparently identical conditions. 

The results do not establish any systematic dependence of 
variance on distance or frequency. The variances appear to rise 
at the shorter and also at the longer distances, but to set against 
this must be recorded the fact that a small sample of bearings 
(five periods, 471 observations) was also taken on Schenectady 
on a lower frequency, 15:32 Mc/s, and these yielded a con- 
sistently small variance of about 2-5 deg?. 

Sets of observations were frequently obtained on Sackville 
17-82Mc/s and Schenectady 17-76 Mc/s, in periods within an 
hour or two of each other, on the same days. These stations, 
operating on very nearly the same frequency and with their true 
bearings less than a degree apart, might have been expected to 
show some similarity in behaviour, but it was found that there 
was no correlation between the variations of either mean bearing 
or variance obtained on the two stations. Information has been 
obtained concerning the transmitting aerials used at Sackville 
and Schenectady during the period of the observations, by 
courtesy of the Canadian Broadcasting Corporation, and the 
General Electric Co., respectively. The transmissions were 
beamed towards Europe in both cases, and the polar diagrams 
in both horizontal and vertical planes were very similar. Each 
had a major lobe about 35° wide at 6dB down from the maxi- 
mum. The Schenectady beam was unchanged throughout the 
tests; at Sackville two orientations, 10° apart, were used on 
different occasions, but the direction of shoot was always within 
10° of the great-circle bearing of Slough. Thus the beam changes 
would hardly be expected to affect the d.f. results, and no 
recognizable effects were in fact observed. The diverse results 
obtained on the Sackville and Schenectady transmissions cannot 
therefore be ascribed to different transmitter aerial characteristics. 

The analysis of the effects of excluding wides and fades from 
the results shows that only about 2°% of readings fall into either 
category. The exclusion of wides results in a variance reduction 
of about 30% on the average, but the exclusion of fades, although 
these were slightly more numerous than the wides, brought about 
a smaller reduction, of about 10% only. Thus although the 
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results confirm that greater errors tend to be produced under 
fading conditions, the effect is only slight, and moreover the 
fades by no means account for all the wide bearings obtained. 
The variance obtained from the 1F pulse measurements on 
Malta is, with the exception of the 15 Mc/s Schenectady results 
mentioned above, smaller than any of the c.w. variances. This 
was to be expected since intermode interference was, of course, 
absent in the pulse observations. It is of interest to compare the 
Adcock variance with the corresponding figure obtained from 
simultaneous observations made on the same transmissions using 
a wide-aperture phase-comparison d.f. system.4 Using only 
periods when such joint observations were made, the Adcock 
results gave a variance of 1-6deg? and the corresponding result 
for the wide-aperture system was 0-17deg?. It is thus clear 
-that the deviations in the true direction of arrival of the signal 
are much magnified in the Adcock results. A marked difference 
in variance, often larger than the above and in some cases up to 
about 5deg?, has also been obtained in previous joint observa- 
tions with the Adcock and the wide-aperture system, on pulse 
transmissions from Sterling, U.S.A.,5 from Oslo and from 
Inverness. This extra variance must be ascribed to variable errors 
associated with the direction-finder itself and the surrounding site. 


(3.2) Medium-Period Variations 


Next will be considered the variations of a 5 min mean bearing, 
corresponding to what has often been referred to as the slowly 
varying component due to lateral deviation of the ionospheric 
waves. The analysis of the present results has been carried out 
by first calculating the mean bearing for each consecutive five 
minutes of observation, involving 15-30 snap readings, and the 
deviation of this mean from the mean of the whole period of 
20-40 min. The mean-square value of this deviation over all the 
data was then obtained for each transmitter separately. In this 
analysis no wides or fades were rejected, but as before the 
calculations were repeated for Goteborg, Sackville and Schenec- 
tady, after omitting the anomalous periods. Table 3 shows these 


Table 3 
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REDUCTION OF VARIANCE BY AVERAGING OVER 5 MINUTES 


nominal interval between observations, owing to occasion 
bearings being missed. 

These results on time averaging are intimately connected witt 
the question of the correlation existing between individu 
bearings at various time intervals. Thus if p, is the correlation” 
coefficient between readings j intervals apart, it is easily sho 
that 


n—1 


vt = Fin +25 J) 
or We pa D)p; 


Table 3 shows that 02/0? is always greater than 1/n, which | 
corresponds to the case of zero correlation between individual 
readings. 

If a correlation function of the form p(7) = e~7/ ig 
assumed, so that p; = pj, eqn. (1) becomes 


o2 m1 — pp Zen gee) 


ot n2(1 — p,)2 


imply an effective time-constant Ty of the order of 8sec for f 
bearing fluctuations. However, a closer analysis of the resul 
shows that the autocorrelation is not of the simple exponential | 
form assumed above, when observations over a period of twenty 
minutes are considered. Actual values of the autocorrelation 
existing at intervals of 10sec, 1 min and 2min have been co 

puted from the bearings taken at 10sec intervals, and the me: 
results for each station are shown in Table 4. It is seen that for 
the c.w. stations the correlation is practically zero on the average 
at 2min, but it is consistently positive, though very small, 2 
lmin. The Malta pulse results showed greater correlation at | 
1 and 2 min; it was found to fall to zero at between 5 and 10 min, | 
as previously found in pulse measurements at shorter distances.® | 
In Table 4 the ratio (o2/ 0%) of the 5min-mean variance to thi 


20sec intervals 15 sec intervals 
Station 
n ot on n of on n 

Schwarzenburg .. bc oe — — — 19 9-4 1-50 28 14-0 0-88 
Goteborg (a) .. a: a2 — — — 14 7-4 1:39 18 82-8 16:5 
Goteborg (6) .. Br, Pi — — — 14 7-4 1-39 18 6-1 1-46 | 
Prague .. ae ne Ad 14 6:2 0-92 18 4-5 0-36 28 6:0 0-47 
Warsaw .. af ah ea 13 3304 | 0-74 19 2°8 0-35 2h 4:2 0-19 
Helsinki .. ae aD = 13 6:0 0-97 18 11-0 1-59 26 11°9 1-09 
Malta... As a a 11 5-2 0:89 17 2:0 0-51 — _- — 
Sackville (a) HS ue A 13 Spa 1-42 17 45-3 B25 26 37°3 2°54 
Sackville (5) ar Sse fs 13 JEa92 1-42 17 8-6 0-51 26 13:5 LS 
Schenectady (a) as sad 14 56 0:72 19 On] 0-78 26 122 8-40 
Schenectady (b) eo a 14 5-6 0-72 19 Ca | 0-78 26 215 hs (3 
All stations (a) .. Ps ae 13 7-9 0-97 18 10:2 

All stations (6) .. oe as 13 7:9 0-97 18 7-0 


5min mean variances o2 for each station, and for all stations 
together, in three groups according to the rate at which observa- 
tions were taken, and also the variance o? of the individual 
readings taken in the appropriate rate group. Also shown are 
the average number of readings n actually included in each 5 min 
period; this number is less than would be expected from the 


of the individual values, for the results taken at 10sec intervals, . 
is also shown-for each station (these ratios are obtained from 
Table 3); it is seen that the ratio is higher, as expected, in the 
cases of the larger values of correlation. At the foot of the 
Table the mean values of the correlations for the c.w. stations 
are given, and also the corresponding mean values of 02/07, 


Table 4 


"ORRELATION BETWEEN BEARINGS TAKEN AT VARIOUS INTERVALS 


Correlation coefficient 
Station 2/7 

| 10sec 1 min 2 min 
iB 

ip 
) Schwarzenburg O13 0:06 |—0-04 0:06 
| Goteborg (a) 0:27 0-08 |—0-08 0:20 
| G6teborg (b) 0:28 0-05 |—0-08 0:24 
| Prague 0-12 0:03 0-01 0-08 
| Warsaw 0:10 0-01 |—0-03 0:04 
(Helsinki 0-13 | 0-15 | 0-08 | 0-09 
| Sackville (a) 0:24 0:06 0:05 0:07 
| Sackville (6) 0:25 0-07 0-09 0-11 

Schenectady (a) 0-10 0:06 0-06 0:07 
| Schenectady (b) 0-09 0-07 0-10 0:14 
| Malia — 0-14 0-18 — 
| Mean of c.w. stations (a).. | 0:16 | 0:06 | 0-01 0-09 
| Mean of c.w. stations () .. 0:16 : : . 


' The correlation data may be used to calculate the degree of 
ariance reduction obtainable by continuous averaging over 
various time intervals. For continuous averaging over time 7, 
ign. (1) becomes 


acai 

| ot 

a ' 1 ft 
(7) may be called the variance-reduction function. In order to 
talculate its value for any time 7 it is necessary to specify the 


1 
(1 — w)p(ur)du = F(7), say 


(3) 


alues of p given at the foot of Table 4 have therefore been used 
‘0 construct, tentatively, a curve giving p as a continuous function 
of 7, and this is shown in Fig. 2. No information concerning the 


Be - 
Coes 


20 100) =—- 200 
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Fig. 2.—Auto-correlation and variance-reduction functions. 

alue of p for less than 10sec could be obtained from the present 
esulis; in this region the curve has been drawn by assuming the 
orrelation to fall exponentially from unity, for values of t up 
© about tsec, ai a rate po reoponcing to a time-constant of 
sec, as given by Bain’s measurements,! and these values have 
n been joined up smoothly with those deduced from the present 
riments. 

_ Using values of p as given by this curve, the variance-reduction 
unction has been cbtained from eqn. (3) by numerical integra- 
ion. The resulting curve is also shown in Fig. 2. Regarding the 
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the period of the experiments were generally small, 
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use of the curves in this Figure it must be emphasized that they 
represent only average results, and considerable deviations from 
these may occur on particular occasions, depending on the 
relative magnitude of the faster and slower components of the 
bearing fluctuations at the time. Also, the part of the curves for 
small values of t must be regarded as rather tentative. 

The value of F(7) as shown by the curve in Fig. 2 is, for any 
particular averaging period 7, greater than the value implied by 
the results of Bain’s observations of the rapid fluctuations. 
These indicated that the variance would be reduced by a factor 
of 10 in 12sec, whereas the present results give a smaller, but 
still useful, factor of 34 in this time. This is due to the fact that 
in Bain’s measurements the total time of observations was less 
than a minute, so that no account could be taken of fluctuations 
with periods longer than this. The present results show that 
these slower variations, which are already well known to be of 
major importance when the rapid variations due to wave inter- 
ference are removed, are still significant when dealing with snap 
observations where the variance of the individual bearings is 
quite large. 

It should be noted that the 5 min-mean variations, as recorded 
on the Malta pulse transmissions, are definitely larger than can 
be attributed to true propagational deviations; as measured with 
the wide-aperture system’ these amount to only 0-1 deg?. Other 
examples of the increased variance of 5min means on pulse 
transmissions, as compared with wide-aperture measurements, 
have been obtained in the Oslo, Sterling, and Inverness results 
previously mentioned. An extra variance of 1—2 deg? is always 
added to the wide-aperture values, which seldom exceed 0:5 deg?. 
The extra variance must again be ascribed to instrumental and 
site errors. 


(3.3) Long-Period Variations 


Long-period variations are the variations in bearing occurring 
over intervals of several hours on the same day, or from day 
to day. To investigate their magnitude the mean bearing for 
each group of about 100 observations on each transmitter was 
taken, and the variance of these mean values calculated for each 
station separately. The calculation was repeated after the 
application of corrections based on the local calibration made 
on the same day as the bearing observations. The results are 
shown in Table 5, together with the number of periods on which 
they are based. The Goteborg and Schwarzenburg results have 
been excluded as they are considered unreliable owing to receiver 
line-up difficulties involved in observations on these trans- 
mitters; this would not appreciably affect the results previously 
described on the shorter period variations. As before, the 
Sackville and Schenectady analyses are given, both including 
and excluding the anomalous sets of results. Of the six anomalous 
periods on these two stations and Goteborg, four gave mean 
bearings several degrees different from the overall average for 
the transmitter concerned, and in each case these deviations 
represented an apparent shift of the transmitter towards the 
south. The Table also shows the mean bearing errors with 
respect to the correct bearings, for all the periods of observation, 
both with and without the application of local calibration 
corrections. These show quite large errors, but as previously 
mentioned, the local calibrations themselves were probably subject 
to considerable errors. 

Table 5 shows that, in five cases out of six, the variance of the 
period mean is reduced by application of the local calibration 
correction when the anomalous results are ignored; if they are 
included the variance is decreased in three cases and increased in 
the other three. The effect of these corrections is not large in 
any case, as the actual variations in the local calibrations during 
with a 


354 


Number 


BRAMLEY: H.F. BEARING VARIATIONS ON AN ADCOCK DIRECTION-FINDER 


Table 5 
LONG-PERIOD BEARING ERRORS 


Variance of period mean 


Mean error 
Sampling 


Station of periods 


Without local 
corrections 


2 variance 
With local 


corrections 


With local 
corrections 


Without local 
corrections 


oO 
a 
nv 


Prague 
Warsaw 
Helsinki 

Malta aS 
Sackville (a) 
Sackville (5) 
Schenectady (a) 
Schenectady (b) 
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| 
BRWNNRK ON aA 
OrFNNAOWF 2 


All stations (a) 
All stations (5) 


es 
“sw 


variance of about 1 deg”. It can be seen that whether local 
calibrations are applied or not, there are substantial variations 
in the period-mean bearings. Some of these variations are due 
to sampling fluctuations, and an estimate of the variance 
attributable to this is included in the last column of the Table. 
This was calculated from the number of observations and their 
variance within individual periods, due allowance being made 
for the correlation found within a period, and represents the 
expected variance of the period means on the hypothesis that 
there was no real variation from period to period. In all cases 
the actual variances are much greater than those expected on 
this hypothesis, so it may be concluded that the period-to-period 
variations are real. Attention does not appear to have been 
directed to these variations in the past, although it seems that 
they are of quite a serious magnitude. From the results described 
above it appears unlikely that the variations represent real 
bearing changes of the incident radiation, which, as measured on 
a wide-aperture direction-finder using pulse transmissions,’ are 
much smaller. To obtain more information on the effect some 
further measurements have been carried out as described below. 


FURTHER INVESTIGATION OF THE LONG-PERIOD 
VARIATIONS 

It was first verified that the variations shown in Table 5 were 
not due to errors in the twin-receiver line-up by taking a series 
of measurements on a single transmitting station in which a half- 
hour period of observation using the visual display was im- 
mediately followed by a similar period using a manually operated 
goniometer (aural null) system connected to the same Adcock 


(4) 


Qa | Awannauande 
| 


= © 


— 
oa 


aerials. The latter equipment, using only a single receiver, | 
was, of course, free from the line-up necessary with the twin- 
channel visual system. It was found that the period-mean — 
bearings in adjacent periods on the two receiving systems were | 
well correlated, while the period-to-period variations on each | 
were similar in magnitude to those previously obtained. It was | 
thus clear that line-up errors were not responsible for these | 
variations. | 
Next, in order to examine the magnitude of the variations on 
a given day, as compared with those occurring from day to day, | 
observations were made on three separate days on transmissions | 
from Prague (frequency, 8:91 Mc/s) for a continuous period of 
seven hours or more on each day. The bearings were taken 
visually on the cathode-ray direction-finding display, at 10sec 
intervals. Calibrations with a local oscillator were made at two- | 


portant in their effect on the indicated bearing, since this was | 
near 90°. The local calibrations did not vary significantly duri 
any one day, but differed appreciably on the different days. 

From the individual snap bearings, mean values were calculated 
in half-hour periods, and the variations of the period means are 
summarized in Table 6. U and C, respectively, denote the 
results uncorrected and corrected by the application of the 
calibration. 

The last column shows that sampling fluctuations account for | 
only a small proportion of the observed period-mean variations. | 
The total variance of 0-8 deg? is slightly less than that obtained ™ 
(1-:Odeg?) for this transmitting station in the previous experi- 
ments, which covered a much longer period. The results indicate 


Table 6 


PERIOD-MEAN BEARING VARIATIONS ON PRAGUE 


Mean bearing error 
Number of 


Range of period means Variance of period means Sampling 


variance of 


Date, 1955 4-h periods 


19th January .. 
15th February. . 
25th March 


period means 


jnat variations from period to period on the same day, and 
ariations from day to day, are of about the same magnitude. 

_ For the final set of tests a small rotating spaced-loop direction- 
‘nder® (aerial spacing, 3m) was installed in a hut about 100m 
tom the Adcock, and bearings were taken on six distant stations. 
jlach period of observation on a station was half an hour, and in 
ny period the same station was observed at each direction- 
jnder. All the bearings were taken aurally at half-minute 
tervals, and each bearing was an average over a few seconds, 
veing the result of several swings of the goniometer in the case 
if the Adcock, or the aerial system in the case of the spaced-loop 
lirection-finder. The tests were made on 11 days from 19th July 
o 8th August, 1955, and not more than two periods of observa- 
ion were made on any one station in any day. 

On each day, local calibrations of the Adcock were made on 
e frequencies and bearings of the stations observed on that 
ay, so that allowance could be made for day-to-day changes in 
‘he instrumental error, or very local site error. Such changes 
lid not exceed 14° for any frequency and bearing during the 
veriod of the tests, and the Adcock results were analysed both 
vith and without the application of corrections based on these 
ocal calibrations. No calibrations of the spaced-loop direction- 
inder were made. 


i .\ 
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COMPARISON OF PERIOD-MEAN BEARING VARIATIONS ON ADCOCK AND SPACED-LOOP SYSTEMS 
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A significant feature of the results is the absence of correlation 
between-the period-mean variations on the two direction-finders. 
This confirms the view, previously suggested, that the variations 
are not real bearing changes of the received signals. Their 
actual cause is considered further below. 


(5) SUMMARY AND DISCUSSION OF RESULTS 


The results described have shown the existence of bearing 
fluctuations on an Adcock direction-finder having characteristics 
broadly as follows: 

(a) Variations within a period of 20 to 30min having a variance 


of about 10 deg? for snap bearings. The great variability of this 
figure from time to time must, however, be stressed. 

(6) Variations of 5min means within this period with a variance 
of about 1 deg2. These variations are accounted for by a correlation 
function for the bearing fluctuations which falls much less rapidly, 
at intervals greater than a few seconds, than the function previously 
found by Bain for shorter intervals; it is still appreciably positive at 
intervals up to at least a minute. 

(c) Variations from period to period with a variance of about 
1 deg?. 

The first of the above three types of variation can be ascribed 
mainly to wave-interference effects between separate modes of 
propagation, each of which is subject to small bearing deviations. 


Nii Table 7 


| Number Mean bearing error Range of period means Vasienerek pepiod Vrarianicenratie) 
| Station Frequency | Distance pene — és 
A(U) A(C) Ss A(U) | A(C) NS A(U) A(C) S A(U)/S | A(C)/S 
| / Me/s km deg deg deg deg deg deg deg deg? deg? deg2 
- a "fs 6-200 520 156-9 13 —2:0! —0-6 a ee An te te ane 172 oie 0-8 
‘Free Hungary’* 5-970 720 106 18 —3 3 : ; : : : 0-1 7 
Schwarzenburg 6-165 780 128-8 18 +0-7| +2:8|+0-4| 4-8 | 5-0 | 2-2 e3 LSS ie0es 4 5 
Prague . 10-505 | 1040 91-6 15 —0:3|+0-6|+0-3| 2:6 Boh Fo eeiO76e| Osu Ong 2 3 
‘Jeloy. . 9-980 | 1070 34-3 9 +0-5)—2-4|—0-5| 4-0 | 4-3 Des ie 1-4 | 0:8 2) 2 
Sackville 15:09 4610 | 289-6 8 +6:8) —1:8] —0:4| 2:6 le ol ORS 0:4 | 0-1 5 4 
| All stations 81 —0:2} —0-5|—0:1]| 4:9 5:4 326) 09 1:0 | 0:4 2 2 


| Table 7 summarizes the results. For each transmitting station, 


ind the spaced loop (S) are given, and also the ratio of these 
variances, both before and after applying calibration corrections 
© the Adcock results [A(U) and A(C), respectively]. The last 
ine of the Table gives the figures obtained by pooling the results 
on all the stations, the period-mean variations for each station 
eing referred to its own grand mean bearing. 

- It is seen that the Adcock variances are again of the order of 
| deg?, They are actually increased slightly by application of the 
alibration corrections, and so is the overall mean bearing error, 
though the maximum error for any station is reduced from 6:8° 
0 2:8°. The spaced-loop variations from period to period are 
ippreciably smaller than those on the Adcock, for all stations 
xcept Allouis. The overall value of 0:44deg? for the spaced 
oop is significantly less, at the 1% level, than either of the 
Adcock values. As before, only a small proportion of the 
eriod-to-period variance can be attributed to sampling errors. 
in the present case the sampling variance did not exceed about 
)-OS deg2, as the variance of the individual bearings within a 
yeriod was only up to about 3 deg? owing to the time-averaging 
ied out in taking the bearings. 


* This station is near Stuttgart but its position is not known exactly. 


The residual variance of 2-6 deg? obtained on pulse transmissions, 
where the relatively large multimode interference effects are 
eliminated, must be attributed mainly to site, instrumental 
(including polarization error) and possibly observational errors, 
since the true bearing deviations of the incident signal, as 
measured on a wide-aperture system, have a much smaller 
variance still. 

The Smin-mean variations, although much smaller than the 
more rapid fluctuations, are also larger than can be accounted 
for by true ionospheric deviations. The extra variance must 
again be put down to site and instrumental errors, which are 
sufficiently systematic not to average out completely in 5 min. 

The origin of the long-period variations is still in some doubt. 
It has been shown that they are not real changes in the bearing 
of the downcoming waves from the ionosphere; it is also fairly 
certain that they are not due to purely instrumental errors, 
since the Adcock variatiéns are not accounted for by local 
calibration corrections, and the spaced-loop variations are larger 
than could be attributed to variable instrumental errors. 

The most likely explanation of the long-period effects appears 
to be that they represent variations from period to period of the 
distant-site error, caused by changes in the true direction of 
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arrival of the incident waves. It is known? that true bearing 
changes of an incident wave can be magnified by distant-site 
effects. Further, changes in the angle of elevation would similarly 
be expected to produce apparent bearing errors, even though 
the actual bearing remained correct, and previous pulse experi- 
ments have shown that, in general, changes in elevation are 
greater than the corresponding bearing variations. Theoretical 
analysis of the relative magnitudes of site errors on different 
direction-finders, based on averaging the effect of a single 
re-radiator revolved around the system, indicates!® that the site- 
error variance for a narrow-aperture spaced-loop direction-finder 
should be less than that for an Adcock by a factor of 4, owing to 
the different polar diagrams of the two systems. It may be shown 
that, if a model more closely related to the practical situation is 
assumed, namely with a large number of re-radiators randomly 
distributed around the direction-finder, the same ratio of four is 
obtained. The value of this factor given by the present results 
is only about two, but statistically they are not inconsistent with 
the hypothesis that the true value is four. 

It is of interest to compare the bearing variances obtained in 
the present experiments with previously published estimates. 
Smith and Hopkins suggest! a total variance about the correct 
bearing of 9-10 deg? for snap bearings on c.w. transmissions and 
2-5-Sdeg2 on pulse transmissions, first-order E-echo. The 
present results for c.w. and pulse, first-order F echo, are quite 
consistent with these figures. The results for 5min means are 
also in general agreement, although a strict comparison is not 
possible since estimates of absolute accuracy have not been 
attempted in these experiments. 
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B SUMMARY 

_ The use of a continuous delay-line synthesizer as a means for simu- 
ting transfer functions of linear systems by a very simple setting 
‘rocedure is described. An analysis of the accuracy of this device as 
system analogue is given, and the degree of approximation in fre- 
ency response is calculated for a number of transfer functions 
rpical of servo systems. 

| It is concluded that a delay-line of 26 sections will give a frequency 
Pome with not more than 5% error in the working band of fre- 
encies for all normal servo systems. 


{ 


4 LIST OF PRINCIPAL SYMBOLS 
a @,...a;, = Proportions of voltages tapped off from the 


IH delay-line. 
iy HGw) = True frequency response of the system to be 
imitated. 
H(t) = True step-function response of the system to be 
imitated. 


H(Gw) = Approximation to the frequency response of the 
on system provided by the delay-line synthesizer, 
H(t) = Approximation to the step response of the 

system provided by the delay-line synthesizer. 
T = Longest delay provided by the delay line. 
7 = Interval between sampling points. 

Io N = Total number of tapping points along the delay 

line. 

|/@q = 27/7 = Period of the harmonics in the imitated fre- 

quency response (see Fig. 2). 


(1) INTRODUCTION 


‘It has been shown!.? that a sectioned delay-line may be used 
9 realize the indicial response (response to a step-function input) 
fa system. The required response is synthesized directly in 
ertms of incremental contributions of the same form delayed 
tom each other by equal time intervals and adjusted by inde- 
sendent settings. The resulting response then approximates the 
ndicial response of the system in a stepped fashion or by means 
f simple curves. It may be expected that the delay line so 
ldjusted will exhibit a frequency response approximating that of 
e original system. The paper discusses the order of accuracy 
if this last approximation if a continuous delay-line is used. 


| (2) THE CONTINUOUS DELAY-LINE ANALOGUE 
a (2.1) Method of Application 


The method of realizing the system transfer function by means 
fa linear continuous delay-line is shown schematically in Fig. 1. 
The input signal proceeds without distortion along the delay 
e and is tapped off at equispaced time intervals, 7, in proportion 
coefficients a, (which are adjustable). All such delayed con- 
ibutory signals are then summed to give an output resembling 
he response of the simulated system. When the input is a unit 
-function, as shown in the Figure, the output is composed 
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Fig. 1.—The delay-line analogue. 


of a number of superimposed and delayed step-functions in 
which the kth tap along the delay line contributes a step of 
magnitude a, commencing after a time krsec. The total delay 
of the line is Tsec with a tap every 7 sec; giving a total number of 
taps N = 7/7. However, if the input is continuous, the output 
is also continuous. 


(2.2) Sources of Error in the Analogue Representation 


There are two components of error in representing the system 
transfer function by means of the analogue, namely 

(a) Inaccuracies due to the finite delay-section interval +; the 
smaller t can be made, the closer the approximation. 

(6) Inaccuracies arising from the finite length of the total delay 
time, T, of the delay line; the longer T can be made, the closer the 
approximation. 

The sampling interval 7 gives rise to a response whose Fourier 
spectrum is periodic in an interval of frequency 1/7, as shown 
in Fig. 2. 


MAXIMUM WORKING BAND 
OF FREQUENCY 


(@)| APPROXIMATING 
TRANSFER FUNCTION 


A 


ANGULAR FREQUENCY 
Fig. 2.—Frequency response of the delay-line analogue. 


It is clear that, for an accurate representation of a response 
containing frequencies up to f, the sampling interval 7 may not 
be greater than 7 = 1/2f. 

The finite duration of the total delay time of the line, T, gives 
rise to error due to the components a, that are neglected when k 
would be greater than N, the total number of delay intervals. 
The indicial response of a linear system has an infinite duration, 
but since the delay line has a total delay T, it is necessary to make 
a decision after Tsec on how the indicial response is to be 
terminated in the approximation to it. Various choices are 
possible, and it is clear that they will affect the degree of error 
that results. The simplest method of termination is to make the 
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magnitude of the imitating response for all times greater than T 
equal to the magnitude of the system indicial response at T; in 
which case the effect of the neglected coefficients a, for k > N 
gives directly the error involved. However, it may be noted that 
this is not necessarily the best choice. 


(3) A DETAILED ANALYSIS 


The output of the delay line is the sum of the outputs of simple 
delaying systems provided by its tapping points. The frequency 
response of the delay line, H(jw), is therefore equal to the sum 
of the frequency responses of these simple delaying systems: 


pe N 
H(jw) = “Sager ae ee een l) 
| 


If the proportions of the outputs from the delay-line tapping 
points are adjusted to give an approximation as shown in Fig. 3, 
a, = Hiker) —Hés =) ee 


where H(f) is the indicial response to be represented. 


TRUE STEP RESPONSE 


AMPLITUDE, H(t) 


16) T| oo 


DEL AY-SECTION INTERVAL 


Fig. 3.—Output waveform from delay-line analogue. 
Introducing this into eqn. (1) and using H(O) = 0 gives 
= N 
H(jw) = (1 — efor) S) H(ka) e Joe + H(Nr)eoNtD= . (3) 
k=0 


In expression (3) it is assumed that the final response of the 
delay-line synthesizer never reaches unit displacement, since 
further terms a, according to eqn. (2) for k > N required to 
achieve this are omitted. 

In many systems, however, the zero-frequency ordinate is 
important and for this to be correct in the representation it may 
be necessary for the final value of the output of the delay-line 
synthesizer to be unity. This can be achieved by replacing H(N7) 
in eqn. (2) by the unit displacement, so that 


— N 
H(jw) =(1 — €—Ja7) > H(k7) ge —sokr + gE jo(N+1)+ (4) 
K=O 


These alternative terminations represent extremes; there are a 
variety of possibilities between the two. 

The error in the approximating transfer functions H(jw) 
according to eqns. (3) and (4) is the total error arising from the 
truncation of H(t) and from the stepped response. The part of 
the error arising from this latter cause may be assessed separately. 
The error due to stepping with a delay-line having an infinite 
number of delay sections of rsec may be evaluated as follows, 
using expression (3) or (4) with N = oo: 

Fi(jeo) = e-sio: SDF 5, F 
(jw) Tages 2 


=—-o 


H(kr) endoks', (5) 
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which can be written, using the Poisson summation rule,* 
sin peel ED 


> H(jw + jmw) 


ET = 407 pa ta sae 
Use boar a m=—o j(@ + mo) 


where Wo = 27/7. b 
As shown in Fig. 2, this transfer function is periodic in 


@9 = 2z/7. From eqn. (6) it may be concluded that the 
relative error 
eee oe = — 
H(jw) 


may be divided into two parts, namely 
(a) A contribution 
ioe) 
jo >> H(jw + jmao) 


H(ja) geen” J(@ + moo ) 


arising from the overlapping of the fundamental term (7 = 0) in th 
sum of eqn. (6) by the different harmonics (m + 0) 


(6) A contribution 


ie 


sin 4@T 
OT 


a 


ey 


e—tiat 


arising from the deviation of the weighting factor ¢—4/@7(sin 4w7)/ 
from unity. 


It is already clear from Fig. 2 that for an accurate represe 
tion 7 must be chosen small enough for the important frequenci 
of the imitated transfer function to lie well within the semi-pe: 
frequency range 0 < w < a/r, their maximum being about a/2r, 
say. The transfer functions of most imitated systems of practica 
interest fall off very rapidly beyond this maximum frequenc 
that part (a) of the relative error is negligible as compared wi 
part (b)* and we can write 


sin 4wr 
WT 


|Az| ~ 


1 — eter 


(3.1) Mid-Interval Stepped Approximation 


It will be noted that the factor e~4J©t in eqn. (7) is a seriot 
contributor to error, and it is clear that a much greater acc 
may be achieved by disposing of it by simply shifting the in 
response of the delay-line synthesizer half a delay interval to 
left, as illustrated in Fig. 4. 


TRUE STEP 


~~ RESPONSE 


H(37) 
Ne 


STEPPED 
APPROXIMATION 


H(t) 


( 
1 
1 
| 
( 
' 
1 
1 
1 
1 
' 
‘ 


fee La ar 37 t 
Fig. 4.—Output waveform for mid-interval stepped approximation, - 


The first delay section will then need to have a delay of only 
instead of 7 like the others. One can, however, arrive at a si 
result by an approximation of the type shown in Fig. 5, with 
delay sections the same, a negligible difference arising from 


So Hkr + pr) eet) 


* This is still true for the much more accurate approximations to be considered lat 


TRUE STEP 


H 
ate RESPONSE 


“Ne 


‘ 


H(t) 


H@7/2) Y STEPPED 
APPROXIMATION 


H(t /2) 


7 oT 3T v 


_ Fig. 5.—Output waveform for equal delay-interval stepped 
approximation. 


= H(jw + jmay) 


Raietipeeeeer as Se 
oe AG ha) 


aking the place of the sum in egn. (6). 
We shall refer to both of these approximations as mid-interval 


tepped approximations. The modulus of their relative error due 

» the magnitude of 7 is 

| in 1 

sin 4wr 

{ |Ar| = 1 - eT Sey ca oe (8) 
2 


| It will be noticed in eqn. (8) that these approximations do not 
‘ive rise to any phase error. 


(3.2) Straight-Line Approximation 


a 
{ 

| The stepped type of waveform which may form the output 
vith a mid-interval approximation to a system response has one 
nfortunate practical limitation when used in conjunction with 
[ibilizing networks having derivative action. The steps on 
\ifferentiation become impulses which are liable to suffer severe 
lipping in any subsequent amplifiers of limited linear range, 
esulting in considerable mutilation of the response. This 
iifficulty can be avoided by making use of a straight-line approxi- 
on to the system step response instead of a stepped one, so 
hat even after differentiation a finite step is the most severe 
ignal that occurs. In this Section the accuracy of such an 
proximation is investigated. 

| The delay line itself can work only in a currency of step waves 
response to a step-wave input, and in order to realize a straight- 
‘ne approximation to the indicial response it is first necessary to 
tablish a function resembling the impulse response of the system 
m the delay line when the input is a step function. This impulse 


frough an integrating circuit, emerging as a straight-line 
‘pproximation to the system indicial response H(t). The settings 
if the delay line are adjusted so that the final straight-line response 
‘ssumes correct values at intervals 7. The response is thus of 
he form shown in Fig. 6. | The first sector can be realized only 
srovided the first tapping point has no delay, which is henceforth 
‘ssumed to be the case. 

1 It will be observed that the shaded area is equal to that of the 
sosceles triangle below it (triangles on the same base and 
yetween the same parallels) and that the whole response may be 
epresented by a set of such isosceles triangles centred at the 
joints kr and having the respective ordinates of the response. 
he frequency response of a system whose output to a step- 
unction input is the triangle shown is as follows: 


; i 2 
H(ia)|;, = HGrjeor () re. 
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STRAIGHT —LINE 
APPROXIMATION 


(6) 


Fig. 6.—Analysis of output waveform for straight-line 
approximation. 


Thus, summing all such components gives 


Aja) = jor(2 “| S 


4wr se =O) 


(10) 


Heke | 


Comparing this expression with eqn. (5) one sees following the 
argument of eqns. (6) and (7) that the relative error due to the 
finiteness of 7 is for the straight-line approximation 


[Ac] x 1 — (11) 


sin zn) 2 
4wr 


(3.3) Mid-Interval Straight-Line Approximation 


Since the errors introduced by the straight-line approximation 
of the previous Section, given by eqn. (11), are about twice as 
large as those for mid-interval stepped approximations, it seems 
worth while to examine another straight-line approximation in 
which the centres of the straight-line segments rather than the 
ends coincide with the system indicial response (see Fig. 7). 


— 
APPROXIMATING 
CURVE 


Naw: TRUE CURVE 


AMPLITUDE 


DELAY-LINE 
COEFFICIENTS Hj(k7) 


t 


CURVE AND APPROXIMANT CORRESPOND 
AT MID-SAMPLING INTERVALS 


Fig. 7.—Output waveform for mid-interval straight-line 
approximation. 
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Similar to eqn. (10), the transfer function of this approximation 
for an infinite delay-line synthesizer is 


intwry2{ 2 4 
(jo) = jor a ie > Hyrjenter | weCLD) 


Z. 
zZwT S60. 


But now the centres of straight-line segments are required to 
coincide with the system indicial response, i.e. 


4[H(kr) + H(kt +] =H +4. (13) 
from which follows 
H7) = 2:5 (1 ee 14) 
1=0 
Introducing eqn. (14) into eqn. (12) and making use of 
es 1 
—tor =— 1 Ve—jolt — = 
uf er 2 cos wr 
we have 
= in 1 oN (oo) 
Cian) puke ZwT tan zwT 


H(kr + Ane + der 
ywr = fwr 2 ‘ 20 
from which it can be concluded that for this approximation the 
relative error is given by 


|A7| ~ 


Sin Fey eT hy. ne 
ZwT ZwWT 
For small values of wv the error of this approximation is 

almost the same as for the mid-interval stepped approximation 

(see Table 1). 


(3.4) Curved Approximation 


Table 1 and Fig. 8 illustrate the magnitudes of errors for 
various values of w7 introduced by the weighting functions of 
the types of approximation so far considered, together with those 
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Fig. 8.—Sampling weighting functions. 
(a) = = straight-line mid-interval approximation. 
i 2 
(b) (=) = curved-line mid-interval approximation. 


in tails a : 
(c) = mid-interval stepped approximation. 


i 2 
(d) =) straight-line approximation. 
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PERCENTAGE DEPARTURES FROM UNITY 
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(c) Straight-line mid-interval approximation. 


(a) Stepped mid-interval approximation. 
(d) Curved-line approximation. 


(6) Straight-line approximation. 


* x = wr/2. 
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lof a further one which is markedly superior and which will now 
be considered. Comparison of the first and third rows of Table | 
shows that for small values of wv the percentage errors are very 
similar. This is a consequence of (tan 4w7)/Sw7 exceeding unity 
iby almost exactly twice as much as (sin tw7)/4w7 is less than 
junity. Thus, since the departures from unity are small the errors 


would be much smaller if Ar were represented by 
| 


ea) oe eens vio 


4wr twr 


| The final row in Table 1 gives the errors for such a case which 
lie within 4% up to w7r/2 = 7/4, the quarter-period (see Fig. 8). 

| In order to be able to employ this weighting function one 
seeks to construct an approximation such that a formula for 
jG) is derived (except for a minor change) from eqn. (12) by 
ultiplying by a factor sin $wr/4w7, which can then be matched 
to the required response at mid-interval points using eqn. (13). 
{n this way one is led to an approximation based upon the curve 
shown in Fig. 9 instead of the isosceles triangle in Fig. 6. 


0+25 


(x i 
es 


7r2 3 _(,~-1.5)2 
= Flo) 


.. Fig. 9.—Basic indicial response for the curved approximation. 


/ The transfer function of a system with this indicial response is 
ziven by 
\ sin ay. g-dot 


HG) = jon (17) 
| 
which is (except for a shift factor) equal to the transfer function 
10) corresponding to the isosceles triangle multiplied by 
3in 4wt/4wr. An infinite delay-line synthesizer in which the 
summed potential in Fig. 1 has been operated on by a device 
aaving the above indicial response, and in which the first sample 
das no delay, has a transfer function given by 

| = og) 78 de 3 

H(jw) = joo( ae 


> aye sede: (18) 


00 

a form of the basic indicial response shown in Fig. 9 is 
ortunately such that the indicial response of this delay-line 
synthesizer at any sampling moment kz is 3(a, _;+ a,), and one 


van therefore ensure that 
B Ma,_, + a) = H(kr) . (19) 


From egns. (18) and (19) it follows that for this delay-line 
ynthesizer the required weighting function of eqn. (16) indeed 
btains in the same manner as eqn. (15) follows from eqns. (12) 
nd (13). 

However, it does not seem practical to use a device with the 
indicial response shown in Fig. 9 in an actual delay line, which 
must be finite since its indicial response would become zero after 
\ finite time. Fortunately, the basic response shown in Fig. 9 
jas discontinuities in its second derivative at 7 and 27, while 
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elsewhere it is constant. Consequently, the imitated response 
will have discontinuities in second derivative at sampling points 
only. Hence the practical realization of this form of approxima- 
tion is by means of a tapped delay line followed by two inte- 
grators. The approximation must be made to coincide at the 
points of discontinuity in the second derivative (being the 
sampling, moments) with the system indicial response, as is 
illustrated in Fig. 10. 


———. TRUE CURVE 


AMPLITUDE 


BASIC INDICIAL RESPONSE 


eee 


T 


T er 3T Ar te? 


Fig. 10.—Analysis of output waveform for the curved approximation, 
Approximation is given by the sum of basic responses. 


It is perhaps worth commenting that the basic indicial response 
used for the purposes of analysing this last form of approximation 
is a most favourable one for use in practical pulse sampling in 
general and could with advantage be exploited for this purpose. 


(4) THE ORDER OF ERRORS 


In order to give some idea of the scale of errors involved in the 
analogue representation, a preliminary calculation is made of the 
average error over a working band of frequencies fora representa- 
tion of a simple 3-time-constant system. The working band of 
frequencies is taken to be a quarter of the periodic interval arising 
from the sampling timez. The three time-constants are assumed 
to be equal, so that the system transfer function is given by 


1 


H(jw) =————, . (20) 
(1+) 
3 
The impulse response of the system is 
c+jo 1 3420-31 
Were -ebhipis =U). CA) 
(1 +5) 
c—jo 3 
whence the indicial response of the system is given by 
t 
A@) = | h(t)dt (22) 


10) 


The 3-time-constant system is the simplest that can become 
unstable with direct proportional control, and the frequency at 
which it first becomes unstable is that for which it has 180° 
phase lag in response to sinusoidal input. The proportional 
gain for sustained oscillation will be greater with the 3-time- 
constant system than with systems involving a greater number of 
equal time-constants, for the reason that the modulus frequency 
characteristic falls off with increasing phase more rapidly than any 
other case. The 3-time-constant system may thus be regarded 
as inherently more stable than higher-order systems, and as such 
involves a broader working band of frequencies. 

However, with a 3-time-constant system an even broader band 
of frequencies will be involved if the system is associated with a 
phase-advance network. In this case the frequency at which the 

13 
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system goes into self-oscillation will be that for which the system 
alone has a phase lag exceeding 180° by as much as, say, 60°, i.e 
a phase lag of 240°. This, it may be assumed, is the worst case 
that will arise from the point of view of a broad band of fre- 
quencies being involved, and so, for the present calculation, the 
working band of frequencies will be taken as from zero up to the 
frequency for which the system has 240° phase lag. This fre- 
quency will be the one for which each of the three time-constants 
contributes 80° phase lag, i.e. 


= tan 80° or w,; = 17rad/sec 


But this frequency is to be the quarter-periodic frequency arising 
from the sampling time, i.e. w, = 7/27, whencet = 0-092 Ssec. 


(4.1) Errors due to the Delay-Section Time, t 


With the system transfer function given, the assumption that 
overlapping contributions from the other periods of the spectrum 
are negligible (<1% in the mean) is justified, provided that the 
working band of frequencies is confined to the quarter-period 
range 0 < w < 7/27, and hence expression (8) may be used in 
the case of the mid-interval stepped approximation to assess 
error due to the delay-section time 7. 

Hence the mean error over the working band of frequencies is 
given by 


@1=17 7/4 


ie : 
sista (1-42) do = 4) (1 - 4) 
Ww, WT 7 a6 
0 


1/4 
4/7 sin x 
— d. ) = O- . o 
= | a ds 0336 or 336% 
0 
This compares favourably with the case where the whole of 
the available half-period range of frequencies is employed as the 
working band corresponding to w, = 17 = m/T, ort = 0-185 sec. 
So far as the accuracy of representation of the high frequencies 


is concerned the half-period case is much worse. Thus for the 
quarter-period case the percentage error at w, is 


PP ERK 
sine 
4 


see 


100 = 10% 


4 


the overlap from higher harmonics being negligible; while for 
the half-period case it is 36% plus a further 36% for overlap 
from the next harmonic. It is quite clear that it is not possible 
to make full use of the half-period range available if a good 
representation is to be obtained at the higher frequencies. 


(4.2) Error due to the Finite Number of Delay Sections, N 


This is the error that arises as a result of the system indicial 
response being no longer imitated in detail in the approximation 
after some time T= Nr. The true system frequency-transfer 
function is given by 

eo 


H(jw) = | A(t)eJotdt 


0 


(23) 


where A(t) is the system impulse response. When h(ft) is termi- 


nated at time 7, the approximating frequency function H(jw) is 
given by 
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SG 
H(jw) = i h(t)eJetdt 
0 


The error, being the difference between eqns. (23) and (24), is 
given by § 
i A(t)eJe-dt 5) 
: : 
Substitution for the impulse response A(t) of the system given in | 
eqn. (21) and integration gives | 


= | 
Error = | ———— 2. ae e—GB+jo)T | 
OB) RO OR 
QO Fi2e—3n 
or |Error| ~ 5 Tian 
io) 
when r(1 +3) > | 


The true frequency function has modulus 


1 


|H(jw)| = 


|Error| _ ror 
Go| 3 


The mean value of this ratio over the ge ie range of interest | 
is given by 


ao, 

9 T2 w2 9 T2 Ga 

ON, es sien oe |. x56 TEE 

Syne | ( +5 ) deo size E a al 52-6T2¢ 
0 


for T = 2-9sec, mean.error'= 0:072/onm 275 all 

The magnitude of error at w = 17, by substitution in eqn. (26), i 
is 1-10 x 103 in an ordinate [HGw)|o— 17 of 5-22 x 10-3; that 
is a relative error of about 20%. This is already rather large, | 
but as is shown by relation (27), the relative error increases as 
the square of frequency for w s 3. Thus in this case the value 
of T is the dominant factor and the magnitude of error depends 1 
fairly critically on its value. ‘i 

Taking both sources of error together on the assumption that 
the errors are directly additive gives an overall accuracy in te’ 
of mean values of about 10°% for the delay intervalt = 0-092 5sec | 
and the total delay time T = 2-9sec. The number of sections | 
in the delay line, N = 7/7, is 31 for this case, which represents” 
the most difficult one that can occur from the aspect of frequency 
bandwidth. It remains to be seen what proportion of practica 
cases will be so demanding as this, but it seems probable tha’ 
very much cruder delay-line will serve for the majority of ¢ 
The figure given for the number of sections represents the u 
limit of what would normally be necessary and serves to ind 
that the method of representation is not impractical. In 
next Section results are given of some detailed computations 
delay-lines having various numbers of sections up to 31 used to 
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Tepresent two system transfer functions chosen as being repre- 
sentative of the normal type of system met with in practice. 


(5) DETAILED COMPUTATIONS FOR TWO SYSTEMS 


‘For the purposes of making detailed numerical calculations, 
systems were considered having a greater number of exponential 
delays than the previous case of three. Systems were chosen 
‘having four and six equal time-constants, as being more repre- 
‘sentative of practical systems, i.e. 


& eee as 
| (1 +>) (1 e e) 


The notation used is as follows: 


\ Number of time-constants, n, = 4 or 6. 

j Sampling interval (time), tr, = 0-1 sec. 

Number of delay-line sections, N, = 20, 26, 31. 
| Frequency interval, A, = 7/2 rad/sec. 

} Number of frequency intervals, h, = 1-6. 


The transfer functions, H(jw), approximating to these systems 
jwere calculated using the formula 


=1 


id N 
A(jw) = 2jsintwr Y H(kr)eJokt 4 e—joW—-4: (28) 
k=0 


‘which is analogous to eqn. (4) but applies to the mid-interval 
\stepped approximation. These functions were evaluated for a 
jdelay-line of 20 sections (N = 20) having sampling intervals 
= 0-1sec at frequency intervals A = 7/2rad/sec, there being h 
‘such intervals. It was thus possible to determine the magnitude 
of error at each of the / frequencies; this error is strictly a vector 
“quantity, being the difference between two complex numbers, but 
‘in the first instance attention is given to its magnitude only. 
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For a delay line consisting of more than 20 sections it was 
found more convenient to build on the results for a 20-section 
line up to the required number of sections by means of a formula 
expressing the change due to the additional sections only. This 
formula is derived as follows: 


For a line of Nj sections error arises due to the truncated form of 
the response, since H(f) is replaced by unity for t > Nit: 


(o.6) co 
Error = 2jsintwr % e—/koz — 2jsintwt XL H(kt)e—skot 
k=N k=N 


i.e. the error is accounted for by the difference between H(t) and 
unity for t > Nr. When the delay line is extended only to, say, N2 
sections, the differences in error between the two cases are given by 


Modification to H(jw) for (N2 — Nj) sections 


= 2j sin tar > tt — Hkt)Je—jokr . (29) 
P| 

The frequencies of greatest interest are those for which the 
complete system is likely to become unstable. If these are 
represented accurately, lower frequencies in the normal working 
band will be more accurately represented. Much here depends 
on the form of the stabilizing network, but two cases have been 
considered: one in which the network provides very little 
phase advance and the other in which it provides a maximum 
phase advance of 50°. The frequencies at which self-oscillation 
would occur have been calculated for both of the systems for 
each of these cases and are given below. 


(a) Fourth-Order System (n = 4). 
Basic system transfer function has 198° phase lag at w = 37/2 (h = 3) 
(i.e. 18° phase advance). 

Basic system transfer function has 230° phase lag at wm = 27 (A = 4) 
(i.e. 50° phase advance). 


(b) Sixth-Order System (n = 6). 

Basic system transfer function has 199° phase lag at w 
= 57/4 (h = 23). 

Basic system transfer function has 229° phase lag at w 
= 37/23): 


Table 2 


ERRORS IN THE TRANSFER FUNCTION EXPRESSED IN PERCENTAGE MODULUS AT 198° PHASE LAG OF THE BASIC SYSTEM 


Sixth-order system 


Fourth-order system 


N = 26 


Error due to truncation . 

Error due to stepping* .. 

Vector sum for mid-interva] stepped approximation. . 
Vector sum for straight-line approximation 
Percentage magnitude of last step ax; k = N 


Error due to truncation 

Error due to stepping .. 

Vector sum for mid-interval stepped approximation. . 
Vector sum for straight-line approximation .. 


* Double for straight-line approximation. 


Table 3 


ERRORS IN TRANSFER FUNCTION EXPRESSED IN PERCENTAGE MopuLus AT 230° PHASE LAG OF THE BASIC SYSTEM 


Fourth-order system Sixth-order system 


N = 20 N = 26 


N = 20 


5303 


% 
a 
1-64 


55 
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The highest of these frequencies has h = 4, and from Table 1 
it will be observed that the value chosen for 7, namely 0-1 sec, 
gives a stepping error due to a mid-interval approximation of 
1-6% for h = 4 with an infinite delay-line. Using formulae (28) 
and (29) the total error for a delay line of a finite number of 
sections may be calculated; the results are summarized in 
Tables 2 and 3 for delay lines having 20, 26, and 31 sections. 

From Tables 2 and 3 it will be observed that a very considerable 
improvement in accuracy occurs for a delay line of a given 
number of sections as between a fourth- and a sixth-order system. 
This improvement can be attributed to two factors, namely an 
increase in setting discrimination in view of the small size of 
coefficients a, (k > N) implied, and a greater relative modulus 
of transfer function at a given frequency. 

The following figures show the order of improvement that 
might be expected if this is the case: 


Forn =4: [1,— H@))],~3., =0:00163 =a,5% = SP \araue 
For n = 6: [1 — H(O],~3., = 0:000207 7:8 


For n = 4: |H(je)]| 190 phase = 07175) 
: ratio 2 
For 2 = (8 |H(j~)| 190° phase = 0-343 


These effects are cumulative, so that the net ratio is 15-6. 

The manner in which the approximating frequency-response 
vectors approach their true values as the number of delay-line 
sections increases is interesting. The process is illustrated in 
Fig. 11, which shows the time vectors for.a fourth-order process 
for h = 2, 3, and 4, and the spiral approach of the approximating 
vectors as the number of sections increases. It will be noted 
that the spirals have more revolutions as the frequency increases 
(h increasing) and that the spirals terminate at points not corre- 
sponding with the true vectors. The outstanding difference 
represents the error due to stepping with an infinite line. The 
three vectors and their approximants are shown more precisely 
and in greater detail in Fig. 12, from which it will be seen that 
the incremental improvement per section decreases as the 
number of sections is increased. 


TRUE VALUE OF 
VECTOR FOR 
h=3,w=3 7/2 


LOCUS OF 
APPROXIMANTS 


ERROR DUE TO 
SAMPLING 


TRUE VALUE OF 
VECTOR FOR 
h=2,w=7 


SPIRAL 
TERMINUS 


mL 
Fig. 11.—Influence of numbers of delay-line sections on the approximating frequency response vectors. 
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TRUE VALUE OF 
ees FOR 


SAMPLING ERROR 


The accuracies so far quoted have referred to frequency: 
response vectors at particular frequencies and express the degre 
to which the approximating vectors are in error. In many 
aspects of system analysis for which an analogue of the type. 
being discussed is useful, a more important consideration is to’ 
know the change in frequency that must be made before the true 
system transfer function has the same phase lag as one of its 
approximants. In other words, how serious are the errors in 
terms of frequency departures instead of magnitude and phass : 
departures as has so far been assessed ? a 

An estimate of errors on a frequency basis can be made for a 
particular vector approximant by taking the phase error and 
dividing by the rate of change of phase with frequency: 


error in phase 


ope 


Error in frequency = + 


where ¢ is the phase angle. 
Table 4 gives a comparison between errors assessed on a | 


Table 4 
COMPARISON OF ERRORS FOR A FOURTH-ORDER SYSTEM 
(n = 4). 


Number of 
sections, N 


Frequency 
number, h 


Frequency 


eon Modulus error 


26 
26 


31 
31 


modulus basis and errors assessed on a frequency basis in this” 
fashion. 

These figures show that errors in the frequency at which, for 
example, self-oscillation occurs in a system based on a delay-line } 


=4,w=27n 
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analogue will be less than the corresponding modulus errors in 
the majority of cases. In view of this it appears that the modulus 
accuracy figures are fairly representative of the characteristics of 
interest. 
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SUMMARY 


The paper considers the frequency response of a feedback-system 
janalogue in which the system is imitated by a discontinuous delay-line 
‘synthesizer. 

| The various sources of error in the imitation transfer functions of 
‘the delay-line synthesizer and stabilizing network, as compared with 
‘the actual transfer functions of system and stabilizing network, are 
discus The contribution of each of these sources is calculated for 
la feedback system consisting of a multi-capacity process and a 3-term 
‘controller. 

The results of these calculations are used to determine how to 
‘minimize each of these contributions. Graphs are included from which 
‘the number of delay-line sections required for a prescribed accuracy 
land the best adaptation of the time scale of the process to that of the 
delay line may be determined. 


| 


LIST OF PRINCIPAL SYMBOLS 
V = Voltage (for suffixes see Figs. 1 and 2). 

V = Complex amplitude of voltage. 

a, = Dimensionless constant (see Fig. 2). 

7 = Sampling period. 

o = Change-over time interval. 
ty = Moment of step-function input (see Figs. 4 

and 5). 

T = Time interval! in which the indicial response 
of the system can be imitated in detail 
I) [see eqn. (20)]. 

T, = Time-constant of approximate integrator. 
T,; = Time-constant of integral action of stabi- 
lizing network. 
T, = Time-constant of derivative action of 
stabilizing network. 
H(t) = Indicial response of system. 
U(t) = Unit step function (=0 for t << 0; =1 for 
fe 10): 

H,(@, Hg(), H(t) = Indicial responses equal to H(/) for t< T 
| but deviating from H(‘) for t>T 
according to Fig. 4. 

®,, O., = Transfer function of system and stabilizing 
network respectively. 
®, 7 = Transfer function corresponding to indicial 
response H_,(t), H,(t), or H(t). 
O*, OF, O* vig = Imitation transfer function of delay-line 
| synthesizer, stabilizing metwork and 
open-loop circuit, respectively (D% and 
D* eye are, in good approximation, 
clamping transfer functions). 
®*, O% ., = Imitation transfer function of infinite delay- 
line synthesizer considered as a pure 
clamping system with response V,(t) to 
input V, = U(t—%) for which re- 
spectively Vo(k7) = H(kt — fo) and 
VoGkr ae o) = HGkr =O — to). 


Correspondence on Monographs is invited for consideration with a view to 
ublication. : 
|, Dr. Houtappel is at the Koninklijke/Sheli-Laboratorium, Delft. 
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2N = Total number of buffer amplifiers in delay 
line. 

P4, Ps, P, = System or process with transfer function 
given by eqns. (24), (25) and (26) 
respectively. 

A, = Relative error due to the finite duration, 
T, of the detailed imitation. 

A. = Relative error due to the sampling interval, 
T, With Vo(k7) = H(kr — fo). 


INS ofc = Relative error due to sampling interval, 7, 
and switching interval, o, with Vo(4kr + o) 

= HGkr + GS to). 
A,, Aq = Relative errors in the imitation transfer 


function of the stabilizing network 
related to the integral and derivative 
actions respectively [see eqn. (43)]. 
Atot = [Az +]Ax, ofcl:- 
A’ = Relative error in imitation transfer func- 
tion of delay-line synthesizer due to 
restriction «; = «2 = 0 (see Fig. 2). 


(1) INTRODUCTION 

As has been shown by Kallman,! a delay-line synthesizer 
consisting of a number of equal delaying units in cascade and 
a summing device can be used to imitate the indicial response 
(response to a step-function input) of a system. If the delaying 
units are formed by identical LC networks? the delay-line synthe- 
sizer is itself a continuous system. Its properties as a system 
analogue have been studied by Westcott.2 There are, however, 
technical reasons‘ for preferring in this application a discon- 
tinuous delay-line consisting of buffer amplifiers, storage capaci- 
tors and switches. 

With a discontinuous delay-line synthesizer the indicial 
response of a system can be imitated in the same way as with a 
continuous one.? In two respects, however, the behaviour of 
the discontinuous delay-line synthesizer so adjusted is more 
complicated than that of the continuous one. First, the choice 
of the moment at which the step-function input is introduced 
and the indicial response imitation starts is relevant in the 
discontinuous case but not in the continuous case. Secondly, 
in contrast with the case of the continuous delay-line, a sinusoidal 
input causes a non-sinusoidal output of the discontinuous delay- 
line synthesizer, which, if the delay-line synthesizer forms part of 
a feedback-system analogue (see Figs. 1A and 1B), affects the 
behaviour of the stabilizing network. 

In the paper a simple method is presented of deciding how 
many sections the discontinuous delay-line synthesizer must have 


« \; 


DELAY—LINE fe} DELAY ~LINE 


SYNTHESIZER SYNTHESIZER 
vy Vo Vst 
STABILIZING STABILIZING 
V. NETWORK NETWORK 


Fig. 18.—Open loop of feedback- 


Fig. 1A.—Feedback-system 
system analogue. 


analogue. 
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and how it may be used (by imitating the indicial response of the 
system) to approximate with a given accuracy the frequency 
characteristics of the imitated system considered as part of a 
feedback system. Particular attention is given to the imitation 
of a higher-order process (i.e. one having a large number of 
exponential time-constants) in a control loop with a controller 
fitted with proportional, integral and derivative actions. Interest 
centres on higher-order processes, since simpler processes are 
more easily represented directly by RC networks. 


(2) PRINCIPLE OF THE DISCONTINUOUS DELAY-LINE 
SYNTHESIZER 


(2.1) Description 


Figs. 2A and 28 show the discontinuous delay-line synthesizer. 
Via the buffer amplifiers B,;—B,,, with amplifications equal to 1, 


Fig. 24.—Discontinuous delay-line synthesizer. 


INTEGRATOR 
Ty 


Fig. 28.—Discontinuous delay-line synthesizer with integrator. 


and the electronic switches S,-Sj,_, the input potential V,(s) 
is passed on to the right. To this end all the odd-numbered 
and all the even-numbered switches are alternately made con- 
ductive. During the brief change-over time intervals neither the 
odd nor the even switches are conductive. 

Fig. 3 shows how, for an arbitrary input voltage V(t), the 
voltages V2, V3, etc., change with time. Because, as can be seen 
in Fig. 3, just those values of the input voltage V,(f) are passed 


Fig. 3.—The potentials V,(t) for an arbitrary V;(¢). 
The intervals during which the odd and even switches are conductive are indicated 
beneath the time axis by a single and a double bar respectively. 
+ = Sampling period. 
o = Change-over time interval. 
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on that occur at the moments that the odd-numbered switches 
become non-conductive, we shall call these moments the sampling 
moments. The time interval between two consecutive sampling 
moments is constant and will be called the sampling period, 7, ~ 
The time interval between a sampling moment and the subsequent 
moment when the even-numbered switches become non- 
conductive is also constant and is equal to 47. ‘ 
It is, in general, technically difficult to keep the change-over 
time intervals, o, constant. However, to calculate their influence j 
to a first approximation we assume them to be so (0 < o < 47), 7 


This assumption simplifies the calculations considerably. 
From now on we choose as the time zero one of the sampling — 


moments. We see that, if k and s are whole numbers ands>0, 
V(t) = V,(k7) for kr <TC K ae on =. | 
V1) = V,@ for & +47 +0<t<Kk+4+1)7 Oe 

V2543(t) = Wikr — st) for kr to<t<(K+1)r+o . @& 


V2,,4(t) = Vi(kr —sz7) for(k +4)7 +0<t<(k+1l})7+0. @ : | 


From the voltages V,(t), fractions «,V,(t) are formed by 
means of potentiometers («, can be positive or negative). These | 
fractions are added in a summing device and yield the sum — 
voltage 


Vs = a, V) + ayV > + ples, + anVon . £ : (5) 

Throughout the paper the number of buffer amplifiers is 
assumed to be even. Calculations for an odd number yield — 
essentially the same results. Because between two consecutive 
sampling moments the value of V, is passed on to V,,2, Nand 
not 2N is to be compared with the number of sections of a con- 
tinuous delay line. 


(2.2) Methods of Imitating a System Yi 


The easiest method of imitating a system by a discontinuous 
delay-line synthesizer is to make the indicial response of the 
delay-line synthesizer visible on an oscillograph and, by adjusting — 
the potentiometers, to make it similar to the indicial response 
of the system. To this end one equates the input of the delay | 
line to 


VO = UG =o) uke... 


with U(x) the unit step function and fy a small negative time, 
—T <to <0, for which the best choice—as discussed in Sec- 
tion 3.2—appears to be —47. The output, Vo, is now made 
similar to H(t — f). 

Because of the special importance of the sampling moments 
(t = kr), one must attempt as far as possible to equate the two 
indicial responses for these moments 


Vo(kr) = Her —t)--, 2. -: 2 


It follows from eqns. (1)-(5) that for an input given by eqn. (6) 
the choice of the output of the delay-line synthesizer, if) 
Vo = Vz, is subject to the restriction 


Vo(t) = constant = V(oo) fort > (N—14)r+o. 


whereas the values of V,(k7) for 0 << k < N —1 can be chosen 
arbitrarily and independently of each other. Restriction (8) | 

causes a rather serious imperfection in the resulting frequency 
response of the system; this imperfection is, of course, dependent 
on the choice of the constant V(oo) in eqn. (8). Two different 
choices reduce to the imitation, respectively, of H(t — fo) and 


H(t — fo) shown in Fig. 4, instead of that of H(t — %) by I, 
Vo(t) according to eqn. (7). 


ON A DISCONTINUOUS DELAY-LINE SYNTHESIZER 


He (t-to) 
Hp =H(ce) . iM 


Ha = H(T) 
H(t-t)) 


“-Tto O totT 


t — 


Fig. 4.—Imitations of H(t — to) for t — to > T. 


It is, however, not possible to study the influence of a derivative 
faction of the stabilizing network in a feedback system with an 
\electrical analogue in which the system is imitated by a discon- 
‘tinuous delay-line synthesizer in the above way. The output of 
ithe derivative action would, in general, reach saturation at the 
jmoments t = +k7 + a, because of the discontinuities in V(t) at 
‘those moments, and would be zero—except for the small con- 
ltribution of V, and V,—for all other times, and thus also for the 
sampling moments t=k7. The derivative action of the 
‘stabilizing network would therefore make almost no contribution 
to its imitation transfer function as defined in Section 3.1. 

|. Therefore it seems reasonable to try to equate the properties 
‘of the discontinuous delay-line synthesizer more closely to those 
‘of the system by applying an integrator (see Fig. 2B) by which 
V(t) is transformed into V,(t), The output, V,(¢) = V;(2), is 
‘then continuous for all times. By use of an approximate inte- 
igrator for which 

dV,(t) , 1 


i + pV) = Volt) EN ae Bou ty CO) 


| 


lwith adjustable time-constant, 7;, a second very important 
advantage is obtained. By adjusting 7, one can imitate the last 
‘part of the indicial response by a first-order indicial response 
having the same initial derivative and the same final value 
(imitation of He in Fig. 4); this, of course, results in a much 
‘better approximation than eqn. (8) (imitations of H, and Hg in 
Fig. 4). 

The rest of the paper will deal with the case in which the dis- 
‘continuous delay-line synthesizer is provided with an integrator 
with adjustable time-constant, because of the obvious superiority 
of this application as a system analogue. 

_ The settings of the delay-line synthesizer after the time- 
constant 7, has been chosen are not completely defined by the 
coincidence of V(t) with H(t — fp) at the sampling moments 
t = kt (k < N — 1) fora step input V,(t) = U(t — fo). Indeed, 
this could even be achieved with only the odd-numbered or with 
only the even-numbered potentials a, V;,. 

_ Now the sampling moments ¢ = kv are not indicated on the 
oscillograph, but the moments t = kr + candt =(k +4)r +0 
ate recognizable from the discontinuities in the derivative of 
V,(t). It is therefore much more practicable, for an input (6), 
to aim at the fulfilment of V)(t) = H(t — fo) for one or both 
of these last series of moments than for the sampling moments 
t=kr. The best approximation of V(kr) = H(kr — to) will be 
‘achieved by doing this for both series of moments (see Fig. 5); 
‘thereby the settings of the delay-line synthesizer are defined 
‘completely for a prescribed value of 7; and all «’s must, in 
general, be used. After correct reduction of the time scale and 
‘choice of fy (see Section 4) the value of 7; is defined uniquely by 
‘the imitation of H¢ (see Fig. 4). 

| Assuming 7, >7, which will, in general, be the case (see 
tion 4 and Fig. 15), the derivative of the output V,(f) is nearly 
‘constant between the two consecutive moments, t = (k —4)r +a 
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=T to=7et ie) 2 


Fig. 5.—Imitation of H(t — fo) by V(t) for t — to < T. 
ViGkt + 0) = HGkAt + o — fo) with to = — 44 and co = j. 


and t = kr + a, between which the sampling moment t = kr 
lies, and closely approximates the derivative of H(t — fo) at 
t=(k —4)t + 0. To make the derivative of V,(¢) at the 
sampling moments t =v approximately equal to that of 
H(t — fo) at these same moments, the best choice of o is therefore 
4dr (see Fig. 5). 


(3) THEORY 


(3.1) Imitation Transfer Functions of Discontinuous Delay-Line 
Synthesizer and Stabilizing Network 


Fig. 3 and eqns. (1)-(4) show that the behaviour of V,(t) and 
V(t) is markedly different from that of the other potentials 
V(t) (k > 3). As to the contributions to Vy of V3, V4, etc., 
the discontinuous delay-line synthesizer is a pure clamping 
system,® but the contributions of V, and V> spoil this property. 
A considerable simplification of the theory is achieved by 
neglecting this exceptional behaviour of V; and V>. This is 
justified by the fact that this effect is certainly smaller than that 
which a complete omission of V, and V9, i.e. the restriction 


(10) 


would have. Although it would then be impossible to imitate 
the very beginning of the indicial response of the system, even 
this, as will appear in Section 4 (Fig. 13), would make only a 
small contribution to the error in the imitation of the frequency 
response of a higher-order system. 

From Fig. 3 or eqns. (1)-(5) can be deduced the following 
properties of the discontinuous delay-line synthesizer which 
obtain strictly only under restriction (10): 


a, = % = 0 


(a) The output depends on the input at the sampling moments 
Vi(kt) only, and not on V1 (¢ ~ kz). 

(b) Vs(t) remains constant during the time intervals kr +o <t 
<(kK+4)r+oand(kK+))r+o0<t<(kK+1)t+o. 


In the electric analogue of a feedback system in which the 
system is imitated by a discontinuous delay-line synthesizer the 
latter’s output, Vo(¢), forms the input of the stabilizing network, 
and the output, V,,(¢), of this stabilizing network contributes to - 
the input of the delay line (see Fig. 1). 

Because of property (a), only the values of the output of 
the stabilizing network at the sampling moments, V,,(k7), are 
important. If the input of the delay line is sinusoidal, or-—what 
is the only thing that matters (neglecting the exceptional behaviour 
of V, and V,)—if at least at the sampling moments it can be 
described by : 


Vi (kt) = BV, esek) . (11) 
with &(x) the real part of the complex number x and VY, a 
complex constant, neither V,(t) nor V.,ft) is, in general, purely 
sinusoidal. It can, however, easily be shown (see Section 6.1) 
that the values of V(t) and V,,(t) at the sampling moments, 
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t = kz, can then be exactly described by pure sinusoidal time 
functions having the same angular frequency, w, as the input V,(f): 


Vo(kr) = AVoeioks) . (12) 
(13) 


The stabilizing properties of the circuit, not being influenced 
by the values of V,,(t) at times tA kr, are now completely 
described by the ratio 


Dé cuit J) = Vs V, (14) 


which depends on the angular frequency w and which will be 
called the imitation transfer function of the open-circuit; here it is 
virtually a clamping transfer function.t We can write 


Vs kr) = BV oe50k), 


D¥, vi J) = OF( jw) OF jw) (15) 

with the imitation transfer functions 
D5 (jo) = VolV, (16) 
and Os (jw) = Vil Vo (17) 


respectively of the delay-line synthesizer and the stabilizing net- 
work. Virtually, these imitation transfer functions are here 
respectively the clamping transfer function of the delay-line 
synthesizer and the quotient of the clamping transfer function of 
the open loop (see Fig. 1B) and that of the delay-line synthesizer. 
If the exceptional behaviour of V, and V, is taken into account, 
eqns. (11)-(17) still hold for sinusoidal input V;. However, 
®* and @*,.,;, are then, in general, not pure clamping transfer 
farce. 

In general, D%(jw) is not equal to the ordinary transfer 
function of the seabiiine network ®,,(jw), for, in general, 
Vs,(k7) depends not only on V((sz), with s the integers Sicuks 
but also on the values of V(t) for the times in between. 

We want to know how great can be the deviations of DF(jw) 
and M%(jw) from the transfer functions respectively of the 
system imitated, ®,(jw), and the stabilizing network, D, (jw). 

It can be shown [see eqn. (60)] that, neglecting the effect of the 
exceptional behaviour of V, and V>, for all integers s, 


ACLnp est 


as : 2718 
De (jw) = 03( jo + j=) : 


(18) 


OF (Go) = 


and (19) 

Therefore it is quite clear that if one makes use of a discon- 
tinuous delay line one cannot, in general, expect to achieve a 
good imitation of an actual feedback system for. angular fre- 
quencies other than those which are small in comparison with 
27/7. In this respect the discontinuous delay-line synthesizer is 
no different from the continuous one.? 


(3.2) Errors in Frequency Response of the Delay-Line Analogue 


Apart from the inaccuracy in measuring the indicial response 
of the system and in observing the oscillograph, we distinguish 
four different causes of deviations between ®% and the transfer 
function of the imitated system Dp. 

First, because of the finite feng of the delay line, the indicial 
response of the system, H(t), cannot, for times t > T with 


T=(N 


14)7 +6 — 1% (20) 


be imitated in detail. Instead of the actual indicial response, 


+ ‘Clamping transfer functions’ seems an adequate term for the transfer functions 
of clamping systems as defined in Reference 6. 
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H(t), of the system, another indicial response, H_(‘) is imitate i} 
with, according to Section 3, . 


H-@® = H@ fortes (21y5| , 


For t > T the difference H(oo) — H(T) is exponentially reduced } 
to zero with time-constant T;, which is given by 


hes 
iar 


T, = [H(o) — H()]/ E 22) 


| 
The transfer function Op; corresponds to this new indicial | 
response. The finiteness “Of T therefore causes a relative error — 


in the frequency response of magnitude | 
®, Ti ae ©, 
Op | 
For numerical evaluation of A;, three different systems, P4, P5, ’ 
and P;, have been chosen with the respective transfer functions: 


he (23) 


1 i, 

°— afer i | 

I ( ) | 

Pp», —- Cd + jwT)> . . . . . (25) ] 
®p, (26) | 


4 7 + jwTo@ + 2jaT A + 4j@T od + 8jwT>) * | 


For each of these three systems the absolute value of A; has 
been calculated in an elementary way and plotted in Fig. 6 as 


4:0 5°0 6:0 15°0 


4oT 
Fig. 6.—|Az]. 


Os) 


8:0 10°0 


0-702 


0-637 0-567 


0-340 | 


180/230 


0-528 


@180/@270 | 0-414 


P4. Process with transfer function given by eqn. (24). 
Ps. Process with transfer function given by eqn. (25). 
P{. Process with transfer function given by eqn. (26). 


a function of 4wT for those frequencies, w1g9, 230, and Ww 79, for 
which its phase-lag is respectively 180°, 230° and 270°. nol 

A second cause of deviation of ®¥ from ®, lies in the finiteness — 
of the sampling period 7. To find its influence we suppose that 
the discontinuous delay line consists of an infinite number of — 
sections, N= oo, and that V(k7) = H(k7 — fo) exactly, for at 


finput V,(t) = U(r — fo), for all whole numbers k. It is shown 
in Section 6.3 that, if the clamping transfer function of this 
‘adjusted infinite delay-line synthesizer is ®*, the relative devia- 


{tion 
Lo 
= aie I aa 
| Op 
would, for the above three systems, as for most higher-order 
systems, be quite adequately approximated by 


Ne ses =o jute) (SA SET _ 1) 


(28) 
wr y 
Exactly the same formula would obtain if no integrator were 
applied, in contrast to the case with a continuous delay line.? 
| This is a consequence of the fact that the clamping transfer 
| function of the discontinuous delay-line synthesizer, considered 
|as a pure clamping system, is completely defined by the values 
| of Vo(k7) for an input V,(t) = U(t — fp) (see Section 6.2). 
__ Associated with this second cause of deviation of Df from 
®, is a third cause which arises from the practice of aiming, 
/not at V)(k7) = H(k7 — fo), but, in accordance with the final 
) part of Section 2.2, at 
{ } V Gar + o) = HGkr + o — %) . (29) 
If eqn. (29) is exactly fulfilled for all whole numbers k (infinite 
delay line) and the time-constant of the integrator with which 
the delay-line synthesizer is provided is T;, then, according to 
) Section 6.3, the relative deviation of its clamping transfer function, 
| ®*,, from the transfer function of the imitated system, Dp, 
; A = Den = O, 

T,0/T = ° 

H Op 
_would for the above three systems, as for most higher-order 
systems, be quite adequately approximated by 


(30) 


| A. ot = a etter AAO eJos + (1 — peiao—4x)] — 1 . G1) 


16 G35) /t7; 


QS . 32 
1 —e-hiT, ee 


with 


|For 7/T, < 1, which, as will be seen in Section 4 and Fig. 15, 
is the case for the above three systems and probably for most 
higher-order systems, we can write 


iA ~eé =fotirt AT i 2S gjos oF ite ay) at 
i T,0/T ae = 


(33) 


As is to be expected, A.) = A.. 

: The exceptional behaviour of V, and V, is a fourth possible 
source of error in the imitation of Mp. As already stated in 
Section 3.1, its effect is believed to na much smaller than that 
which would be caused by restriction «, = a =0. Now 
‘according to Section 6.3 this restriction would cause a relative 
deviation of D% from ®, of 


pPHGi 7) =p) H(— 37 + o — le 
pelor = — pele) 


A’ = 


— jwresoto 
(34) 


and even this would be only a small contribution to the total 
relative deviation of D4 from ®, for the above three processes 
and probably for most higher-order processes (see Section 4 and 
compare Figs. 12 and 13). Therefore we neglect the effect of 
| ‘this fourth source of error. 
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From eqns. (28) and (33) we conclude that the best choice 
for fg is 
Si ee te Ge WEBS) 


because for this value the absolute values of A, y and A, ; have 
rather sharp minima (as was stated in the last paragraph of 
Section 2.1, 4 is the best value of o/7 for the derivative action 
of the stabilizing network). For this value of tf) the absolute 
value of A. o/z is plotted in Fig. 7 as a function of 4wz7 for different 
values of o/7. 


to = 


on ae Oa 55 
tut 
Fig. 7.—|Az, o/+| =| Ac, 4 — oft|. 


04 05 06 ~O8t 1:0 


Now one can expect that if A; and A, ,,. are small the 
relative deviation of the imitation transfer function of the delay- 
line synthesizer, 0}, from the transfer function of the imitated 
process, Dp, 


So = ia (36) 
is, in good approximation, 

Aro = Ar + Az oj (37) 
For to = — 47, we see that A, ,/. is eh for o/7 = 0 or 1 and 


nearly real for other values of ‘alt. A; is, in general, eps 
with an argument which seems to depend very much on w and 
on 7/Ty. This is illustrated in the case of the imitation of Hz, 
(see Fig. 4) by Figs. 7-10 of Reference 3. This dependence is 
quite different for different systems. For this reason we consider 


Arot ae = |A;| z; |A,, o/t - (38) 


instead of |A,,,| =|A;+A,,,,| as a good measure of the 
accuracy with which the discontinuous delay-line synthesizer can 
imitate a higher-order system. 


(3.3) Errors in Frequency Response of the Stabilizing Network 
arising from the Behaviour of the Delay-Line Synthesizer 
We restrict ourselves to the case that the stabilizing network 
has the properties of a 3-term controller and that its transfer 
function is 


1 ; 
O,(jw) = ali ereye + jot, | (39) 


It can then be considered as consisting of a proportional, an 
integral and a derivative element in parallel. The imitation 
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transfer function of the proportional element is exactly equal to 
its transfer function, because it simply multiplies the output for 
each time, and thus also for the sampling moments, by a constant 
factor P. The outputs of the integral and derivative elements 
at the sampling moments depend, not only on the output of the 
delay-line synthesizer at these moments, but also on its output 
during the times in between. The imitation transfer functions of 
the integral and derivative elements depend, therefore, on w,7, 0, 
and Ty. 

The derivative element causes the most trouble, because the 
deviation of its imitation transfer function from its transfer 
function is, in general, much larger than the deviation of the 
imitation transfer function of the integral element from the 
latter’s transfer function. In view of the derivative element, the 
best choice of o is, according to the last paragraph of Section 2.2, 


o = hr ee ee oe EO) 


However, as stated in Section 2.1, the change-over time intervals 
of the different switches are, in general, neither constant nor 
equal. To find the order of magnitude of the influence of their 
variations on the imitation transfer function of the stabilizing 
network, we calculated the influence of a constant deviation of o 


from 47. In Section 6.4 it is deduced that for small values of 
$6 =4/T, (41) 
eat 
and eee ay (42) 
4T 


the imitation transfer function of the above stabilizing network is 
[eqns. (88), (89), (115) and (116)] 
1 
OF(jw) = pl + or" + Aj) + joT,Q + a.) | . (43) 
with 


1 A; FS (1 “f= A; A ran dA; 5 — jdA; C1 cee eA, . + jeA,,.) 


(44) 
1+A,=(1 + Ago) + de — 6A 9) — jeAz.). (45) 
with the following functions of x = 4wr: 
x 3+cosx 
Ao = aw Z Salsa Ay iG) 
1,1 —cosx 
oe 8 (3 + cos ) (47) 
eae: 34 pS ) 
i =x ee TN aE Ie (@) 
1 —cosx 
Nee Mss 
eS ES COSY ta (49) 
: 1 2 sin x 
at — 
Bee at As 3 + cosx (50) 
tan 4x 
Ano = agg5 (51) 
1 1 
Ags = = tan a (52) 
A e=tanix. - (53) 


Egns. (46)-(53) are plotted in Figs. 8 and 9. 
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PERCENTAGE 


Fig. 8.—A;~ Ai,o — dAi,a — e2A;,. + jeAi,e — 6X, 8). 
§ = 1/T; and e = (o — 41)/4t. 


PERCENTAGE 


Fig. 9.—Ay ~ Aa,o + 46e — dAa,5 — jeg, e. 
8 = 1/T; and e = (o — 4)/4t. 


It follows from eqns. (44) and (45) that, for small values of | 


eqns. (46)-(53), 
A; Ajo — dA, 5 — e?A,, + j(eA,,. — 5A,5) 
Ai Ago + #e — 8Az5 — jeAg,. (55) 


From eqn. (55), the comparatively high values of A, - according 
to Fig. 9, and the possible values of 8 according to Fig. 15, it 
can be concluded that—as was already suggested in Section 2.2— 


if the stabilizing network is provided with a derivative action it . 


is highly advantageous to keep o as close as possible to 47. 


(4) EVALUATION: ESTIMATE OF THE GREATEST ACCURACY } : 


AND THE PROCEDURE FOR ACHIEVING IT 


In this Section we restrict ourselves again to the case in which — 7 


the feedback system is a control loop consisting of a higher-order — 
process and a 3-term controller. 


It has already been discussed in Section 2.2 how best to imitate * 
by means of a discontinuous delay-line synthesizer a higher-order _ 
> 


(54) 


process of which the indicial response is known. It appeared 
from Section 3.2 that the best choice for fy is f9 = — 47, and 
\\from the last paragraph of Section 3.3 that if a derivative con- 
troller action is active the best value for g is 47. There remains 
‘the choice of the time-scale reduction to be applied to the experi- 
mentally known indicial response of the process to adapt it to r. 
‘To this end we shall discuss a method of finding the best value 
of 4a) g07- 

Since both |A;| and |A, ,,.| are monotonic increasing func- 
itions of w, we need consider them only for the upper boundary 
|®max Of the frequency range which is important. w,,,, can, in 
general, be taken to be w 39 or @g0, i.e. the frequency for which 
‘the phase lag of the process is 230° or 180°, according as the 
jcontroller has or has not a derivative action. Therefore |A7| 
‘was plotted in Fig. 6 for these frequencies. Also, curves were 


l8p¢+0/71—— 


Fig. 10.—Method of finding the best value of 40ig07. 


vadded for the frequency, w 79, for which the phase lag of the 

‘three processes studied is 270°. 

_ For given values of N and o/7 and for each of the cases 

@max = “1g0> 230» ANd Ww 79 the best value of 4w,g97 can now 
It is easily seen that with fp = — 47 


be found as follows. 
Tl7 =N—1+0/7. (56) 


| 

‘We now lay a transparent copy of Fig. 6 on Fig. 7 with the 
_abscissae superimposed in such a way that the coinciding values 
‘of 4wT and 4wr have the above ratio (see Fig. 10). This is 
‘possible because of their logarithmic scales. Both |A, ,,.| and 
|A,| are now seen as functions of wr with w = 9, &239, OF 
'@ 79: In all these three cases |A;| is larger for P4 than for P, 
and Ps for any value of }wr. Therefore we consider P, as the 
standard process. In the case that P4 is imitated we consider 
jas the best value of 4w,,,,7 that value of 4w7 for which the 
curve |A7(Wynqx)| for P4 and the curve |A,,,,| for the given 


value of o/7 intersect. The corresponding A,,(@max) is then 
‘the sum of the equal ordinates |Apr(mgx)| and |A,.,;-| of this 
point of intersection. These values of 4w,,.,7 and A,(Wmax) 
do not differ much from those for which A,,,(@,,ax) = |Ap(@max)| 
(+A, o-| for P, is at its minimum. The former value of 
4x7 is smaller than the latter and therefore reduces the relative 
deviation of the imitation transfer function of the controller 
from its transfer function. From the above best value of 
4w,,ax7 the best value of 4a g97 for the case that P, is imitated 
can be found simply by multiplying by the value of w;9/W 9x 
for P4 (w;g9/230 = 9°568; @1g0/@279 = 0°340). We now take 
this value of 4a 997 to be, in general, the best. It is found that 
with this value both |A;(,,,,)| and [Az ,)-(@nqx)| are smaller 
for P, and P, than for P;. 


_ In Fig. 11 the best values so defined of 4 g97 for o/7 = tare 
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0-80 


0-70 


0-60 


0-30 


Fig. 11.—Value of $m1igot for which, for process P4, | Ar]=|Az, ofsj 
at@ = Omax> 


Fig. 12.—Value of Brot(wmax) for process P4 if, at w = wmax, 


jAz| = |Ax, o/s| 

plotted as functions of the number of buffer amplifiers, 2, of 
which the delay line consists. The corresponding values of 
Asol®max) for process P;, are plotted in Fig. 12. 

Also, according to formula (34) |A’(w,,,,)| with the above 
values of 4w,g97 appears always to be larger for Py, than for P, 
and P, and is therefore plotted for P, in Fig. 13. Comparison of 
Figs. 12 and 13 shows that, for P%4, |A’(@max)| is always much 
smaller than A,,,(w,,,,). - It therefore seems indeed justifiable, as 
was assumed in Sections 3.1 and 3.2, to neglect the effect of the 
exceptional behaviour of V, and V>. 

In view of the error in the frequency response of the controller 
[see formulae (54) and (55)] it is desirable to know about how 
large 6 =7/T; can be. To gain an idea of its possible values 
we proceeded as follows. Whereas according to Fig. 11 the 
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30 a nai ee linc She La 


Fig. 13.—|A’(omax)| if |Ar| 


best values of w,g97 for o/r = 4 and for each of the three fre- 
quency ranges considered are monotonic decreasing functions of 
2N, the corresponding values of w,g97 are monotonic increasing 
functions of 2N. For the relevant range of values of w,g97 we 
now calculate for each of the processes P,, P;, and P, the appro- 
priate values of w,g97;. The results have been plotted in Fig. 14. 
It appears that the appropriate value of w,go7, for Ps is for the 
whole range of values of w;,g97 considered smaller than those 
for P, and P,. It is now quite easy with the aid of the relations 


= |A,, 4] at © = Wmax for process P4. 


=! 
meee 


aes 


|| 
who B| 
i 4 
” 0:50 1 
J 
0:40 
0:30 
Dickes 10 20 30 40 
2N 


Fig. 15.—0d = 1/7; for process Ps with reduced time scale. 


illustrated in Figs. 11 and 14 to calculate w,g97, and 6 = 7/T;, 
the latter by simply dividing the values of w,g97 by the corre- 
sponding values of w,g97;. The values of 5 so calculated are 
plotted for P; in Fig. 15. From Fig. 14 it can be concluded that 


t 


5 || 
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the values of 8 for P, and Pj, are for the whole range of 2N 
considered respectively at least 1-23 and 1-73 times smaller than” 
the corresponding values of 6 for P;. From Fig. 15 it is seen 
that for a not too small number of buffer amplifiers, 2N, 6 < 1, 
as was assumed in Section 3.2. 
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(6) APPENDICES 
(6.1) Sinusoidal Input to Clamping System 


If the output of a linear system V (t) depends only on its 
input V,(t) at the sampling moments t = kz, it is easily seen that 


| 
Vo(kt) = > a,V,(kr — s7) Cy) | 
s=0 || 
with the constants a,. | 
If now the input is sinusoidal, or if at least | 
V (kt) = BV, 250k) . (58) 
with constant complex value of V,, it follows that | 
Vo(kr) = RV pesoks) (59) | 
. = ree | | 
with Vo=KY Dd ae Jor (60) 
s=0 


(6.2) Clamping Transfer Function defined by Indicial Response at : 
Sampling Moments 


From eqn. (57) it follows that, for an input given by 


| 
| 
V(t) = Ut — ft), ‘ Tk 
Vok7) = Ya, (61) 
SW) | 
| 
| 


With the aid of these equations one can express the constants — 
a, in terms of Vo(0) to Vo(k7). Vo/V, is therefore, according to 
eqn. (60), completely defined by the values of Vo(k7) for an input — 
VQ = Ult — t). | 


Synthesizer with an Infinite Number of Sections W 


We assume that the discontinuous delay-line synthesizer is a 
pure clamping system, which is exactly true only if 


| 
(6.3) Imitation Transfer Function of a Discontinuous Delay-Line | 


= =0 


@ | 
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and that for an input 


V, (kr). = 9 for | aa oe (63) 
the output is , V(t) = . pit — to) . (64) 


|For an arbitrary input V,(t) the output at the sampling moments 
hie then be 


Shae on) ~ 


(Volk) pos V, (kt —st —7)JHp(st— 19). (65) 
tt now, the input is sinusoidal, 

| V (kr) = A(V,esoks) , (66) 
| it follows that Vo(kr) = B[O*(jw) Feio] (67) 
| with 

O*Uia) = = esa ST Lag WT os e Jolst— OH p(st = to) . (68) 
— 

| Ifnow Hy(kr — h) = Hike 0) for k on : (69) 


\Hp(—%) = 0 being a consequence of eqn. (62), it follows from 
eqns. (68) and (69) that 


ie in twr 
—O* (jw) = ev fortige 4 
, ioe) a 

| ZwT 


+0 
5 [jon 3S e Jebt-WA(st — to) — jwtH(— | . (70) 


s=—- 0 


| If, however, the discontinuous delay-line synthesizer is provided 
‘with an approximate integrator with time-constant 7,, and 
instead of eqn. (69) we have 


at ee = 
HGkr ve to) ~ —1,0 (71) 


| HpGkr + o — t)) = fone SN 
#H p(—47 + o — to) = Hp(o — to) = 0 being a consequence of 
‘eqn. (62), then 
{ Hj@—%)=0 fort<oc. 
1 1 Stee Go). 
iG tp) = TT — ec 2t 


(72) 


HG; -+o-—1f) for o<t<o+t7 
(73) 


feat k/2)tSo)/Tr 


Hy—1) =H(F +o - . + 


eer ler 

Kae te 1 k 
x |H(S oO to) H(57 ! oO to )] 
for oe k~#—1,0 (74) 
‘and consequently H,(—t) =0 (75) 

Hj(k7 — to) = pH(kt + o — t) 

+(1 — p)H(kr-47 +0—) k40 (76) 
with p = [1 —e-G@r-O/T1]/ [1 — e—2/Tr] (77) 


It then follows from eqns. (68) and (75)-(77) that 


at 
os, o(Jw) = Ee ieGs +t) [pesee a d =" pjesoto—32)]5 ZwWT 
WT 


+00 
be x {jon Ss Ee Jos t+o-WH (sr AG to) 
s=— oO 
eof LPH (o — to) + 1 — p)H(— 47 + o — &)] 
Hh : pelos + (1 — pe 41) 

i Stan ae (CRY) 


375 
We now make use of the formula 
— 2njst’ 2 
+0 asia Ss = ®,( jo + j=) 
5 He oT: 
T 3 E Jolst—7 (7 —T’) — SS a ee ee ee Pe 
s=— 0 s=—o@ 27s 
Hon) 
(79) 


which is equivalent to the well-known Poisson summation rule.7 
It can be verified that, in general, for higher-order systems, 
for 4wr < 1, 


| Be exp = TST (jo / sis 
Bary aaa Or rte 
i(e “ =) | 


(80) 


itz = fy or Ly ee 
Therefore it follows from eqns. (70), (78) and (79) that, to a 
good approximation, 


O* (jw) = aay e-ioGe + 2WT Gp 
4WT 


[O,(jw) — jwrH(— t)]. (81) 


O* (jw) = = ¢joGs 7 +t0)[ pe—jos oe i p)eioto— nae 
Wie 
pH(o ~ to) + —p)H(— 47 + 0 


2 


(82) 


x | O60) — jorresore pesos +(— pesolo—4) 


On the same lines it can be deduced that, if it were possible to 
make Hp(kt — to) = H(kt — to) or Hp G the + o — fo) = HGkr 
+ o — fo) for all integers k instead of eqn. (69) or (71), the 
delay-line synthesizer remaining a pure clamping system, the last 
factor in eqns. (81) or (82) would become simply ®p(jw). We 
thus find eqns. (28) and (31). Eqn. (34) is found by comparing 
eqn. (82) with its form changed in the way described above. 


(6.4) The Imitation Transfer Function of the Stabilizing 
Network 


If the output V(z) of the discontinuous delay-line synthesizer, 
its integral 


kt 


Vint) = | VolOat (83) 
V 
and its derivative Vaerlt) = ae (84) 
at the sampling moments are respectively 
Vo(kt) = RV oeie") (85) 
Vint kT) = RV jy eF°*) (86) 
Vige(kt) = BV gep8FOK) (87) 


the imitation transfer function of the stabilizing network with 
transfer function (39) in series with this delay-line synthesizer is 
given by eqn. (43), with ~ 


Ae jean (88) 


(89) 
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In accordance with Section 3.1 we neglect the effect of the 
exceptional behaviour of V, and Vz and assume that for an input 
as shown in eqn. (63) the output is given by eqn. (74) for all 


integers k. It follows then, that for an arbitrary input V,(4), 
ee —s—2 k 
V(t) ee Bae (ee =) JR —3r—<) 
(s—k even) P hee ’ (90) 
k k+1 

for th ig she Abiey 
with 

Ss ees ext 
AS) H(57 ae fo) Ue Tee sealer 


Poe nD H(57 +o — i) | (91) 


plex 


If now the input is sinusoidal [eqn. (58)] it follows that 


oh wc reelagten k 
Volt) =al Peron = mae st 2 Jos} “EG at ar = c) 
(92) 


(s—k even) 


i 


Fir to 


k k 
for Selon star 


From eqn. (92) we find by integration by parts and summation 
of the results: 


kt 
[ Vote = al Pet Sh g Jot) 


a) € J@t +a EJosth, ale Sy e Josef G7 — |} (93) 
hearer ion ae s=—o ‘ 
with 
h, = 47[Hs7 — 47 + o — 9) + HGst + o — &)] 
+ [H(s7 + 47 + o — t:) — H(st — 4 +o— t)] 
yet —.7,(1. — 6-72!) 
(ee PG (94) 
f(x) = xH(s7 — 47 + o — to) + [H(s7 + o — ty) 
x — T,0 — e—+!72) 
= H(s7 =r ao — tp) | j i =F (95) 


From this we obtain, by means of eqn. (79), 
kt mi fi 
if Vo(Adt = ALF 0% 1 eJot[R(o — 47 — tf) + RCo — tt) 
Sn 


+ PR + 47 — to) — f()R(o — 47 — &)] 


+(— eter) (I — =\R(o —i-h) 


+ #(1 au =2'R(o —t))— o(1 es 22 R(o aie Se oH 
f ‘ (96) 


glosCle (jo +j) 
T 


+ 0 
i = gJoc 
with R(C) = efe¢ SF OP, 


s=—0 


_, 97) 
i(@ gts 
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= 21G — E—xt/2T7) 


and (98) 


P(x) = 


1 — 67 7/2T, 
On the other hand, one finds by differentiating eqn. (92) 


BS 2 Gt—o)/T, 


| -a| V,eokt(| — e-Jor) om 
t=kr 


fe Volt) 


dt — Ea tioly 


x [R(o — tf) — Roe —47 — oi} - 99) 


For the three systems P,, P; and P,, and for most other higher- 
order systems one may neglect the differences between the factors -| 


E2rjsC/t (jo 4pm \ a 
Ii | 


27s c; 
tosh ge) 
of the different R’s [eqn. (97)] occurring in eqns. (96) and (99) 


in relation to the differences between their other factors el 
and use the approximation 


s=— 0 


R(C) = LefoC@( jew) (101) 
jw 


We thus arrive at the formulae 


ke 
=~: YOGO) 
| vocoar = 8 ee ch 


x ue — 2) etior + + [4 —¥ ” wa —* 20 
ee 2) | + + [iy = W(1 = Ss 2) Jets 


elolo—41~- to) 


20 JOT " : 

+ (72 — (1) + v(1—* —— 2) Je j } (1% 

‘at 

an || 
| 

on =F Vesoks D(jw)jweiolo—47— to) ; a : 
dt t=kt 4 | 
me ; ae @2-o)/T1 | 

SIN =WT 4 

$) a Se el 

| 


For Vo(kt) we use eqns. (67) and (82) omitting in the lattell j 
the terms with H in accordance with the argument following it, — 
and find with the aid of eqns. (83)-(89) that 


1+A,;= Hu(1 — 2 etior 4 +[y bl) — wi -* Sages 
“(0% “aor 
+ (7 = oa) + ¥(1 = 2) |e ac | / woe 


x p+ ~ peer] a 


, i ; pe go 
— E-sjot 1 
p+ —pye er jw 1 — e821 * 


with ¢ and p defined by eqns. (98) and (77). 

| The most interesting case is o ~ 47. With the notations 

) e=(¢-d/t (106) 
| § =7/T, (107) 
and x =tor (108) 
it follows that, for 6 = 0, 
eee 
| ieee — 1 ~ cian 4x oe 
If 8 < 1 and e is small, 

| Yl) ~ $[1 + 48] . (11) 
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2, 
¥(1 2 ~) ~ 1 — (1 + 48). (112) 
p ~ 401 — et + 49) (113) 
1 pao 
T, e 2 1§ 1 62 
Gu nar, ~ ill + Be — fe ] (114) 


Making use of eqns. (104), (105) and (111)-(114) we find that, 
for small values of e and 4, 


eS) COS : 1 2 sin x 
1+ 4, sin x 4 E + je(tan ia 3 cos z) 
1 = cos: 1 .| 3 —3 cosix 
ey) eee a 
RE ee? t { re 3 + COs x 
: sin x 
+i(3 a a 3 ce ee 
and 
au 
panne ao je tan 4x)[1 + 48(e —4/tan 4x] . (116) 
2 
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THE APPLICATION OF THE FREQUENCY-RESPONSE METHOD TO 
ELECTRICAL MACHINES 


By S. K. SEN, B.E., and B. ADKINS, M.A., Member. 


(The paper was first received 7th November, 1955, and in revised for m 2nd February, 1956. 
in May, 1956.) 


SUMMARY 

The frequency-response method is well established in the analysis 
of control systems and networks, but has hitherto not been extensively 
used for analysing rotating machines. The method is of particular 
value when the magnetic circuit of the machine contains unlaminated 
iron in which eddy currents are set up when the flux changes. The 
paper describes a method of calculating the performance of the machine, 
and shows how the effect of the eddy currents can be taken into account. 

Several methods of calculating the appropriate frequency-response 
curves have been worked out and experimentally verified. The applica- 
tion of the frequency-response curves to determine the performance 
characteristics is illustrated by calculations and tests for several simple 
transient conditions. 


LIST OF SYMBOLS 
a = Half-thickness of solid iron section. 
f = Frequency. 
i = Instantaneous current. 
1 = Mean length of the flux path in the solid iron. 
= Axial length of solid iron section. 


a 
I, = Effective axial length. 
= d/dt = Heaviside operator. 
q, g’ = Mesh lengths in relaxation pate, 


r = Resistance. 

S = Slip. 

v = Instantaneous voltage. 

x = Co-ordinate across the solid iron section. 

Reactance (Section 5). 

= Instantaneous flux density. 

Fy = Residual in relaxation chart. 

H = Instantaneous magnetic force. 

N = Number of turns of the winding. 

Q = New variable replacing B in the relaxation chart. 
6 = Depth of penetration. 


Ds 


6 = 27ft = Angle in the time cycle. 

A = Angle depending on the instant of switching. 
}/ = Permeability. 

p= bw’ — jp” = Complex permeability. 


v = Instantaneous speed. 

p = Resistivity. 

7 = Torque in the turbo-alternator. 

is = Flux linkage (Section 5). 

@w = 27f = Angular frequency. 

= Synchronous speed (Section 5). 

® = Flux. 

() = Variable in Floyd’s method. 

1 = Heaviside unit-step function. 

Xq(p), Xp) and G(p) are operational 
depending on the winding impedances. 
The following suffixes are used: 


functions 


Correspondence on Monographs is invited for consideration with a view to 
publication. 

Mr. Sen was formerly at Imperial College, and is now at the Bengal Engineering 
College, Howrah, India. 

Mr. Adkins is in the Electrical Engineering Department, Imperial College of Science 
and Technology, University of London. 


ese 


Monograph No. 178 s) 
May 1956 


It was published as an INSTITUTION MONOGRAPH 


a = Armature circuit. 

d = Direct axis. 

f = Field circuit. 

o = Value at the boundary. a 

q = Quadrature axis. ) \ | 
Vectors are indicated by capital letters (except for certain” 

Greek symbols) in bold face. } 

An asterisk with a symbol indicates the complex conjugate. 


(1) INTRODUCTION 
A frequency-response curve is a curve showing the relation | 
between two quantities in a system, e.g. input voltage and output _ 
voltage, for operation over a range of frequencies. The ratio 
of the vectors corresponding to the two sinusoidally varying 
quantities at any frequency is determined as a complex number 
and plotted on an Argand diagram. The frequency-response — 
curve is the locus of these points as the frequency varies from 
zero to infinity. f 
The method applies strictly to linear systems, but it can be 
used for an approximate study of a non-linear system if harmonics 
are neglected and the results are based on the fundamental values | 
of the quantities. A rotating electrical machine often gives rise 
to more complicated problems than those encountered in linear || 
control systems. The general equations of a machine are | 
inherently non-linear, containing, for example, terms depending 
on the product of the speed and the currents. Further, saturation || 
is always important to a greater or lesser degree. Some of the | 
quantities in a machine can, however, be related by frequency- | 
response curves, which can be used to determine the performance — 
under various conditions of operation. 
When the magnetic circuit of the machine contains soli } 
unlaminated iron, the machine cannot be represented fully by || 
simple circuits or by a simple set of equations. (The term ‘solid At 
iron’ is used for iron which is not laminated.) It is possible, 
however, to determine the frequency-response curves, from whol 
the performance characteristics can be deduced. The eddy ’ 
currents, which flow in the solid iron, depend on saturation an 
hysteresis in the material. It is shown in the paper how these ; 
effects can be taken into account. 
The investigation was made in three stages by considering 
successively : 
(a) A solid iron ring with a toroidal winding. - 
(b) A direct-current machine with a solid iron yoke. 

(c) An alternator with a solid iron rotor, 


(2) DETERMINATION OF THE FLUX AND INDUCED 
: VOLTAGE IN A SOLID RING 


(2.1) General 
_ Before proceeding to the study of the d. c. machine, an investigae 


varying frequency flows in it. 
ring, for which the magnetic circuit is a good deal simpler 
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that of a machine, is recorded in Sections 2 and 3, and the results 
are extended in Section 4 to study the behaviour of a d.c. machine 
when alternating current flows in the field winding. 

In an ideal inductance coil, having a magnetic system in which 
‘eddy currents, hysteresis and saturation do not occur, the locus 
of the current vector for an applied sinusoidal voltage of constant 
magnitude and variable frequency is a semicircle, as shown by 
the chain-dotted curve in Fig. 9. When the magnetic circuit is 
made of solid iron, either wholly, as in the ring, or partly, as in 
the d.c. machine, eddy currents flow in the iron and the current 
locus is distorted, as shown by the full-line curve in Fig.9. The 
conditions are greatly affected by saturation and hysteresis, 
which distort the voltage wave and are important factors in 
determining the shape of the current locus. 

The mild-steel ring is proportioned so that the axial length 
(12-9cm) and the diameter (11-4cm) are both much greater than 
the thickness (1-9cm). The winding consists of 112 turns of 
‘wire of 0-122cm diameter and has a resistance of 0:15 ohm 
(cold). A set of hysteresis loops of the iron, determined by 
\direct-current tests using a search coil and a fluxmeter was used 
for making the calculations. The resistivity of the iron is 
17 x 10-° ohm-cm. 


| (2.2) Methods of Analysis for the Ring 


i 

| ' At different values of the frequency f, the flux density varies 
lacross the thickness of the ring (along the x-axis) in the manner 
‘shown in Fig. 1. With direct current in the winding, the flux 
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Fig. 1.—Variation of flux density across the ring at various frequencies. 


| ensity B is uniform, but with alternating current the amplitude 
i alls off at the centre of the ring, because of eddy currents, by an 
‘amount which increases with frequency. The curve for 50c/s 
hows clearly the so-called skin effect, which concentrates the 
flux at the two surfaces. 
| The ring can be analysed as a one-dimensional system by 
“considering it to be equivalent to a bar, having infinite length in 
‘the circumferential direction and extending to infinity in the 
axial direction. Three different methods of analysis were used, 
4 ach of which depends on a particular assumption made about the 
magnetic characteristics of the iron. 


(a) Constant-permeability method.—The characteristic is as- 
sumed to be a straight line. 
| (6) Relaxation method.—The actual family of loop charac- 


(c) Complex-permeability method—The characteristics are 
ssumed to be a family of ellipses. 


Tn each method the manner of variation of B, both in space and 
ime, can be determined for an alternating current of any mag- 


SH) 


nitude and frequency in the winding. The space variation across 
the thickness of the ring cannot be verified experimentally, but the 
time variation of the total flux can be checked by measuring the 
induced voltage. 

The equation which determines the flux density is, in C.G.S. 
electromagnetic units,! 


02H Na 4m | y-90B 
Ox2 p or 


The magnetic force, H,, at the boundary is determined by the 
current flowing in the winding, and its value is used to obtain 
one of the boundary conditions required for the solution of the 
equation. Ifthe current is sinusoidal, H, also varies sinusoidally. 

47N 


Jee aa For Lmax 


ange) 


cos wt (2) 
(2.3) Method (a) 


With B = ..H, where the permeability 4 is constant, eqn. (1) 
is linear, and consequently a sinusoidal current produces a 
sinusoidal flux. When transformed into a vector equation with 
frequency f, it becomes 


(3) 


where H is a complex quantity representing the sinusoidally 
varying magnetic force. 

Two alternative solutions are given below. The first solution 
applies generally and must be used at low frequencies. The 
second solution, which is much simpler, applies at high fre- 
quencies when the skin effect is so great that the flux density at 
the centre of the ring is negligible. The second boundary con- 
dition is then obtained by treating each half of the ring as a semi- 
infinite solid. 


(2.3.1) Solution for Low Frequencies. 


For a plate of thickness 2a, the boundary conditions are as 
follows: 


x=0,H =d, 
dH 
Se aa er hae 


Solution of the equation gives the following expressions for the 
vectors representing the flux density and the induced voltage: 


4nNp cosh a (x — a) 
= 4 
B Oi aecoshiog @) 
Pie eh 
Geen OT A ete oe 0x8 (5) 
al max 
47 
where oo =; (ane x 10-*) (6) 
Jp 
(2.3.2) Solution for High Frequencies. 
For a semi-infinite solid, the boundary conditions are 
x=0, H=4H, 
= COL = 0 
and the solution gives 
4rN, 
B= op dinaxe— (7) 
87 N2ujol’ 
a ate (8) 
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In applying the solution, the effective axial length must be 
assumed to be greater than the axial length of the ring, because 
the skin effect occurs ail round the periphery. As an approxima- 180° : -0-86|0:01 -073 |o-01 
tion the effective length /’ is determined by the following equation: 


22a 0G) ee FC) 


where 6 is the depth of penetration, defined as the depth over 
which a uniform flux density equal to the surface density would 
produce the actual total flux. Its value, deduced for the semi- 


infinite solid, is 
x 109 
= mY (Se Newb bich vatr. 3nidO) 


When 6 exceeds a, I’ is taken as equal to /,. 


170° 


(2.4) Method (6) yak 


An accurate solution of eqn. (1), using the exact magnetic 
characteristics, can be obtained numerically by the method of 
relaxation.2_ The solution given by Butler and Sarma? for thin 
laminations uses the relaxation method, but their assumptions 
about the distribution of H do not hold good for the present 


130° -0:26|008 -005 j0:05 0-11 


problem. 420° 0-16 
The solution is obtained using an angle 6 = 27/t to represent fae *67 ih 
the time scale. If the meshes used for relaxation have dimensions ‘ 
110° 0:18 [0:08 0-36 }oO- 0-49]0-04 0-57 |0-04 0-58]0:03 
283 
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Fig. 2.—Relaxation pattern. ae 
q along the x-axis and q’ along the 6-axis, as indicated in Fig. 2, 
the finite-difference equation is AF 
Kq? 
A, A 2 are q (Bz By) . . . (11) 
coe 


where K = 872f x 10-°/p. 


For convenience in carrying out the relaxation, the variable B 
is replaced by a new variable Q, such that 


Oa pipe ine ad 
q 


50° 


2 , 40° 
The residual equation is then 


Fit Hy a Hy — 2H, 0, 220s pe a) 


2) 


: : ane 30° kk -03 1: 03 |o- ‘ 
which leads to the relaxation pattern shown in Fig. 2. 


The relation between H and Q at any mesh point is obtained 
from a different hysteresis loop for each value of x. It is, more- 
over, important to pass round the loop in the correct direction 2” 3 AaB SIE BAS P 
as time increases when moving along a vertical line corresponding 
to any value of x. The particular loop to be used for any point 
is not known at first, but it is readily determined in the course 10° 
of the relaxation process. The solution obtained by method (a) 
was used as the starting-point of the relaxation. A typical 
relaxation chart, in which the upper left-hand figure at any node 
is Q, the lower left-hand figure is H and the right-hand figure is ; 482 466 ; 
F., is given in Fig. 3. The chart extends over half the thickness EEN EN : x— ne 


of 
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of the ring along the x-axis, and over half a period along the Fig. 3.—Relaxation chart for 2amp(r.m.s.) at 0-5c/s. 
6-axis. Q| Fo 
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Numbers at each node are: 
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The total flux at any instant is obtained by summation of the 
alues of B along the x-axis, and the induced voltage is obtained 
‘om the total flux by numerical differentiation with respect to 
me. 
| The accuracy of the relaxation method was checked by obtain- 
ig a solution based on a constant-permeability characteristic for 
omparison with the methematical solution of method (a). The 
‘Otted lines in Fig. 6 were obtained by relaxation, and the points 
idicated by circles were calculated by method (a). The agree- 
ent was good, which showed that the choice of mesh size and 
he relaxation of the residuals were satisfactory for the purpose 
\ hand. 

(2.5) Method (c) 


The method of calculation based on constant rea! permeability 
relatively simple but is inaccurate because the assumptions 
‘bout the magnetic characteristic are not correct. On the other 
lg the relaxation method gives results which, as explained 
\ter, agree well with experiment, but require laborious numerical 
There is need for a reasonably simple method 
Method (c) is based on 


alculations. 
iving better accuracy than method (a). 
he concept of complex permeability. 

| The theory of complex permeability+:5 depends on the assump- 
on that, if the magnetic force H at any point varies sinusoidally 
ith time according to H = H,,,,,.cos wt, the corresponding flux 
ensity B is given by an expression of the form 


B=H, 


(u’ cos wt + pw” sinwt) . (14) 


i 
max 


here y’ and jw” are constants. 
|For a sinusoidal solution the relation between the vectors B 


ad His 
B=pH. (15) 


hes py. = pw’ — jp” and is called the complex permeability. 
€ assumption corresponds to a magnetic characteristic of ellip- 
cal shape. 

With the above assumption, a sinusoidal applied current 
toduces sinusoidal flux and voltage, and the solutions given in 
ction 2.3 can be used if the complex permeability y is inserted 
(stead of the real permeability ju. 


_ (2.6) Comparison of Measured and Calculated Results 
‘.6.1) Unsaturated Conditions. 
| Tests were made on the ring to determine the induced voltage 
‘hen a sinusoidal current flows in the winding. Oscillograms 
= voltage and current were recorded, and the instantaneous 
‘sistance drop was deducted from the terminal voltage in order 
» obtain the curve of induced voltage. The majority of the 
‘sts were made with a low current well below the point at which 
ituration commences. Fig. 4 shows the curves of induced 
»ltage obtained by test and by the three methods of calculation, 
en a sinusoidal current of 2amp (r.m.s.) at 50c/s is passed 
jrough the winding. The instant of maximum current is taken 
i time. 
As already mentioned, each of the methods of analysis depends 
a particular assumption about the magnetic characteristics. 
‘1g. 5 shows the three alternative curves for the maximum 
iternating magnetic force corresponding to 2 amp (r.m.s.). 
Method (a).—The characteristic is the line (a), which is drawn 
jong the mean line of the actual hysteresis loop. 
Method (b).—The characteristics are the actual hysteresis 
p (5) in Fig. 5, together with a family of smaller loops. 
\Method (c).—The characteristics are a family of ellipses, of 
‘nich the largest, shown dotted in Fig. 5, is chosen to agree as 
<bsely as possible with the actual hysteresis loop. The method 
pted is to make the ellipse pass through the point of maximum 
and the point of zero H. 
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------- Test. 


Method (a). 
x x xX X Method (6). 
— Method (c). 
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Fig. 5.—Magnetic characteristics associated with the three methods of 
calculation. 


(a) Straight line, » = 955. 
(b) Actual characteristic. 
(c) Ellipse, u = 863 — 94). 
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At the low current the saturation is negligible, but the hysteresis 
effect causes a distortion of the measured voltage wave. The 
curve calculated by relaxation shows the distortion, but methods 
(a) and (c) both give sinusoidal voltage waves. In order to 
obtain the frequency-response curves discussed in Section 3, 
the fundamental components of the voltage waves are used. 

In order to show how the eddy currents affect the instantaneous 
distribution of flux density across the ring section, a series of 
curves is plotted in Fig. 6 for three instants during a half-cycle 


B, KILOGAUSS 


B, KILOGAUSS 


B, KILOGAUSS 


Fig. 6.—Distribution of flux density across the ring at different instants 
for 2amp(r.m.s.) at 50c/s. 


©OOO Method (a). 
Method (6) with hysteresis. 
----- Method (c) without hysteresis. 


when the applied current is 2amp (r.m.s.) at 50c/s. The full- 
line curves show the flux density calculated by method (bd), 
using the set of hysteresis loops, and the dotted curves show the 
flux density calculated by the same method but using the straight- 
line characteristic corresponding to constant permeability. The 
difference between the curves is evidently due to hysteresis, and 
they clearly show how the change of flux density at any point is 
delayed because of hysteresis. The points indicated by small 
circles were calculated by method (a), using the same value of bb 
as for the dotted line. The comparison between these ,points 
and the dotted line provides a check on the accuracy of the 
relaxation process, as mentioned in Section 2.4. 
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(2.7.2) Saturated Conditions. 


Further tests and calculations were made with a larger current 
in the winding. Fig. 7 shows the curves of induced voltage when ~ 
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== Test. 


Method (a). 
x x X X Method (6). 
—- Method (c), 


a sinusoidal current of 10amp(r.m.s.) at 0-5c/s flows in the 
winding, under which condition there is considerable saturation. | 
The curve calculated by the relaxation method agrees well with 
the test curve, which is a distorted wave. : 
by methods (a) and (c), however, differ greatly from that obtained 
by test. The effect of saturation is discussed further 1 
Section 3.3. 


(3) FREQUENCY-RESPONSE CURVES OF THE SOLID > 
IRON RING 


(3.1) Comparison of Measured and Calculated Results 


| 
| 
| 
If both the current and induced voltage are sinusoidal, | 
impedance of the coil, including its resistance, at any frequency 
can be determined as a complex number and Plotted on aj | 


increases. Fig. 8 shows the impedance loci determined by test 
and by the three methods discussed in Section 2 for a sinusoidal | 
current of 2amp(r.m.s.). 
Several alternative methods of measuring the impedance at low 
frequencies down to 0-Sc/s were tried. The low-frequency 
current was taken either from an a.c. commutator machine | 
running with a low slip, or from a self-excited cross-field generator | 
(amplidyne) having a special electronic control system designed 
to produce a low-frequency supply. In either case a filter circuit 
was used to eliminate commutator and slot ripples. 
The principal difficulty arose in measuring the phase angle, for 
which the following methods were tried: | 


(i) Three-ammeter method and three-voltmeter method. ' | 
(ii) Wattmeter method. i 
(iii) Phase-shifter method. The Lissajous figure obtained by 

applying the voltage and current to a cathode-ray oscillograph “a 

adjusted to indicate zero phase difference. 

(iv) Oscillograph method. Oscillograms of voltage and cu 
for each condition were recorded with a Duddell oscillograph. 


4] 


In order to obtain the best accuracy for the present investi 
tion the last method was used, although the work involved i 
analysing the oscillograms was quite considerable. Hower 
since the order of accuracy obtained in the calculations is 
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OHMS (IMAGINARY) 


O-5 1-0 1-5 
| OHMS (REAL) 


Fig. 8.—Impedance loci for 2 amp (r.m.s.). 


------- Test. 

Method (a). 
xX x & Method (6). 
—-— Method (c). 


————— 


‘elatively low, particularly when saturation occurs, it is probable 
hat the values obtained by one of the other simpler methods 
vould suffice for many practical purposes. 

For a completely laminated ring with constant permeability 
‘he impedance locus at varying frequency would be the vertical 
itraight line O’Y in Fig. 8, where OO’ is the winding resistance r. 
For a solid ring with a pronounced skin effect, such that the 
heory of the semi-infinite solid applied, and having constant 
yermeability, the impedance locus would be a straight line O’Z at 
45° to the axis. The impedance locus determined by method (a) 
asses from one condition to the other. It starts at O’ at zero 
requency, is tangential to O’Y at first and then bends over to 
ipproach O’Z at higher frequencies. 
| Method (c) gives a similar result except that the curve 
‘pproaches a line O’Z’, where the angle between O’Z and the 
orizontal axis is less than 45°. The angle between O’Z and 
)’Z’ represents a phase shift caused by hysteresis. It can be 


een that the test curve agrees quite well with that obtained by 
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Fig. 9.—Admittance loci for 2amp(r.m.s.). 


------- Test. 

Method (a). 
x Method (6). 
>© Method (c). 
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The high-frequency part of the curve calculated by method (a) 
is initially at 45° to the real axis, but the angle of the measured 
curve and of those calculated by methods (b) and (c) is less 
because of hysteresis. 


(3.2) Application of the Frequency-Response Curve to Determine 
the Response to a Suddenly Applied Voltage 


With the solid ring the relation between the current in the coil 
and the applied voltage cannot be derived accurately as an 
operational formula, and a direct operational solution of a 
transient problem cannot be obtained. The admittance locus 
can, however, be calculated, and can be used to solve a transient 
problem by various known methods. 

As an example, the admittance locus is used to determine the 
current that flows after a sudden application of voltage. In 
order to measure the transient current, an oscillograph shunt 
was connected in the circuit, increasing the total resistance to 
0-213 ohm. Fig. 10 (full line) shows the modified admittance 
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Fig. 10.—Admittance locus for 2amp(r.m.s.) with R = 0-213 ohm, 


Curve calculated by method (c). : 
—-=--- Approximate curve used to determine the transient current. 


locus, calculated by method (c) for this resistance. The measured 
transient current is shown in Fig. 11 together with calculated 
curves obtained by two different methods. 

The first method, described briefly in Appendix 8, is due to 


Floyd.® It gives a good result but the numerical work is rather 
laborious. 
3 10 125 20 2:5 3-C (CURVES 5) 
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Fig. 11.—Transient current in the winding on the ring. 
Test. 

------- Floyd’s method. 

OO©OO© Algebraic method. 
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! The second method is analgebraicone. The actual admittance 
is approximated by an expression of the form 


(1 + jwT,) (1 + jwT3) 
(1 + jwT,) (1 + jwT,) 


where, 7;, T,, T; and 7, are constants. The corresponding 
admittance locus, shown dotted in Fig. 10, is a curve passing 
between two semicircles which have their centres on the real 
axis. The dotted curve is drawn for time-constants having the 
following values: 


VGi@) iter (16) 


T, = 3 0-212sec, T> = 0-555, T; — 0-009 8, TL — 00-0334 


and is chosen to agree as nearly as possible with the actual locus. 
The transient response curve is then 


i(t) = 2:83(1 — 0-646e-1°8! — 0:240¢—29-98) 


The current found by this algebraic method is shown in Fig. 11. 
It differs from the other curves because of the difference between 
the curves of Fig. 10 at the high-frequency end. 


(3.3) The Effects of Eddy Currents, Hysteresis and Saturation 


The analysis given aboye shows how the effects of eddy currents, 
hysteresis and saturation can, in general, be considered separately. 
Under conditions of low saturation the frequency-response curve 
can be satisfactorily calculated by means of a linear theory. As 
a rough approximation it may be stated that method (a), based 
on constant permeability, allows for eddy currents, while 
method (c), based on complex permeability, allows for both 
eddy currents and hysteresis. The effect of hysteresis appears 
separately as a charge in the angle of the impedance. 

When saturation occurs it is necessary to select suitable values 
of the basic constants to fit the particular problem. The method, 
which is similar to that normally used to allow for saturation in 
machines, is an empirical one based on experience. In applying 
method (c) the value of 4.’ must be intermediate between that 
corresponding to maximum H and that.at low saturation. 

The purpose of the present paper is to establish a basic linear 
theory which allows for eddy currents and hysteresis in the solid 
iron. The application of the theory to the d.c. machine and the 
alternator in the later Sections is concerned only with conditions 
for which saturation is negligible. 


(4) FREQUENCY-RESPONSE CURVES OF A D.C. MACHINE 
WITH A SOLID YOKE 


(4.1) The Equivalent Ring with an Air Gap 


The field winding of a d.c. machine, like the winding on the 
ring discussed above, is essentially an inductance coil, but it 
differs from the ring because the magnetic circuit is more com- 
plicated and the winding is concentrated in localized field coils. 
The methods already developed are modified and extended in 
this Section in order to study the effects of eddy currents and 
hysteresis in a d.c. machine when the yoke is made of solid iron. 
In addition to the voltage and current in the field winding, the 
voltage induced in the armature is also determined. 

The investigation was made on a two-pole d.c. motor rated at 
4-Sh.p., 200 volts, 1450r.p.m., having the dimensions shown 
in Fig. 12. The poles are laminated but the yoke is solid. The 
calculations are made by first replacing the magnetic circuit by 
an equivalent iron ring with an air gap (thickness 3-5cm, axial 
length 21 cm, mean circumferential length 24:2.cm, air-gap length 
0:154cm). The ring, which carries half the flux per pole of the 
machine and has the same cross-section as the yoke, is assumed 
to have no leakage. The mean circumference of the ring is equal 
to the mean length of the flux path per pole in the yoke. The 
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Fig. 12.—Dimensions of the d.c. machine. 


\Mean air-gap length ‘ 
= 0-24cm, \ 


air gap of the ring is chosen so that it requires the same m.m.f. 
as the total m.m.f. per pole required by the air gap, armature 
core and teeth, and the laminated pole of the d.c. machine. The 
magnetic characteristics of the yoke material were determined | 
by means of a search coil and a fluxmeter; saturation and | 
hysteresis in the magnetic paths, other than the yoke, are | 
neglected. The winding on the ring has the same number of | 
turns as one pole of the field winding. | 
In the equivalent ring, since there is no leakage, the flux passing — 
across the air gap is the same as that in the iron section. The | 
flux density is assumed to be uniform at the air gap, and hence 
the m.m.f. across the air gap for a given flux can be calculated 
by using a constant factor. In the iron part, on the other hand, 
the flux is driven to the surface by the skin effect, and the m.m.f, 
required varies with frequency in both magnitude and phase. The 
m.m.f. can be calculated by the methods described in Section 2. 
The m.m.f. provided by the coil is equal to the vector sum of the 
two parts on the air gap and the iron. 
The equivalence between the d.c. machine and the ring is based 
on the steady magnetization characteristic determined by calcula- | 
tion for the machine and verified by test. Fig. 13 shows satura- 
tion curves calculated by the normal design process of considerin 
separately the five parts of the magnetic circuit. Of these, 
air gap, the armature core and the armature teeth carry the air-ga 
flux, which determines the armature induced voltage, but t 
poles and the yoke carry a greater flux because of leakage. 
leakage factor of 1:25 is assumed. Fig. 13 shows the total 2 
partial m.m.f. for each value of open-circuit voltage, as indicated. 
The air-gap length in the ring is based on the straight line (c), 
allowing for the fact that the flux across the air gap of the ring is 
equal to the yoke flux of the machine. 
The voltage induced in the field winding is calculated from th 
rate of change of the flux in the ring, which is assumed to be equa 
to that linking the actual field winding. The armature induce | 


which rs equal to the ring flux divided by the leakage factor. 


(4.2) Calculation of the Frequency-Response Curves 


For the simplified magnetic circuit of the equivalent ring, 
relation between the field current i-, the field voltage v,, and 
armature voltage v, can be calculated for alternating quanti 
at any frequency. “Method (c), using complex permeability, 
adopted as the main method of calculation, but a few cu 
were also determined by the relaxation method. 

The differential eqn. (1) holds for the solid material as bef 
but the boundary conditions are different because of the air g 
The current in the winding determines the sum of the m.m.f. 
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Fig. 13.—Saturation curves for the d.c. machine. 


----- — Test. 
| Calculated. 

1 (a) Yoke only. 

(6) Parts other than the yoke. 

t (c) Approximation to curve (5). 
| (d) Total. 


he iron and the air gap, and the proportion of the two parts is 
ot known until the flux has been determined. A solution by 
laxation can only be obtained by trial and error, but the 
/omplex-permeability method requires only a simple calculation. 
The latter method is considered first. 


4.2.1) Method (c)—Complex Permeability. 
| With the assumption that the hysteresis loops for the iron are 
ilipses, the fiux and current are sinusoidal if the voltage is sinu- 
oidal. With a given complex permeability both the flux and 
trent are proportional to the voltage and at a definite phase 
ingle to it, ata given frequency. If the quantities are represented 
y vectors, the m.m.f., F;, for the iron part of the circuit is related 
> the flux D by 

(17) 


yhere K; is a complex number which varies with the frequency. 
‘he value of ¥i can be calculated by the method of Section 2.5. 
| The m.m.f., F,, across the air gap of the ring is given by 


F,=K,®. 


yhere K, is a real constant independent of the frequency. 

The total m.m.f. provided by the current in the coil is the vector 
hm of F; and F,. The voltage across the coil is the sum of the 
Itage induced by ® and the resistance-drop. In this way the 
pedance of the coil on the ring, and hence of the field winding 
the d.c. machine, can be calculated at any frequency. From 
‘ne flux @ the armature voltage can also be calculated. 
| Thus the frequency-response curves for the field current and 


F, = K,® 


. (18) 


\ check should be made that the assumed value of yp. is appro- 
iate for the actual flux density, so that a correction can be 
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made if necessary. Figs. 14 and 15 show the curves calculated 
by method (c) compared with those obtained by test. The 
applied field voltage was sinusoidal at 25-7 volts (r.m.s.), which 
was low enough not to cause appreciable saturation under any 
condition. 
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Fig. 14.—Loci of Ir/V for the d.c. machine. 


------- Test. 

x X X X Method (6). 
Method (c). 
se Ideal locus. 
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Fig. 15.—Loci of V../V¢ for the d.c. machine. 


------- Test. 

x x X X Method (5). 
Method (c). 
—- Ideal locus. 


(4.2.2) Method (6)—-Relaxation. 

In applying the relaxation method to the ring with an air gap, 
the procedure is similar to that used for the continuous ring 
considered in Section 2.4, but an additional process of trial and 
error is necessary because the values of H at the boundary are 
not known. A particular distribution of H must be assumed as a 
starting point, e.g. the sinusoidal distribution determined by 
method (c). The flux can be found as a function of time by 
relaxation, and hence the m.m.f. across the air gap, the 
current, and the resistance-drop in the coil. The voltage across 
the coil at any instant is then calculated, and if it does not agree 
with the actual applied voltage, the assumed boundary value of 
H must be corrected and the process repeated. 

Fig. 16 shows the comparison between the waves of field 
current and armature voltage calculated by relaxation with those 
obtained by tests at a frequency of 0-5c/s. The applied voltage 
is indicated as a sine wave having its maximum value at zero time. 

The results show that the laborious relaxation method gives 
quite an accurate means of calculating the frequency-response 
curves, while the relatively simple complex-permeability method 
gives results sufficiently close for many practical purposes. 
Fig. 14 shows that the field current lags on the voltage by a small 
angle at very low frequencies, but as the skin effect increases, the 
magnitude of J, decreases and the angle increases. At high 
frequencies the m.m.f.’s on the iron greatly exceeds that on the 
air gap, and the angle approaches a value just above 45°. 
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Fig. 16.—Waveforms of field current and armature voltage determined 
by test and by method (db) at 0:Sc/s. 


A. Applied field voltage. 

B. Field current by method (5). 

C. Field current by test. 

D. Armature voltage by method (b). 
E. Armature voltage by test. 


The locus of the armature voltage (Fig. 15) is much nearer to 
the ideal semicircle than that of the field current (Fig. 14) because, 
to a first approximation, both V, and V; are induced by the same 
flux. The departure from the semicircle is mainly due to the 
manner in which the field current, and hence the resistance drop 
in the field winding, vary. Because of the assumption made 
about the leakage flux, the test curve, for both field current and 
armature voltage, is further from the semicircle than that obtained 
by either method of calculation. 


(4.3) Application of the Frequency-Response Curve to Determine 
the Response to a Suddenly Applied Voltage 


The transient build-up curve of the field current was calculated 
from the measured frequency-response curve of Fig. 14, using 
Floyd’s method in the same way as for the solid iron ring con- 
sidered in Section 3.2. The measured and calculated curves 
showing the field current after the winding is switched on to a 
constant voltage are shown in Fig. 17. 
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Fig. 17.—Transient field current of the d.c. machine. ' 


Test. 
Calculated by Floyd’s method. 
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(5) THE FREQUENCY-RESPONSE CURVES OF A 
SYNCHRONOUS MACHINE WITH A SOLID ROTOR = | 


(5.1) Operational Impedance 


The two-axis theory of the synchronous machine, due to 
Park,’ is expressed by the following equations, in which all 
quantities are measured on a per-unit system. Some of the 
symbols and conventions differ from these used by Park, and 
follow those used in a paper by one of the authors. : 


0g = Pig + vb, + Vala 

= vb + ps, eB ge 
wg = Xq(D)ig + Gp) 
wit, = X4(P)ig 


7 = 5 Wyia — baie) 


The functions x,(p) and x,(p), which are known as the direct- | 
and quadrature-axis operational impedances of the machine, are 
of particular importance in determining its performance. When 
the variables in the equations alternate at a frequency sf, they 
are converted into complex functions xg(jsw) and x,(jsw), which 
can be plotted on frequency-response curves. The investigation 
described in this Section is concerned primarily with the 
operational impedances, and deals with methods of measuri 
and calculating them. 

The two-axis theory applies in the first instance to an ‘i 
synchronous machine’ having a fully-laminated magnetic cir 
and field and damper windings consisting of coils wound sy: 
metrically about the axes. If the damper winding is represente 
by one coil on each axis the operational impedances are given 
by the equivalent circuits shown in Fig. 18, where the various 


Fig. 18.—Equivalent circuits of a synchronous machine with a com- 
pletely laminated magnetic circuit. 


(a) Direct axis. 
(6) Quadrature axis. 


resistances and reactances are all constants. The correspondin 
loci of xz(jsw) and x,(jsw) are shown by the dotted lines 
Fig. 19. For the quadrature axis the locus is a semicircle suc 
that x,(jsw) has the limiting values x, (synchronous reacta 
at s = 0 and x7 (sub-transient reactance) at s = 00. For 
direct axis the locus passes between two semicircles which 
the real axis as shown at values x, (synchronous reactance), 2 
(transient reactance) and x/; (sub-transient reactance). 

A synchronous machine, in which the rotor is made of s 
iron—e.g. a normal turbo-alternator—is no longer ideal in th 
above sense. The eddy currents in the solid rotor provid 
damping action, but the operational impedance loci, shown t 
full lines in Fig. 19, differ from the ideal curves. The effect i 
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| Fig. 19.—Frequency-response curves of a synchronous machine. 


(a) Locus of x4@(jse). 

(6) Locus of xq(jsw). 

CS a Laminated machine. 

i Machine with solid rotor. 


imilar to that obtained with the ring and the d.c. machine dis- 
ussed earlier in the paper. 


| (5.2) Measurement of the Operational Impedances 


The standstill impedance test on a synchronous machine with 
he rotor set on the direct or quadrature axis is a well-known 
hethod of measuring the direct- or quadrature-axis sub-transient 
‘eactance.? If with the rotor in the direct-axis position a single- 
yhase voltage V at the supply frequency is applied across two 
in terminals of the armature winding and a current J fiows, 

1e sub-transient reactance of a star-connected 3-phase machine 
given approximately by 


| 
Ses 


“u" 
Xq = 


| If the test is carried out at varying frequency the impedance 
Pes not vary in proportion to the frequency and is not a pure 
‘eactance because of the resistance of the armature winding and 
of the coupled field and armature windings. It approaches 
loser to the sub-transient reactance (at the appropriate frequency) 
i the frequency increases. For a machine with laminated poles, 
e value measured at normal frequency gives a reasonable 
/pproximation to the sub-transient reactance, but it is shown 
ater than this is not true when the rotor is made of solid iron. 
Pans. (19) show that, with v = 0 and v, = 0, 


M4 = E 4 ? x(0)| i 


It can readily be shown from this result that the impedance 


V . 
(a) =r, + jsxq(jsw) (20) 


V 
(a7), = te + ioxgiou) (21) 
| The test therefore provides a means of obtaining by measure- 
nent the frequency-response curves giving the operational 
pedances x,(jsw) and x,(jsw) at varying frequencies. Tests 
this kind were taken on a small turbo-alternator rated 440 volts, 
'-phase, 50c/s, 2-pole, 3000r.p.m. 125kVA. In Fig. 20, which 
hows three curves for the direct axis, curve (a) was obtained 
ith the field winding open-circuited, curve (c) with the field 
inding short-circuited, and curve (6) with the field circuit closed 
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Fig. 20.—Experimental loci of xg(jsw) for the turbo-alternator. 


(a) Field open-circuited. 
(b) Field closed through a resistance. 
(c) Field short-circuited. 
x Calculated values for curve (b), derived from curve (a). 
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Fig. 21.—Experimental locus of x,(jsw) for the turbo-alternator. 
through a resistance. Fig. 21 shows the curve for the quadra- 
ture axis. 

The tests were taken with about one-quarter of the rated 
voltage, which corresponds to conditions of low saturation, 
except at the higher frequencies when the skin effect is consider- 
able. As the waveform of the current was usually not sinusoidal, 
the fundamental was used in determining the impedance. 


(5.3) Calculation of the Operational Impedances 


The problem of calculating the impedance at any frequency was 
considered in relation to the direct-axis standstill test with the 
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field open-circuited. The impedance when the field circuit is 
closed can be deduced from the value when it is open by means 
of ordinary transformer theory, preferably using the equivalent 
circuit of a transformer with its secondary winding short-circuited. 
Hence, if a method can be developed for calculating curve (a), the 
other curves are readily deduced from it. A simple calculation, 
in which the transformer theory was used to derive curve (db) 
of Fig. 20 from curve (a), was made to verify this. The calculated 
points are shown by crosses in the Figure. 

The condition of the standstill test with the field open is similar 
to that of the d.c. machine considered in Section 4, since. the 
winding is essentially an inductance coil with a magnetic circuit 
having an air gap, a laminated part and a solid part, although the 
configuration of the magnetic circuit is even more complicated 
than that of the d.c. machine. The rather tentative method used 
to predetermine the frequency-response curve is based on the 
same method of replacing it by an equivalent ring with an air gap. 


66°90 CM DIA 


10:5 CM DIA 


Fig. 22.—Dimensions of the turbo-alternator. 


Fig. 22 shows sectional drawings of the stator and rotor cores 
of the turbo-alternator used for the investigation. It was unfor- 
tunate that the construction of this machine differed from that of 
a normal large tubo-alternator, in that the rotor was built with 
thick laminations mounted on a shaft instead of from solid 
material. The laminations were not insulated, and from the 
point of view of eddy currents, the conditions were intermediate 
between those in a fully-laminated rotor and a solid rotor. 
Moreover there were spaces in the magnetic circuit because the 
shaft was cut away to provide ventilation. The magnetic circuit 
was therefore more complicated and more difficult to analyse 
than that of a normal turbo-alternator, but the results of the 
investigation indicate that it would be possible to derive, on 
an empirical basis, a reasonable method of predetermining the 
frequency-response curves of a normal machine. 

In the section of Fig. 22 the rotor direct-axis magnetic circuit 
passes horizontally with its upper and lower boundaries along 
the bottom surface of the slots. For the calculation the Section 
is replaced by an equivalent rectangle of approximately the same 
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dimensions, as indicated in Fig. 23. The dimensions of the 
equivalent rectangle are taken to be AB in length and AC in’ 
thickness (see Fig. 22). -The complete equivalent magnetic circuit 
consists of the solid rectangle in series with an air gap, and 
corresponds to the ring used for the d.c. machine, except that the 
proportions are quite different, since the length of the solid pai 
is short compared with its width and thickness. Because of this 
and other factors the method is subject to considerable error 
The length of the air gap was determined from the normal 
magnetic characteristics of the alternator by the same method a 
for the d.c. machine. 

Table 1 shows the results of calculations made at a low 
frequency and at a high frequency. For a current of 
42-5amp(r.m.s.) the induced voltage, derived by deducting the) 
stator resistance and leakage-reactance drops from the measure 
terminal voltage, is given in the first line. The phase of th 
induced voltage is taken as the reference phase, and the flux © 
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Fig. 23.—Equivalent magnetic circuit (direct axis) of the 
turbo-alternator. 


therefore lags by 90°. The m.m.f. F, on the solid part is cal 
culated by the complex-permeability method, and is added t 
the m.m.f. F, on the air gap. The total m.m.f. F, calculated in 
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Table 1 


Frequency, c/s 


0-32 


Induced voltage, volts 
Flux, ® maxwells 
M.M.F. Fz, AT 


1 ae et 
Total mmf. F, AT... 
Measured m.m.f. 


his way, is compared with the value obtained from the measured 
‘urrent. 

_ Table 1 shows that the current passed by a given voltage is less 
han the calculated value and that the angle of lag is greater, indi- 
rating that the eddy-current effect is less powerful than that pro- 
‘ided by a solid rotor. If, on the other hand, the calculation were 
oe on the assumption that the outer laminated part of the rotor 
3 not subject at all to eddy currents, the m.m.f. required would 
ye much less, particularly at the high frequency. Thus in the 
nachine tested the conditions are intermediate between those of 
, solid and a fully laminated rotor, and it is difficult to make an 
‘ecurate calculation. 

. Calculations of the curve for the quadrature axis could be made 
yy a similar method. For the machine represented in Fig. 22 
he quadrature-axis flux would pass mainly through the laminated 
naterial, and if this part of the core were not subject at all to 
| dy currents, x,(jsw) would be a constant, independent of fre- 
uency. The fact that x,(jsw) decreases with the frequency, as 
own in Fig. 21, shows that there are appreciable eddy currents 
1 the thick uninsulated laminations. 


(5.4) Application of the Frequency-Response Curves 


In order to illustrate the use of the frequency-response curves 
f x,(jsw) and x,(jsw) to determine the performance of a syn- 
hronous machine, two important operating characteristics are 
‘onsidered. 

(a) The torque/speed curve. 

(6) The sudden short-circuit current. 


| 
| 
| 
| 


‘In the following Sections the measured frequency-response 
urves of Figs. 20 and 21 are used to calculate these characteristics. 


4.1) Calculation of the Torque/Speed Curve from the Frequency- 
Response Curves. 

' The ability of a synchronous machine to start from rest when 
ynnected to the supply depends on the torque produced at 
ach value of speed between standstill and synchronism. The 
»orque/speed curve shows the mean torque at any speed assuming 
jat the speed is held constant. The torque actually pulsates 
it the curve shows the mean value. 


| 
| 
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1-074 cos 0 

2:41 x 106 cos (8 — 90°) 
932 cos (8 — 90°) 

463 cos (6 — 40-9°) 

1250 cos (0 — 74-5°) 
1043 cos (8 — 85-5°) 


26-1 cos 0 

0:374 x 106 cos (8 — 90°) 
144 cos (6 — 90°) 

1188 cos (6 — 35:3°) 
1290 cos (6 — 46:7°) 
1043 cos (8 — 77:7°) 


The method of calculation is based on that derived by Linville!® 
from Park’s eqns. (19). The axis voltages and currents pulsate 
at slip frequency and the following vector equations hold: 

V = jso¥, + 1 — s)wW, + ray 
IV=—-—CQ—s)o, + jsw', ep 
wo, = x,(jsw)I, (22) 
= x, jsw)I, 
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Fig. 24.—Torque/speed curve of the turbo-alternator. 


—-----— Test. 
Calculated. 


The mean torque is given by the following expression, obtained 
by solving eqns. (22): 


25 
T é al (A 


ae Yq 
™ 2[DP 


Sa ae 2 2 
B) + 2, (24B + |A|? + |B)?) 


+ 72(B| A|2 + aiai>)| . (23) 


where V is the supply voltage. 
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Fig. 25.—Locus of H(jQ) for the turbo-alternator. 
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Fig. 24 shows the comparison between the calculated and 
measured curves for the 125kVA turbo-alternator. The 
measured torque was obtained by coupling the alternator to a 
d.c. machine and measuring the d.c. output at a constant speed 
when the synchronous machine was operating as a motor with 
the field winding closed through a resistance. The calculated 
curve was obtained by using in eqn. (23) the values of the opera- 
tional impedances given in Figs. 20 and 21. The values of 
X4(jsw) were taken from curve (b) of Fig. 20, for which the field- 
circuit resistance was the same as for the torque/speed test. 

The curves of Fig. 24 show clearly the dip in the torque in the 
neighbourhood of half-synchronous speed. The dip is more 
pronounced than in a normal synchronous motor with a squirrel- 
cage winding, because the damping effect of the rotor of the two- 
pole alternator is relatively weak on the quadrature axis. 


(5.4.2) Calculation of the Short-Circuit Current from the Frequency- 
Response Curves. 

The current that flows after a sudden symmetrical short-circuit 
on a 3-phase alternator can be split into an alternating component 
and a unidirectional component, each of which varies in magni- 
tude as time passes. If the alternator is on open-circuit before 
the short-circuit is applied, the alternating component of the 
current in a phase winding is 


i, = i, cos (wt + A) 
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Fig. 26.—Alternating component of the short-circuit current, 
rh 


------- Test. 
——--— Transient component deduced from the test. 
Calculated. 
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Fig. 27.—Semi-logarithmic plot of the short-circuit current. 


(a) Alternating component minus the steady value. 
(6) Transient component. 
(c) Sub-transient component, 


where i,, the direct-axis current, is given by the following opera- 
tional equation, which is derived from Park’s equations :8 


, 1 

Lp = — = == 

fo %g@) VA eae 
where V is the peak voltage before short-circuit. 1 

The locus of H(jQ), derived from the locus of x,(jsw) in Fig, ‘ 

is plotted in Fig. 25. The function does not tend to zero as 2 
tends to infinity and Floyd’s method does not apply directly. | 
However, if the function is written as follows: q 


H(jQ) = Ho) + HGQ) 


Floyd’s method can be used for the second term H’(jQ), which is" 
given in Fig. 25 if the origin is transferred. The calcula 
curve of the alternating component of the short-circuit current is 
compared with the measured curve in Fig. 26. i 

The short-circuit current normally depends on the transient 
and sub-transient reactances and time-constants. In order 
determine the constants from the short-circuit test the differe 
between the measured current and the steady current is plot 
against time on semi-logarithm paper in Fig. 27 [curve ( 
The dotted line is a straight line which coincides with the lov 
part of the measured curve and is used to obtain the transient 
reactance and the transient time-constant. The differe 
between curve (b) and curve (a) is replotted as curve (c). Fo 
an alternator with a laminated rotor, curve (c) would be a straight 
line and would determine the sub-transient reactance and 
sub-transient time-constant. However, when the rotor is made 
of solid iron this is by no means the case. Thus the concept of 
sub-transient reactance does not strictly apply unless a different 
value is used for every different condition. “Z 

For the frequency-response curve of Fig. 25 no measurements © 
were made at frequencies above 50c/s. At infinite frequency n 
flux can penetrate into the solid rotor, and consequently 
corresponding sub-transient reactance must be equal to f# 
armature leakage reactance. The leakage reactance could no 
be determined directly, but it is known that the true leaka| 
reactance is less than the Potier reactance, which was found to t 


\ 


+191 per unit. The leakage reactance was taken to be 0-154, 
ving a value for H(co) of 6-5, as shown on Fig. 25. 

The initial part of the curve of short-circuit current depends 
liainly on the high-frequency end of the frequency locus. Fig. 25 
hows that, for determining the initial peak of short-circuit 
arrent, the sub-transient reactance must be taken to be much 
‘ss than the value measured on a 50 c/s standstill impedance test. 
‘he appropriate value is approximately the leakage reactance. 


{ (6) CONCLUSION 

| The frequency-response curves of the d.c. machine and the 
\ternator provide a valuable method of studying their perfor- 
jlance, particularly when the magnetic circuit contains solid iron 
1 which eddy currents flow. The paper describes some methods 
f calculating the curves, and discusses some applications to 
termine the performance of the machines. 

| Although the accuracy of the calculations is not high, they 
Aow clearly the way in which the operation of the machine is 
fected by the eddy currents in the solid iron. Further work is 
eeded to derive a reliable method of calculating the impedance 
dci of an alternator with a solid rotor, and for allowing empiri- 


ually for the effect of saturation. 
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(9) APPENDIX 


Floyd’s Method of Determining the Transient Response from the 
Frequency Response® 


If HGQ) is the transfer function of the system, the following 
conditions must be complied with: 

(a) H(jQ) is a function which can be expressed as the ratio of two 
polynomials in j with real constant coefficients. 

(b) AGQ) has no poles on the right-hand half of the j-plane or on 
the imaginary axis. 

(c) Limit 9s 0H(jQ) = 0. 

Conditions (a) and (6) are complied with for electrical systems 
of the type considered, because the solid magnetic material can 
be replaced by a network having a large number of elements 
with self and mutual inductance. 

According to Floyd’s method, the transient response to a unit 
impulse is given approximately by 


h@= Z| B[AGQ) cos (Qt) ]JdQ 
0 


The integration is performed by plotting the real part of H(jQ) 


AR[H(jR)] 


+ 


mY 


; a are Ro 2. R3 Q4 
Fig. 28.—Approximation to the Z[ H(jQ)]/© curve. 


against ©, as in Fig. 28, and drawing a series of straight lines 
which approximate to the curve. 


sin Qt) sin AQ,t 
Pity ols >» 74 oF ae) 
where Q, = #Q, + Q,); QO, = 4Q, + QD 


AQ, = #Q, — Q,); AQ, = HQ, — Q,) 
Ay = 74; Ay — rQ, 


The response to a unit step function is found by integrating 
A(t) with respect to t. 


621.317.38.029.6: 621.372.5 


MICROWAVE MEASUREMENTS WITH A LOSSY VARIABLE TERMINATION — 
By H. M. ALTSCHULER, M.E.E., and Prof. A. A. OLINER, Ph.D. 


(The paper was first received 2nd December, 1955. It was published as an INSTITUTION MONOGRAPH in May, 1956.) 


SUMMARY 


The use of a lossy variable termination becomes an undesirable 
necessity in certain measurement situations, while in others its 
deliberate use facilitates the measurement of low-loss structures. In 
both of these cases, the present approach permits the analysis of the 
data to proceed in a manner identical to that employed when lossless 
short-circuits are used, i.e. with already familiar procedures. It 
results in a composite 4-terminal network from which the desired 
parameters are separated using particularly simple relations. 

Applications are made to a variety of measurements, including 
those of dissipative, lossless and symmetric 4-terminal networks, 
attenuation and attenuation constants. 


LIST OF SYMBOLS 

Ay = Dissipative attenuation of 4-terminal network, 
dB. 

A = Reflective attenuation of 4-terminal network, dB. 

Az; = Total attenuation of 4-terminal network, dB. 

d=tLength of sample waveguide in attenuation- 
constant measurement. 

D = Distance from an arbitrary zero to the voltage 
minimum in the slotted line (measured from 
the arbitrary zero to the left). 

Dp = Value of D measured when the slotted line is 
short-circuited. ; 

Do) = A parameter of the tangent relation network of 
Fig. 7. 

n = Transformer turns ratio. 

r, = Voltage standing-wave ratio (v.s.w.r.) corre- 
sponding to the reflection coefficient |I°,|. 

lmax = Maximum vV.Ss.w.r. 
‘min = Minimum v.s.w.r. 

S' = Distance from an arbitrary zero to a voltage 
minimum in the variable termination (measured 
from the arbitrary zero to the right). 

Sp = Value of S when a voltage minimum is located 
at the input terminal plane of the variable 
termination (or short-circuit). 

So = A parameter of the tangent relation network of 
Fig. 7. 

[S’] = Scattering matrix of 4-terminal network with 
eet Clemens S; 7 S5, and mutual element Sio 


ISoo|, |S; 11» S32» 
[S] = Scattering matrix of 4-terminal tone con- 
sisting of [S’] followed by element |I’,| (see 
Fig..5). 
[S] = Scattering matrix of 4-terminal network con- 
sisting of [S] and a transmission line of length 
(—Sp). 
T = Designation of terminal plane identified uniquely 
by subscript, prime or the like. 
a = Attenuation coefficient, nepers/unit length. 
B = Phase-change coefficient, radians/unit length. 
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y =A parameter of the tangent relation network 

Fig. 7. 
I’ = Voltage reflection coefficient. 
|[’,| = Value of reflection coefficient transformer (sé 

Fig. 2). 
I’, = See eqn. (6) and Fig. 6. 
p= Argument (or phase) of the input reflecti 
coefficient of a 4-terminal network. a 
6) = Angular co-ordinate in the reflection coefficier 
plane of centre of input locus. 
« = 2n/A, = Propagation wave number. 

Xe = Guide wavelength. 
oa Argument (or phase) of the reflection coefficient 

of a termination. 
$11, $22, $;2 = Arguments (or phases) of S;;, S22, Sj. 


(1) INTRODUCTION 
In recent years, the losses inherent in plunger-type variable 
‘short-circuits’ have become of greater interest to many micro 
wave engineers. This tendency has had its impetus both in the | 
search for greater accuracy in general, as well as in the develop- 
ment of open transmission lines, which, as a rule, do not permit 
the construction of lossless short-circuits. q 
In this connection, work has been done by G. A. Deschamps 
who, by means of his hyperbolic protractor, has made possibl 
a variety of measurements involving lossy variable terminations 
The term ‘lossy variable termination’ will be used here to 
designate any physical termination of constant reflectior 
coefficient magnitude but of variable reflection-coefficient phas 
No doubt some of the material presented will overlap with his 
in terms of objective; however, the methods involved are qui 
different from his in that the less familiar non-Euclidian geomet 
and the hyperbolic protractor have not been used. The approac 
here is a straightforward analytical one. It assumes that or 
already knows how to measure with a perfectly lossless variab 
short-circuit by one of the existing techniques for obtaining the 
parameters of various 4-terminal representations. These tecl 
niques include, for example, Deschamps’s geometric const! 
tions? for obtaining the scattering matrix elements, and t 
method described by Marcuvitz? for measuring the tangent rel 
tion parameters of a lossless structure. It is pointed out in th 
paper how, in a direct manner, these known techniques can 
employed or modified when the short-circuit is dissipative ¢ 
when any lossy variable termination is employed, and he 
certain measurements can be made without reference to a 
4-terminal representation. 1 
In the course of some microwave measurements the use OF 
lossy variable terminations (such as open-ended lines, or matché 
lines with sliding discontinuities) becomes an undesirable nec 
sity. This, as a rule, occurs in the case of surface-wave lines 
‘microstrip’ lines. On the other hand, the deliberate use 
lossy variable terminations in conjunction with the measuremé 
of low-loss quantities. permits the otherwise excessively 
values of voltage standing-wave ratio to be increased so th 
they fall into a higher range where they are measured me 
readily. An attenuation-coefficient measurement depending, 


1 


he 


us 
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jart, on the loss) in the short-circuit has already been described 
| the literature.* In either case, it is highly desirable that the 
\ss introduced by the termination be eliminated from the result 
f the measurement in a simple systematic fashion. Although 
ie viewpoints in these two cases differ, it is readily seen that the 
ichnical approach may be the same. The applications of 
teasurement methods involving variable lossy terminations may 
terefore be thought of either as correction schemes or as 
ichniques of measuring low-loss quantities. 

| Here the main approach to this problem is predicated on the 
‘cognition that a lossy variable termination may be represented 
3 a purely lossy 4-terminal network, namely, a ‘reflection- 
efficient transformer’* terminated in a purely lossless short- 
jreuit. This representation permits the analysis of the measured 
ata to proceed in a manner identical to that employed when 
»ssless short-circuits are used. It results in a composite 4- 
‘rminal network comprised of the unknown in tandem with the 
‘eflection-coefficient transformer’; as will be shown, the desired 
‘arameters can be separated from this composite by using simple 
‘lations. These methods have been applied successfully to a 
umber of practical measurement problems. The authors have 
mployed them to date for the following measurements: 


} 


(a) Measurements of the equivalent circuit parameters of low- 
‘loss E- and H-plane radiating slots in rectangular waveguide; a 
| variable short-circuiting plunger was deliberately made lossy to 
| improve accuracy. 

(6) Measurements of the attenuation coefficient of short lengths 
of rectangular waveguide; the measurements were made feasible 
| (for the equipment on hand) by the deliberate addition of loss to a 
variable short-circuiting plunger. 

(c) Measurement of the equivalent circuit parameters of coaxial- 
line discontinuity structures; the errors introduced by the inherent 
loss in the coaxial-line variable short-circuiting plunger were cor- 
} rected for by these techniques. 


uit parameters of lossless apertures in rectangular waveguide 
‘ere measured both with a good variable short-circuiting plunger 
nd with a lossy variable termination; the results were in 
xcellent agreement. 
In addition to their use by the authors, these methods have 
mn utilized by M. Sucher of the Microwave Research Institute 
r the measurement of small attenuations, and by M. G. Chernin 
f£ the Hughes Aircraft Company for the measurement of low 
onductance radiating slots at millimetre wavelengths. 


iu a check on the accuracy of these methods, the equivalent 


9) REPRESENTATION OF LOSSY VARIABLE TERMINATIONS 
= term ‘lossy variable termination’, as used in the paper, 
sumes that this structure, as femirded from a fixed terminal 
Ss may be represented by a lossless transmission line of 
a length terminated in a fixed complex load, as shown 


FIXED 
COMPLE X 
LOAD 


ae 


TRANSMISSION 
LINE OF VARIABLE | LENGTH 


_ig. 1.—Representation of a lossy variable termination by a trans- 
mission line of variable length terminated in a fixed load. 


) Fig. 1. It is evident that I’,, the input reflection coefficient 
the fixed piane T, varies only in phase and that its magnitude 
[’,| is independent of /’. It is indicated, therefore, to employ a 
own but little used alternative representation, shawn in Fig. 2, 


* The ee ee transformer |I's| relates input and output reflection 
ients by I; = |I's|I'o, in analogy to the impedance transformer relation 
.= n2Z,. Some additional details are available.5 
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= i Oia LOSSLESS 
seed WAAR cur 


PILED (Ff) 


Fig. 2.—Lossy variable termination represented by a_reflection- 
coefficient transformer terminated in a lossless variable short- 
circuit. 


which consists of a reflection-coefficient transformer (i.e. a 
bilaterally matched symmetric attenuator) terminated in a Joss- 
less variable short-circuit. In view of the susceptive element in 
the load in Fig. 1, /’ and / (in Fig. 2) are related by an additive 
constant. The locus of I’, in both representations (as / or I’ is 
varied) is a circle of radius |I",| with its centre at the origin of the 
reflection-coefficient plane. 

Whereas in the course of some measurements neither |I°,| 
nor / need be known, it is often either convenient or necessary 
to know one or both of these quantities. The simplest circum- 
stances under which such measurements can be carried out are 
obtained if a slotted line of the same guide cross-section as that 
of the variable termination is available. |I’,| is the reflection 
coefficient corresponding to r,, the voltage standing-wave ratio* 
in the slotted line when it is terminated in the lossy variable 
termination (without any intervening discontinuities). When r, 
is extremely low, one of the special techniques®.” available for 
such measurements must be employed. The relation between 
|I’,| and r, is, of course, 


er SUES eit abet) Sesh 2( 1) 


+r 


The distance / must be related to S, the scale reading associated 
with the lossy termination. Let it be assumed that S is measured 
(to the right) from some fixed, arbitrary, but unknown, reference 
S=0. First, the slotted line is terminated in a perfect short- 
circuit [see Fig. 3(a)], and Dp, the position of the probe at a 


LOSSY VARIABLE 
TERMINATION 


SLOTTED 
LINE 


SH 
CIRCUIT 
Fig. 3.—Measurement of Sr under simple conditions. 


voltage minimum, is measured (to the left) from an arbitrary 
reference D =O. The short-circuit is then replaced by the 
lossy variable termination [as in Fig. 3(6)] which is adjusted 
until a voltage minimum again occurs at Dp. When the short- 
circuit is in this position, the reading on the S scale is Sp. The 
length /, corresponding to an arbitrary setting of S, is then 
given by 

Vi ia Seires: chlois Wy vigemrcn pate pth jaegte (2) 


When the simple calibration scheme given above cannot be 
employed, other means, which are described in Section 8, must 
be used. 

Among the various physical realizations of a lossy castle 
termination are variable plunger-type ‘short-circuits’ with 


* V.S.W.R. has been defined in the paper in accordance with British convention, 
i.e. Vinin|Vmaz. This is the reciprocal of the ratio generally used in the United States. 
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dissipation, open-ended transmission lines which are shortened 
stepwise by cutting small portions from the end, and matched 
transmission lines along which otherwise fixed discontinuities 
can be moved. The open-ended transmission line has been 
employed in ‘microstrip’ line or cable measurements, for 
example, under the assumption that the open (radiating) end 
constitutes a constant load. The movable discontinuity may be 
employed in conjunction with a matched surface-wave line, 
where it might take the form of a sliding dielectric bead, or small 
metallic disc. In conjunction with the measurement of low-loss 
quantities, it may be desirable to make a variable short-circuit 
deliberately lossy in order to raise the measured values of v.s.w.r. 
into a measurable range. This can be accomplished by affixing 
some dissipative material firmly to the short-circuiting plunger 
in one of many ways. 


(3) MEASUREMENT OF ARBITRARY 4-TERMINAL NETWORKS 


The analyses given are perfectly general and, as such, are 
applicable to such more specialized 4-terminal networks as 
lossless or symmetric ones. In these cases, simpler procedures 
are obtained when the pertinent special properties are considered 
directly. They are treated separately in Sections 4 and 5. 


(3.1) Method involving a Known Lossy Variable Termination 


Let it be assumed that input-output measurements involv- 
ing a lossy variable termination have been made in standard 
fashion (by measuring the v.s.w.r. and the position of the voltage 
minimum as the position of the termination is varied), by 
employment of the usual experimental arrangement shown in 
Fig. 4, and that the input data (various values of i) at T,; have 


DETECTOR 


SLOTTED UNKNOWN LOSSY VARIABLE 
LINE 4-TERMINAL TERMINATION 
NETWORK 


Fig. 4.—Experimental arrangement for 4-terminal network 
measurement. 


been obtained. Then, if the unknown 4-terminal network is 
characterized by the scattering matrix [S’], one may represent 
the combination of the network and the lossy termination 
either as in Fig. 5(a) or as in Fig. 5(6). The matrix [.S] repre- 


Fig. 5.—Definition of the composite 4-terminal network [S$]. 


sents a 4-terminal network which, though fictitious, is composed 
of the network [S’] and the element |I’,| in tandem. The 
elements of the matrix [S] are readily determined by an analysis 
of the measured data under the assumption that the termination 
is lossless.2,8 By employing the input/output relations for 
scattering 4-terminal networks, one can readily show that, 


S11 = Si» Sig = SnllT,|, 833 = S2//T,| . - @) 


ALTSCHULER AND OLINER: MICROWAVE MEASUREMENTS WITH A LOSSY VARIABLE TERMINATION 


The measurement of a 4-terminal network with a Jossy te 
mination can consequently be carried out in the usual fashio 
and the resulting data can be analysed to obtain the network |, 
as if the termination had been a perfect short-circuit. f 
scattering parameters of interest (S},, Sj, and Sj») are the 
obtained immediately from eqn. (3) provided that a; | is know 
|[’,| and Sp, both of which are constants of the terminatio 
must be measured independently and can be obtained once 
for all (at any one frequency) by a single measurement. 
scheme is advantageous when a number of measurements a 
this frequency are contemplated with the termination in questioi 


OF: 


(3.2) Method not requiring Knowledge of the Parameters of t 
Lossy Variable Termination 


When only a single measurement at a given frequency is to b 
made, the alternative scheme based on| an additional inj 
reflection-coefficient measurement may be employed. 1 
procedure avoids the necessity of measuring |I’,| and Sp. 

A completely lossless short-circuit located exactly at T>_ give 
rise to a measurable value of input reflection coefficient I",, at Tj. 
With this termination, the input-output relation of ae unknow! 
4-terminal network [s “| becomes 

: sf 
1+ 8 
Fig. 5 may now be redrawn as shown in Fig. 6 by associating a 
transmission line of length (—Sz) with |I’,|, rather than with § 


c= Os 


Fig. 6.—Definition of I's and of 4-terminal network [5 . 


The network [S] of Fig. 6(6) includes [5S’], |I,| and the li 
(—S) in tandem and is defined with respect to T>, an unknow 
terminal plane. In effect, [5] is the network that results whe 
data are analysed under the assumption that the variable tel 
mination is lossless and that S, the reading on a scale with 4 
arbitrary zero, may be taken directly to give the distance fro! 
the unknown plane T, to the electrical short-circuit (i.e. to 
voltage null). Defining I’, as shown in Fig. 6(a), one may writ 


FP; —* rr ib) = j2xnSR \T,| «; a $ a ( 
and eqns. (3) become f 
Dag po Sus Sy = ae Syl Tl’, Si3 =, iT, 

Eqns. (6) and (4) are solved sine for the unknowr 
Sip Sop ne and I’, which, in terms of the measured quantit 
Sit, So, $2,, and Big are found to be 
; 


—1], 833 = Si.Sh/Se2 ( 


$2, 
Sa Oi ae Fen —T.) 


T’, can be found, if desired, from 


An analysis entirely analogous to the one just given can é 
be carried out for the impedance representation. The expressit 
obtained! are somewhat more complicated than in the scatteril 
case and are not included here. 


odd 
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}) MEASUREMENT OF LOSSLESS 4-TERMINAL NETWORKS 


| Three methods of measuring lossless 4-terminal networks 
ith a lossy variable termination are described below. The 
rst depends on the locus in the reflection-coefficient plane and 
2quires the measurement of the input v.s.w.r. The second is 
articularly suited to the measurement of discontinuities with 
igh values of insertion v.s.w.r. and does not require that any 
xeasurements of v.s.w.r. be performed. The third is essentially 
specialization of eqns. (3) to the lossless case. 

One of the most convenient representations of a lossless 
|-terminal) structure is that obtained from the tangent relation 
inalysis.? This representation, which is shown in Fig. 7, is 


ee 


(-O9) (-So) 


eat 


Li (Ce ie etd 


T, 13 ear hik ap 


| Fig. 7.—Lossless 4-terminal network represented by tangent 
{ parameters. 


‘iven directly by D,, S, and y, the parameters derived from the 
' alysis. y is always negative real, with (according to the usual 
efinition) a magnitude greater than unity. 4/ — y : 1 indicates 
ne transformer turns ratio. The ‘negative’ lengths of trans- 
sion lines —D, and —S, may be alternatively thought of 
8 (A,/2 — D,) and (,/2 — S,). 


(4.1) Method Based on the Product-Ratio Theorem 


| The measurement arrangement is again that shown in Fig. 4. 
’m measurement of the input reflection coefficients I’; at T,, 
prresponding to various settings S of the termination [see 
ig. 5(a)], the circular locus of [’; may be plotted. Typical loci 
fe shown in Fig. 8. The value of —+ is readily found from the 


Tj-PLANE 
| ITlwax Tmax 
1 “A 
®5 Te) 
! e=0 @=0 
j lan OTN 
(a) (b) 


Fig. 8.—Typical loci in the input reflection coefficient plane. 


‘ell-known product-ratio theorem.* —v+y is the inverse of the 
ertion v.s.w.r. of the lossless 4-terminal network, while r, is 
te y.s.w.t. of the variable lossy termination. Their product: 
i... (or its inverse, 1/r max) and their ratio r,,;, correspond, 
spectively to |U"| nin and Wi max: One obtains 


a A Ueeeeli an) La Wl nil min “ (9a) 
as shown in Fig. 8(a), the data circle encloses the origin, and 


es Vl tin pile = = AVA Cminl?, “5, (9b) 


iithe data circle does not ee the origin of the reflection 
efficient plane, as in Fig. 8(5). The following limiting case 
trates one of the means by which eqns. (9a) and (9b) may be 
istinguished from each other: When the lossy termination 
»proaches a match, i.e. when r, approaches unity, the data 
If a lossless 4-terminal network of insertion v.s.w.r. ry is terminated in a reflection 


fficient of phase ¢ and associated fixed y.s.w.r. r2, the input v.s.w.r. takes_on all 
ues between rj/r2 (or r2/r1) and ryr2, as ¢ is varied through all possible values. 
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circle degenerates to a single point ae of course, does not 
include the origin). In the limit r,,,. = Imi, A 1, while r, = 1, 
so that eqn. (9A) is the pertinent relation for the case of the. circle 
not enclosing the origin. 

The value of Dp is given by 


gaa 


aa 
Air 
where 6, is the angular co-ordinate of the centre of the data 
circle (see Fig. 8). To justify eqn. (10), first consider the repre- 
sentation in Fig. 7 when terminated in a matched load. The 
reflection coefficient at the input terminal plane T’ of the trans- 
former is a real positive quantity so that a voltage maximum 
exists at this plane. The probe in the slotted line (to the left 
of T;), however, is located at a voltage minimum (some distance 
Dy, from T,) so that the probe is separated from T’ by A,/4 
(within an integral number of half wavelengths). One can 
consequently write 


Gree ee  PSC10) 


D, = Dy +A,/4 (11) 


It can be shown that, in the case of the lossless 4-terminal net- 
work, the centre of the data circle in the I’,-plane lies on the 
same radial line (i.e. has the same argument 0.) as the reflection 
coefficient (at T,) caused by a matched termination (at T>). 
Consequently, 

_ 47Dyy 
oO Xr, 
Egns. (11) and (12) together then yield eqn. (10). 

Parameter S,, can be found only by means of an additional 
measurement. Let the lossless 4-terminal network be terminated 
by a perfect short-circuit located exactly at T2, and let the corre- 
sponding position of the minimum in the slotted line (to the 
left of T,) be D,,. By looking to the right and to the left of the 
plane T’ one then finds that 


f) (12) 


Satanic (Di — aD») a — yy taniici(=S))) ee (13) 
Inversion of eqn. (13) gives S, as 
S2 : are tan E lacie D,) | (14) 


The analysis indicated may be carried out to yield very precise 
results. In particular, 6,, |P| na, and |V'|,,in can be determined 
pe precision averaging techniques which are already known.’ 

D,,, although determined by only a single measurement, can be 
expected to be very accurate since only the position of a voltage 
null need be measured. 

At the expense of accuracy, the procedure can be simplified. 
Imax ‘min 20d Dy can be determined directly by observing the 
input v.s.w.r. as the termination is varied. Dy, is the value of 
D associated with r,,;,. The network parameters follow from 
eqns. (14), (16) and (19). 


(4.2) Method Suitable for 4-Terminal Networks with Small 
Associated Insertion V.S.W.R. 


When —y is almost equal to unity, i.e. when the lossless 
4-terminal network presents only a small discontinuity, a funda- 
mentally different analysis, which is much more closely related 
to the tangent method, can be employed advantageously. 
Although this method requires the separate measurement of 
|I',|, it avoids the otherwise necessary measurement of the 
values of input v.s.w.r. of the lossless 4-terminal network (when 
the latter is terminated in the lossy termination). The derivation 
of this method is closely related to one already given in con- 
nection with the correction for the error introduced by an 
intervening lossless junction into the measured position of the 
voltage minimum resulting from a complex unknown load.? 
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The tangent relation, which is usually written as 
tank (D — D,) = y tank (S — S,). (15) 


is also valid in complex form, i.e. when one writes (D + jD,) 
instead of D and (S + jS;,) instead of S. For simplicity, D = 0 
and S = 0 are assumed to be located at the input and output 
reference planes of the structure, respectively. Under these 


conditions, 
r = tanhe«D,; r, = tanhx(—S,) (16) 


where r is the measured input v.s.w.r. and _r, is the v.s.w.r. of the 
short-circuit. When «x(D+jD;—D,) is abbreviated as y 
and «(S$ + jS; — S,) as x, the complex tangent relation may be 
written as 

(17) 


Let tan (x + y) now be expanded in terms of tan x and tany, 
and let tan y be eliminated by the use of eqn. (17); then, on 
defining —y =1 + ¢, we obtain 


tan y = y tan x 


—€ tax 
1+ (+46) tan?x Co 


The € term in the denominator may be neglected if « < 1, unless 
tan? x ~— 1. It can be shown that the restriction (1/r, — 1) = € 
is sufficient to exclude the possibility of having tan? x ~ 1. Since 
this is generally the case in practice, the only effective restriction 
on the applicability of this measurement is «<1. On this 
assumption, the right-hand side of eqn. (18) becomes —(e/2) sin 2x, 
with an upper limit of «/2, and since tan (x + y) cannot exceed 
the small quantity <«/2, it may be approximated by (x + y). 
On taking the real part of the equation so modified it is readily 
shown that 


(D +S) 


tan(x + y) = 


el+Pr 
Kt 


where cosh 2:S; has been expressed in terms of r, from eqn. (16) 
as i 


=(D, + S,) 72) sin 2S — S.) (19) 


pas 
— 


cosh 2kS; = (20) 


Eqn. (19) is the analytic expression for the (D + S$) versus S 
curve (shown in Fig. 9) of a lossless 4-terminal network charac- 


So ) 


(D+S) 


(Pq * So) 


Fig. 9.—(D + S) versus S curve of a lossless 4-terminal network 
measured with a lossy variable termination. 


e 147% 
a> eS T= ) 
terized by Do, So, y (— y =1+ 8), obtained when a lossy 
variable termination with v.s.w.r. r, has been employed in the 
measurement. It is seen from Fig. 9 [or eqn. (19)] that So, 
(Do + So) and A can be abstracted from the curve at once. In 
terms of the amplitude A of the curve, y is given by 


ae 
Tee 


-—y= (21) 


(4.3) Method Based on the Scattering Matrix Coefficients 


‘The simplifications which occur when the lossless structure is 
to be measured by means of a scattering formalism are also 
worth indicating. It is known that for a lossless structure [.S’] 
the scattering coefficients are restricted by =f 


[S417 = [S.|? = 1 — [Sig]? 261, = Oi, + Gy. + 7 (22) 
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where ¢/,,, is the argument of S’,,. These relations, of co 
do not pertain to the composite 4-terminal network [S] © 
Fig. 5(5) since it is dissipative. On applying eqn. (3) to eqn. ( ) 
we obtain the parameters of the unknown network a in 
terms of |.S,;|, 6; and ¢22 without the knowledge of |T,| : 


Si = [Sy [e%4, Sho = |Sysler*22, S73 


= (Saha os Le iGu +422) (23) 


(5) MEASUREMENT OF SYMMETRIC 4-TERMINAL 
NETWORKS 

When it is known that the structure of interest is capable of 
being represented as a symmetric 4-terminal network, the measure- 
ment can be simplified considerably. In particular, the location 
of the output reference plane need not be known and |I’,| need 
not be measured. 
When the condition for a symmetric representation of , 
scattering 4-terminal network [S’], namely S}, = S},, is couple 
with eqn. (6), we can immediately write 


Si, = Sy = Su 
Furthermore, on considering the ratio 
: S3ISo. = SBI Sx 
we obtain “4 bf 
S33 = $381) S22 


Eqns. (24) and (26) give the desired parameters of [S’]. T, 
[see Fig. 6 and eqns. (5)] can also be obtained, if desired, from 


ie SS Soo/S1 ° ° * E (27) 


upon dividing eqn. (26) by the expression for S;3 in eqns. ( 
Similar relations may be found for the impedance representation.” 


(6) MEASUREMENT OF ATTENUATION 


An attenuator can, of course, be considered as a 4-te: 
network, so that once it has been measured as such, all 
values of attenuation can be abstracted in the standard fashi 
If the unknown is characterized by [.S’], we may employ 
usual relations given in eqn. (28) to obtain the attenuation i 
decibels: 


Ay = — 10 logyo|S;,|? = Total attenuation 
; S, io ha 
Ay = — 10 logio Ee, = Reflective attenuation }. 
i 
=Ar,—Ap = Dissipative attenuation 


It is to be noted that the three attenuations are always related 
indicated in eqns. (28). If a lossless short-circuit is emplo 
[S’] is, of course, obtained directly from the analysis of data. a 


(6.1) Method Suitable for Arbitrary Attenuators 


When the termination involved is lossy, [S’] can be obtai 
from eqns. (6) or (7). In making this measurement 
attenuator is placed between the slotted line and the loss} 
termination so that the power is incident on it in the same 
direction as when it is in actual use. Since only the magnitu 
of the scattering coefficients are required in eqns. (28), it is s 
cient to measure only |S,,| and |$,2|, as defined in conne 
with eqns. (6). This makes the additional experimental 
mination of the output reference plane unnecessary. 
pertinent to stress again that loss in the termination may 
increase the accuracy of the measurement of small attenuati 
(and other low-loss quantities), so that its deliberate addition 
a short-circuit may be indicated. Some considerations of this 
point can be found elsewhere.!° 
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(6.2) Method Suitable for Symmetric Attenuators 
When the attenuator can be assumed to be symmetric, 
sqns. (28) may be rewritten by the use of eqns. (24) and (26) to 
field the desired result: 
Sia?) Sul 
Seal ~ 


An = 


47 = — 10 logo 


[Si2/71S11] 
— 10 log) => BY) 
B10 | So2/(1 cs $1112) ( ) 
dere |5,|, |S22| and |.$,.| are obtained directly from the data 
ind |I°,] need not be known. 


(6.3) Alternative Method Suitable for Arbitrary Attenuators 


When the interest lies only in the attenuation of a structure 
‘ather than in the parameters of [S’] per se, we can modify the 
procedure of Cullen!! or Beatty.!2 The attenuator is measured 
s before, except that it is placed between the slotted line and 
he lossy variable termination in reverse so that the power is 
ncident on it in the direction opposite to that in actual use. 
f the parameters of the composite structure consisting of the 
‘eversed attenuator and the reflection coefficient transformer 
T,| are given by [o], and those of the reversed attenuator 
ilone by [o’], then [oc] and [o’] are related in the manner of 
’qns. (3). On account of the reversal we have 


= Si, (30) 


| It has been shown!!>!2 that A 4, the dissipative attenuation of a 
tructure [S’], is given by 


O11 = S93 F12 = Sj Fy 


Ap = — 10 log, R (31) 


there R is the radius of the input locus when the reversed 
‘tructure is measured with a perfect short-circuit. On comparing 
vith eqns. (28) and applying eqns. (30) we find that 


| [Sial? 


| Ae — s: loi 


2 1- 
yhere [S’] refers to the unreversed structure and [o’] to the 
tructure as it is actually being measured. It follows that, when 
he reversed structure is being measured with a lossy variable 
2rmination, the composite [oc] is related to p, the radius of the 
orresponding input locus, in the same manner as [o’] is related 
> R in eqns. (32), so that 


(32) 


_ Lele eh lige? 
p= T— |onp? = p(1 — |o22|?) 


_ Eqns. (28) may now be expressed in terms of [co] from eqns. (30) 


nd (3): 


or |o;2|? (33) 


IV’, lor2l? 
EA = lezel? 
yhen, in addition, |o43|? is eliminated from eqns. (34) by means 
i eqn. (33), we have the desired result 


Fetea 10 log aia Mee 10 Loe, (34) 
Ts] 


[Bae 22/7 


s| may be found by means of a separate, direct 


ITI Pie (36) 
fat as ee ae 

i‘ On — Vs 

, if the attenuator is a symmetric structure, it may be obtained 


in eqn. (27)] from 


IP] = |o22|/|o,| (37) 


; p(1 — |o22|?), 
=i 10 log, 
ir £10 rs 
| ae 2 
Aj, = — 10 logo 2lt214 = lez2l (35) 
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The quantity y,, in eqn. (36) is the input reflection coefficient 
measured when the reversed attenuator is terminated in a perfect 
short-circuit. 

Eqns. (35), which are based on the measurement with the 
attenuator reversed, are relatively insensitive to errors in |o |. 
In this connection [provided that eqn. (36) or (37) is not employed], 
both |I°,| and p can be found as the radii of circles in a very 
precise manner,’ so that when |o,| is relatively small, as it 
normally is in this type of measurement, eqns. (35) usually yield 
reliable results. 


(7) MEASUREMENT OF ATTENUATION COEFFICIENT 


In the measurement of the attenuation coefficient of waveguide, 
the power dissipated in the sample guide is often so small that 
the input v.s.w.r. of the short-circuited sample guide is exces- 
sively low and lies outside the useful (stable) region of the 
detecting device employed. Under these circumstances, a lossy 
variable termination may be employed to increase the observed 
v.s.w.r. to lie in a stable region of the equipment. It may be 
shown that, assuming no problem of instability, a measurement 
may be made more sensitive when the point of measurement is 
shifted to the higher portion of the appropriate v.s.w.r. meter 
scales by the addition of loss to the short-circuit.!° 

Once it is assumed that the variable termination is lossy, we 
can categorize the measurements of attenuation coefficient 
according to the specific locations of the discontinuities involved, 
if any, and treat each such case separately. This is done below. 
A basic arrangement, such as the one shown in Fig. 4, consisting 
of a sample waveguide located between a slotted line and a lossy 
variable termination, is assumed. The input reflection coeffi- 
cients corresponding to a number of different termination settings 
are measured, and the measurement is then repeated with the 
sample line removed and with the lossy variable termination 
connected directly to the slotted line. Attenuation coefficients 
are then abstracted from the data so obtained in the manner 
most suited to the case at hand. 


(7.1) Attenuation-Coefficient Measurement involving no 
Discontinuities 
When it is assumed that no discontinuities are present between 
the probe and the termination, the procedure is very direct. 
Although this measurement can be performed by the use of single- 
point data only, increased accuracy can be expected when 
complete data circles are employed. When no discontinuities 
are present, these circles are centred about the origin, so that, 
in connection with the measurements both with and without the 
sample in place, an average of the values of v.s.w.r. observed 
(as the termination takes on various values) is of interest. If 
one defines |I’,| and |I’,| as the corresponding magnitudes of 
the reflection coefficients determined without and with the 
sample line, Lae at we have simply 
e = x 508, [|U|/|L,|] nepers/unit length . (38) 
This relation follows directly when one considers that |I’,| is 
the magnitude of the reflection coefficient obtained when |I’,| 
is observed through a transmission line of length d and of 
attenuation coefficient «. 


(7.2) Attenuation-Coefficient Measurement involving a Discon- 
tinuity associated with the Lossy Variable Termination 


The method described here applies when the measurements, 
both with and without the sample in place, involve an arbitrary 
discontinuity associated with the lossy variable termination. For 
example, this is the case when a slotted line of the same guide 
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cross-section as the sample guide itself is employed in conjunction 
with a termination of different cross-section. The same adaptor 
(discontinuity) would be joined to the variable termination 
during both measurements. Both sets of data obtained (i.e. 
with and without the sample) are plotted as circles in the 
reflection-coefficient plane, and the maximum magnitude of 
reflection coefficient on each circle is determined. When these 
are defined, respectively, as |I'|,,,., and |I’|,,,, with and without 
the sample waveguide in place, the attenuation coefficient is 
given by 


leas 


yaar 


As in the previous case, this relation follows once it is recognized 
that the input locus obtained without the sample waveguide is 
modified only by a multiplicative factor of 


= a 1108. nepers/unit length (39) 


e—2adg—2jpd 
to yield the locus obtained with the sample waveguide in place. 


(7.3) Attenuation-Coefficient Measurement involving a 
Discontinuity associated with the Slotted Line 


When an arbitrary discontinuity is associated with the slotted 
line (in the same sense as a discontinuity was associated with the 
lossy variable termination above) the method described here 
applies. If the arbitrary discontinuity is thought of as a junction 
[S’], the measurement without the sample line will result in the 
4-terminal network [S] when analysed as if the termination had 
been lossless (see Fig. 5). [S] and [.S’] are related by eqns. (3). 
Likewise, when the sample line is inserted, the 4-terminal net- 
work computed under the lossless termination assumption is 
taken as [S], where the lossy termination |I",| rather than the 
4-terminal network [’] is to be regarded as having been modified 
by the sample waveguide dissipation. We can consequently 
rewrite eqns. (3) as 
Sis] el Sul, [So] = [Sool MP |e- 24), 

|Sial? = |Si2l/(Ps|e~ #4) (40) 
in connection with this second measurement. Eqns. (3) and (40) 
at once yield the relation 


grad = |S12}?/| Sal? = |Szall| Soal GD 


when the appropriate ratios are taken. The expression giving 
the attenuation coefficient in terms of the available scattering 
coefficients is therefore 

[St2|? _ 
*|S2l? 


| Syo| 
5 mest S3s| 


== slo nepers/unit length . (42) 


(7.4) Attenuation-Coefficient Measurement involving Lossless 
Discontinuities associated with both Slotted Line and Termination 


The case treated here is somewhat more complicated than 

_ those already considered and finds a practical application in the 

measurement of the attenuation coefficient of cables which are 

joined to both the slotted line and the lossy termination by 
connectors (lossless discontinuities). 

Here, it is of interest to examine more carefully what, exactly, 
constitutes a lossless discontinuity. Rigorously, even when 
the cross-sections of a lossy and a lossless guide are geometrically 
identical, a dissipative discontinuity exists at their junction 
regardless of whether or not a geometrical obstacle is present. 
In almost all practical cases such discontinuities can either be 
neglected or, when, in addition, a geometrical obstacle is present, 
can be considered to be lossless. In extreme cases, however, it 
may be well to consider whether or not the loss in such a dis- 
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continuity can affect the accuracy of the attenuation-coefficient AY 
measurement which follows. 

The measurement and analysis associated with this procedure 
is explained with reference to Fig. 10. Data are taken with and 


LOSSY 
TERMINATION 


LOSSLESS 
DISCONTINUITY 


SLOTTED SLOTTED LOSSY 

LINE LINE TERMINATION 
LOSSLESS (2) 
DISCONTINUITY 


LOSSLESS (1) 
DISCONTINUITY 


Fig. 10.—Measurement arrangement with and without sample in place. 


without the sample in place, and the two input loci are plotted. 
As the sample is removed, discontians 1 and 2 may be 
joined to contribute to discontinuity 3; ‘this is permissib 
but not necessary, since the measurement without the sample 
carried out only for the purpose of determining |I°,|. 
relationship, if any, which discontinuity 3 bears to 1 and 
is consequently of no interest, and |I’,| may be found from the 
plotted locus as pointed out in connection with eqn. (9). - 

The locus obtained with the sample in place is first analysed 
by means of eqns. (3). Discontinuity 1, the sample and dis- 
continuity 2, taken together, form the unknown 4-terminal 
network [,S’] in the sense of Fig. 5. Once [S’] has been obtained 
from [S] and |I’,|, the set of input reflection coefficients, whic 
would be observed if the network [S’] were measured with a 
truly lossless variable short-circuit, is found by computing 


7 Oi Se ee 
: SyVo — 1 

for various values of ¢. It is recognized that the locus of I; 
precisely the same as that which would result if data had 
taken with a lossless variable short-circuit and without di 
continuity 2 present. This computed locus may therefore be 
viewed as the locus resulting from the measurement of a lossl 
4-terminal network (discontinuity 1) using a lossy vari 
termination composed of the sample line and the lossless sh 


circuit. The computed data are plotted as in Fig. 8 and analysed — 
for r, according to eqns. (9). From r, we have ; 


> 


(43). 


o 


_ aoe Ad 
Ae es ee ( 
But |[’,| is also clearly 
|T’,| = 85?4cec ieee iene 


where « is the attenuation coefficient of the sample. By com 
bining eqns. (9) and (44) we can express « directly in terms 
the reflection-coefficient magnitudes found from the compute 
locus as 


- 
oe VOIP nad + [ha +VE— 


Hs [Plax = || aaal 
© [0 +|P mad = | ni) ae 


[Pmt IT 


The upper sign is taken if the locus encloses the origin of the 
chart, while the lower sign pertains if it does not. 


(8) CALIBRATION OF THE LOSSY VARIABLE TERMINATIO! 


In the measurements already described, the properties of thi 
lossy variable termination must sometimes be known in oré 
to find the quantities of interest. In particular, means of fin 
both S, and |I’,| or r, may have to be available. Sp has alr 
been defined in connection with eqn. (2) and Figs. 2 and 3, ane 
its experimental determination, when the slotted line can D 


srminated directly in the lossy variable termination without 
ny intervening discontinuities, has been described there. 


(8.1) Measurement of the Magnitude of is 


"When the connection between the lossy variable termination 
ind the slotted line contains lossless discontinuities, r, (and from 
|, |[',|) is determined readily by the product-ratio theoreny in 
he manner given in connection with eqns. (9). This scheme is 
joth relatively quick and capable of yielding precise results. 

If the intervening discontinuity is dissipative, but is known 
) be symmetric with respect to some reference plane, |I’,| can 
e found from eqn. (27). This involves the measurement of 
5\,| and |.$5|, Le. of the magnitudes of two of the elements of 
: composite scattering 4-terminal network [5], as described 


| 
connection with Fig. 6. It should be noted that in this, as 
ell as in the lossless case above, it is not necessary that the 
‘rmination and the discontinuity be physically detachable from 
e other. 

When the discontinuity between the slotted line and the lossy 
rmination is dissipative and asymmetric, |I’,| can be found 
nly if one of a number of certain measurements is performed 
2 ‘addition to the measurement of [S]. One of these is 
ae in connection with eqn. (8), which holds when the 
dssy variable termination is replaced by a perfect short-circuit 

dI,. is measured. The resulting value of I,., in conjunction 

‘ith the measured parameters of 4-terminal network [S], then 
ields |[’,| from eqn. (8). If the termination cannot be detached, 
‘owever, |I’,| must be measured directly. This can be done 


POWER 
SOURCE 


ig. 11.—Experimental arrangement for the determination of |I';| and 
Spr by means of a fixed probe. 


FIXED e 
FROBEN °c” 

FS4 
a 


LOSSY VARIABLE 
TERMINATION 


LOSSY 
DISCONTINUITY 


placing a fixed probe in the transmission line between the 
scontinuity and the lossy variable termination, as shown in 
ig. 11, and by determining the v.s.w.r. at the fixed probe as 
ie termination is varied. 


SS 


(8.2) Measurement of Sz 


In general S'z can be found if either a probe or a fixed short- 
ins can be located at some plane T,, which then serves as the 
\put reference plane of the variable termination. If the dis- 
»ntinuity associated with the termination is dissipative, a probe 
just be used. If the discontinuity is lossless, however, either a 
i or a fixed short-circuit can be employed. In view of the 
hickness effects of probes, a fixed short-circuit is generally 
pea. 

/When a probe is employed to find Sp, Fig. 11 again applies. 
: termination is varied until a voltage minimum appears at 


1e probe (i.e. at T2) and the value indicated on the S-scale is 
pted. This value of S equals Sp. 

| When a variable termination is used in connection with an 
‘tervening lossless 4-terminal network (represented as in Fig. 7), 
9 and y are first found from eqns. (9) and (10). These values 
| conjunction with D sc, which is defined in connection with 
yn. (13), are employed in eqn. (14) to yield Sp. The necessary 
jleasurements are described in connection with the equations 
entioned. Once Sp is known, one finds Sp from 


Sr = Simin — So . . . . . 


(46) 
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where S,,,;, is defined as the value indicated on the S-scale of 
the variable termination when it is in such a position that |I’;| 
is a minimum (see Fig. 8). |’; | will be recalled as the magnitude 
of the input reflection coefficient of the 4-terminal network, i.e. 
of the intervening discontinuity. Eqn. (46) is now explained 


with reference to Fig. 12. As shown, Sp is the S-scale reading 


Fig. 12.—Lossless 4-terminal network terminated in a lossy variable 
termination. 


when a voltage minimum occurs at T>. It can be shown that 
when |I’;| is a minimum a voltage minimum occurs at T”. 
Since these two locations of voltage minimum are separated by 
a transmission line of length (— So), eqn. (46) follows. 
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SOME PROPERTIES OF THE TRANSFER FUNCTION OF UNBALANCED RC NETWORKS 
By I. CEDERBAUM. 


(The paper was first received 30th December, 1955, and in revised form 8th March, 1956. It was published as an INSTITUTION MONOGRAPH 
in June, 1956.) 


SUMMARY 


A method is presented for deducing some RC network theorems, 
chiefly concerning the transfer function of an unbalanced structure 
from the properties of pure resistance networks. This is possible 
mainly since: 

(a) Zero of the transfer function (voltage ratio) of a 3-terminal 
R network has a clear topological interpretation, namely in the case of 
a zero transfer the network disintegrates in two parts (at least), which 
may have only the reference node in common, and the input and output 
terminals belong to different parts. 

(b) The expansion of the RC network transfer function about the 
values of all its susceptances is a quotient of two polynomials in all 
these susceptances. The coefficients in this expansion are composed 
exclusively of cofactors of purely real matrices. These matrices 
correspond to the original network with some capacitors short-circuited 
and others open-circuited. 

(c) Vanishing of some coefficients in the numerator of the expansion 
of the transfer function of a 3-terminal RC network implies a zero 
of the transfer function for some of the R networks derived in this way. 
This fact according to (a) imposes definite conditions upon the topology 
of the original RC network. 

These limitations show that the only possible form of a degeneration 
of the transfer function in its non-reduced form is through the disap- 
pearance of some left or right consecutive terms of the numerator. 
For a generalized ladder realization of such degenerated transfer 
function the discussion offers the limits of the maximum gain. 


(1) INTRODUCTION 


It has been pointed out elsewhere! that the solution of a 
problem in network synthesis is not sufficiently tied to a practical 
network. The designer starting with his work has only a very 
-general idea about the geometry of the network and the amount 
and interconnection of elements which will eventually be needed 
for its realization. 

The best way to overcome this difficulty seems to ‘lie j in gaining 
more topological knowledge on the network. Any new informa- 
tion concerning the relation between the geometry of the network 
and the form of the response function should be regarded as a 
step forward. 

An attempt is made in the paper to study the influence of the 
location of some element or group of elements on the network 
response. To this end, the response function is considered as a 
function of those chosen elements. This approach is not new; 
it is basically common to many branches of electrical engineering 
and has been used by Carter? and Feldtkeller? in analysing the 
driving-point impedances of electrical networks. As applied to 
RC networks—and the same is true for RLC networks without 
mutual inductance—it offers the striking advantage that after 
picking out all the capacitances as variable parameters we are 
left with a structure composed of pure resistances only. The form 
of the response function remains unchanged if the capacitors are 
replaced by resistors (or other network elements) and thus the 
natural consequence of this method of approach would be to 


Correspondence on Monographs is invited for consideration with a yiew to 
publication. u 

Mr. Cederbaum is at the Imperial College of Science and Technology, University 
ks on (on leave of absence from the Scientific Department, Ministry of Defence, 
srae]) 


[ 400 ] 


Monograph No. 180 
June 1956 


start with the discussion of purely resistive or R networks. 
Alternatively, this method might be looked on as deducing the 
properties of an RC network from its behaviour in the neighbour- 
hood of some real positive value of the complex frequency for 
which each capacitor may be replaced by an appropriate resistor, ; 
This point of view was stressed by Reza* and Talbot.5 ; 

The method seems to be particularly suitable for dealing with 
the problem of the limits of the possible gain. Fialkov and 
Gerst® have given these limits for the transfer function of 3- and 
4-terminal RC networks when the number of elements for disposal 
is unlimited. But the important question of how this gain limita 
tion depends on the number of elements remains unsolved. 
In what follows, some of the degenerate forms of the transfer 
function of 3-terminal networks with the minimum number of 
elements are discussed. 


(2) PRELIMINARY REMARKS 


Consider an RC network as consisting of a basic R structure’ 
with the capacitance components inserted in some places. In 
the sequel it will be shown that all cofactors of the admittance 
matrix of an RC network, and by means of them all RC network 
functions, may be expressed by the cofactors of purely real 
matrices which correspond to the original network with some 
capacitors short-circuited and others open-circuited. Such a state 
will be called an ‘aspect’ of the network. 

The process of deriving the various aspects from an RC network 
may sometimes lead to R networks which are composed of two 
or more sub-networks. An example of such a situation is shown 
in Fig. 1; the original RC network is shown at (a) and two of its 


.Fig. 1—An RC network and two of its aspects. 


possible aspects are shown at (b) and (c). Fig. 1(b) corresponds 
to short-circuiting the capacitor C, and open-circuiting all other 
capacitors, whereas Fig. 1(c) corresponds to short-circuiting C 
and C, and open-circuiting C, and C,. It can be seen fron 
these diagrams that as the result of open-circuiting or sh 
circuiting the capacitors of a network some of its parts 
appear fully isolated from the reference node, or there 
appear some parts which are connected with the rest only at 
one point. In the following discussion the term ‘sub-network’ 
applied for simplicity to each separate part which is either fully 
isolated or connected with the rest of the network only at the 
reference node. Evidently Figs. 1(6) and 1(c) correspond t 
networks with three and two sub-networks respectively, | 
denoting the reference node. 
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In order to write down the conductance matrix of such a 
general R network with reference to some node 0, the nodes 
selonging to each sub-network may be denoted by consecutive 


ndices. With this convention the conductance matrix G of the 
network turns, out to be composed of square blocks Gj, 
Gg, - - - G, located on the main diagonal, each block correspond- 
ng to a different sub-network, thus 
Gar Ons. 2 0 
DauGe. . 5 0 
(é! = . rie 5 . (1) 
ewer) G:, 


Since there may be a connection between various sub-networks 
‘through the reference node only, all other elements of the matrix 
5 are zeros. All the sub-matrices which correspond to the sub- 
networks isolated from the reference node are singular matrices, 
since the sums of all their elements in each row are zeros. The 
»thers are non-singular. 

| With regard to the transfer of energy, the most important 
1etworks are those which are connected and cannot be subdivided 
nto two parts connected at the reference node only. Such net- 
vorks are non-separable at the chosen reference node 0 or, 
-xpressed shortly, n.s.0. 

_ In each.n.s.0 3-terminal network, if we start from an arbitrary 
node and advance continuously through the elements of the 
1etwork, we may reach any other node in general on many paths. 
ach path passes through some nodes and represents a chain of 
: ries-connected elements of the network. We exclude those 
yaths which contain closed loops and also those which pass 
hrough the reference node. Call any other a transfer path. 
| wo transfer paths are considered different if they differ in at 
east one element (although they may pass through the same 
\odes). In Fig. 2 the chains abeikm and abfikm represent two 


} 
| 


The nodes 1 and 2 may be joined by various transfer paths such as abeikm and 


i} Fig. 2.—Example of an ‘n.s.0’ 3-terminal network. 
The The chains abfigchm, agifbchm or acdim are not transfer paths. 
1 ; 


ifferent transfer paths between the nodes 1 and 2, whereas 
figchm, agifbchm and acdlm do not represent transfer paths in 
he sense explained above. Evidently a network is n.s.0 if, and 
y if, each pair of its nodes may be joined by means of at least 
e transfer path composed of its elements. 

| For connected R networks, the energy considerations lead 
ediately to the conclusion that the determinant of the 
pbnductance matrix and all its principal minors are positive 


‘terminal R network (3TRN) we have as the possibie range for 
jin the case of connected networks,» 0<T< 1. Since the 
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transfer function from the node i to the node k may be expressed 
by the cofactors of the conductance matrix as 
D, 
Terman i, Mion Lito Re RL (2 
7 (2) 


uw 


the following theorems are true in this case: 


Theorem (1).—All cofactors Dj, Gi, k = 1, 2, ..., n) of the con- 
ductance matrix are non-negative. 

Theorem (2).—The cofactor Dj; corresponding to the main 
diagonal term of the conductance matrix is not smaller than the 
cofactor Djx corresponding to any other term in the same row 
(or column). 

These theorems remain true for a general R network which 
may be not connected, since the only difference for such a net- 
work is that D,; may be zero, and in that case all Dj, for k = 1, 
2,..., are also equal to zero. 

For the transfer function of a 3TRN the following cases 
may be distinguished: 

(a) If the input and output nodes belong to the same sub- 
network, O< T<1. If this sub-network is isolated from the 
reference node, T = | always, since the potential of the whole 
of this network is identical with that of the input node. 
For an n.s.Onetwork the equality T = 0 cannot occur (save in the 
trivial case when the output terminal coincides with the reference 
node), since in such a network there must exist a transfer path 
from the input to the output terminal. 

(5) If the input and output nodes belong to two different 
sub-networks, T = 0, or T is indefinite, according to whether the 
sub-network containing the output node is connected with the 
reference node or is floating. 


(3) TRANSFER FUNCTION AS A FUNCTION OF ONE 
NETWORK CONDUCTANCE 

Consider the case of a connected R network and let 1 be the 
input, 2 the output and 0 the reference node. This notation will 
be adopted throughout the paper. 

Since the cofactors D,;, are polynomials linear in each con- 
ductance of the network, the transfer function is a linear rational 
function of each conductance; thus 


DiGi) a+ cG, 
D,(G,) 6+ dG, 


The coefficients a and b may be recognized as the values of the 
corresponding determinants when G, = 0. Similarly c and dare 
the values of those determinants with the element G, short- 
circuited, i.e. for the network obtained by identifying the 
terminals of G, (see Section 10.1). Taking this into account we 
may write 


I(G,) = (3) 


D,,(0) + G,D,,(s) 
D,,(0) + G,D1,(s) 


where o and s indicate the two aspects of the network, with the 
element G, open-circuited and short-circuited respectively. 

As a linear rational function of G,, continuous for G, > 0, 
the transfer function, if not constant, is strictly monotonic. As 
such, T(G,) may reach its extreme values only at the extreme 
values of G,; hence 

Theorem (3).—The transfer function T(G;) of a 3TRN, if not 
constant, may equal zero or unity only for Gi; = 0 or Gj = @. 

The geometry of the networks corresponding to Theorem 3 is 
defined thus: 

Theorem (4).—If T(G)) is zero for G; = 0 or G; > © (but is not 
identically zero), the network may be subdivided into two parts. 

The input node belongs to one part and the output node to the other. . 


In the case 7(0) = 0 both parts are connected by means of one 
conductance G only, and the part containing the output node must 


Gy (4) 
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be connected with the reference node. In the case T(s) = 0 [T() 
being a shorthand notation fous T(G})] both parts have only one 
{> © 
node in common save the possibly common reference node, and the 
specified conductance G1 connects this node with the reference node. 
Figs. 3(a) and 3(d) illustrate the two cases T(0) = 0 and T(s) =90 

respectively. 


“(@) 


Fig. 3.—Two cases of vanishing of the transfer function T(G). 
(a) T(o) = 0; (6) T(s) = 0. 


This may be proved in the following way. The condition 
T =0 implies that in this case the nodes 1 and 2 belong to two 
different sub-networks and the sub-network containing the output 
node must be connected with the reference node. If a connected 
network can be decomposed into two such sub-networks by 
opening the connection between two nodes (G, = 0), the original 
network consists of these two parts connected by G; as stated. 
If this decomposition is the result of short-circuiting two nodes 
(G, > 0), one node of the original network must merge into 
the reference node as the result of G, tending to infinity. This 
is the only node common to both parts save the possible common 
reference node. The part containing the output node may be 
connected in this case with the reference node only through G,, 
since after G, tends to infinity it remains connected to this point. 

Consider now, instead of T, the complementary transfer func- 
tion T of the same network with the roles of the input and 
reference nodes interchanged, the output node being unchanged. 
This was used by Fialkow and Gerst.6 Evidently 7 = 1 — 7, 
and if Theorem (4) be applied to the case T = 0 (and T = 1) the 
further proposition can be stated thus: 

Theorem (5).—lf T(G1) = 1 for Gj; =0 or Gio (but is not 
identically unity) the network can ‘be subdivided into two parts, as 


in Theorem (4), with the roles of the input and reference nodes 
interchanged. 


(4) TRANSFER FUNCTION AS A FUNCTION OF 7 CHOSEN 
NETWORK CONDUCTANCES 

If the transfer function of a connected 3TRN is considered 
as a function of some m conductances G,, G2, ..., G,, it is a 
quotient of two polynomials in all these conductances. When 
n = 2, e.g. if the chosen conductances are G, and G2, we may 
initially express T(G,, Gz) as a function of G, and afterwards, 
proceeding in the same manner, express all the coefficients as 
functions of G,. Thus we have 


DG, G>) 9: DG, o) + GzD,(G,, Ss) 
Dy(G;, G2) Dy (Gy, 0) + G2Di\(Gj, 5) 


_ Dy2(0, 0) + G,Dj2(s, 0) + G2Dj2(0, 5) + G,G2D,,(s, 5) 


T(G,, Gp) = 
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D,,(0, 0) + G,Di(s, 0) + GyD,4(0, s) + G,G_D,,(s, 5) 
(5) 


where o or s standing instead of G, or G, indicates the open- 
circuiting or short-circuiting of the corresponding conductance 
respectively. 

The numerator and denominator of this expression are bilinear 
functions in both variables G, and G,. All terms with G, or 
G> have in the original cofactor the corresponding conductance 
replaced by s. The terms without G, or G have o at thé same 
place. : 


For the general case of m conductances it is convenient 
to introduce some shorthand notation. Let the symbol! 


DEKG; Gp, ..., G,) represent the sum of all & possible pro 


ducts of k out of n conductances G;, Gz, ..., G,, each product 
multiplied by the cofactor D,, taken for these k elements short- 
circuited and the remaining (x — k) elements open-circuited 


Thus, e.g., 
DG, Gp, eee BGa) = G,D,,(s, 0, eee 50) 
+ G,Dj,(0,5,...,0) +... + G,Dj,(0, 0, ...,5) (6) 


The special cases when one conductance connects a pair of the 
three terminals is dealt with in Section 10.1. 


For k = 0 we define 
DG, Gp, see »G,) = D,,(0, 0, ty OMS 50) . 


With these conventions eqn. (5) can be rewritten 


2 
2 Pikes G») 
T(G), Go) eee 
ae G)) 


Applying now the same method of consecutive expansions 
to the general case we readily get 


BGs) 


n 
x 

TGC ia ea 
x 


Dk (G,, Go, -...G,) 
k=0 


when applied to the case of n variable conductances leads to’ 


Theorem (6).—The transfer function T(G;, G2, ...,G,) of the 
3TRN, if not constant, can reach the value 0, or 1, only if one, at 
least, of the conductances G1, G2, ... ,G, is 0 or +O. 


Consider now some n conductances of a 3TRN: G,, Go, ...,G, 
Suppose that a number k exists, O < k < n, such that the transfer | 
function of the 3TRN equals zero for each combination of k of | 
those conductances short-circuited and the remaining n —k 
open-circuited, but is not identically zero. Evidently in this 
case also DiGi, G»,...,G,,) vanishes. But since the cofactoi 


Dy» for any of the i: aspects cannot be negative the supposition 


that Dk,(G,, G,...,G,) =0 conversely implies that all those 


ih G 
( ‘3 cofactors vanish. 


The basic topological relation between the form of the transfei 
function of a 3TRN and the geometry of the network, who 
somewhat lengthy proof is postponed to Section 10.2, may be 
formulated thus: 


Theorem (7).—The transfer function of a 3TRN vanishes for each 
combination of k out of n conductances G1, G2, ...,G,, short-circuitec 
and the other (x — k) open-circuited, being not identically zero, if, 
and only if, for each transfer path joining the input terminal with 
the output terminal one of two alternatives occurs, namely 


(a) It contains at least (k + 1) conductances Gj. 
or (6) Between the nodes through which such a transfer path passes 
and the reference node there exist at least (2 — k + 1) shun 

paths,* composed exclusively of the conductances Gj, m 

G; being common to two of them. 


Moreover, the transfer paths joining the input and output termina 
must all belong to the same family of paths, (a), or (4). 


* Two shunt paths (bridges) are considered different if they differ in at least o1 
element. Cf. the definition of a transfer path. 
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() OF 
Fig. 4.—Two examples of a network with D{(Gi, Go, . . 


(a) With k + 1 = 3 series conductances G; in each transfer path. 
(6) With n —k + 1 =3 G;-shunts joining the nodes of each transfer path with 
me reference node. 


.» Gn) = 0. 


Fig. 4(a) shows an example of the alternative (a) with n = S, 
k = 2, i.e. with at least three (here exactly three) out of five 
conductances G, lying in each transfer path joining 1 and 2. 
Fig. 4(6), on the other hand, illustrates the alternative (b) for 
in=6 and k =4,i.e.(n—k+1)=3. Here each transfer path 
between | and 2 is bridged to the reference node by at least three 
shunt paths, as defined in Theorem (7). For instance, for the 
upper path we may count the bridges G,, G, and (G,, G>, G3) or 
(G,, Gy). The last two bridges cannot be counted together since 
they have the conductance G, in common. 
| Taking into account the complementary transfer function, just 
as in the case of Theorem (5) we obtain 

Theorem (8).—If the transfer function of a 3TRN is equal to 
unity for each combination of k out of m conductances G1, G2,...,G, 
short-circuited and the other (n — k) open-circuited, but is not iden- 
tically unity, then the statement of Theorem (7) holds with the roles 
of the nodes 1 and 0 interchanged. 

Now suppose that D‘(G,, G2, . . . ,G,,) = 0 and that the alter- 
native (a) of Theorem (7) holds. Evidently in this case 
|Di(G,, G2,...,G,) =0 for each o<i<k. If, on the other 
‘hand, the alternative (5) is valid, the same equality holds for each 7 
with k <i<n. Thus, as a direct consequence of Theorems (7) 
‘and (8), we have 


Theorem (9).—If D¥x(G1, G2, ... ,G,) = 0 [or Dkx(Gi, G2, ... Gn) 
= Dk (G1, G2, ...,Gx)] for some k(0 <k <n), then Dj2(G, G2,..., 
Gy) = 0 [or D{2(Gi, G2, .. . ,Gn) = Dj\(Gi, Go, .. . ,G,)] for each i 
with: @0<i<k 
or (Nira i<n 


——— 


(5) THE TRANSFER FUNCTION OF RC NETWORKS 


Suppose now that, in addition to an arbitrary number of con- 
ductances, a network contains also n capacitances C), C2,...,C,,- 
Evidently we can expand the cofactors D,;, of the admittance 
matrix of this network about the values of the susceptances 
..,pC,, in exactly the same way as before in the case 


of variables G;. Thus we have identically 


n 
Dy f(PQ,, pCr, cee Bey = Pail PC PCr» one EG.) (10) 


product multiplied by the cofactor D,, taken for these k capaci- 
tances short-circuited and the other n — k open-circuited.* 

| Since in all terms forming the Dk‘, the complex variable p 
appears in the same degree k we have 


DE (pC,, PCa, - .. ,PC,) = p*DE(C,, Cz, . . .C,) 


* For special cases cf. Section 10.1. 
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and 


Dy (PC, PCr, mire, »PC,) = Bak Di (Cy C3, snes 3c ) Y (12) 


Note that all cofactors which take part in this expansion are 
cofactors of purely real matrices, which correspond to various 
aspects of the network. Taking this into account and using 
Theorems (1) and (2) we have 

Theorem (10).—AlIUl cofactors Dj, of the admittance matrix of an 

RC network are polynomials in p with non-negative coefficients. 

Theorem (11).—All coefficients of the polynomial expansion (in p) 
of Dj; are not smaller than the corresponding coefficients of Djx for 

each and) ke (i, ig —"1,,.2, :... 5.71): 

These theorems have been proved by Fialkow and Gerst.§ 

Applying egn. (12), the transfer function of a 3-terminal RC 
network with m capacitances (or shortly 3TRnCN) may be 
expanded about the values of all susceptances in the form 


ae Pie C2, aie" »C,) 
. XE), = — 
DPIC, CoeeG) 


1a (NG EXOD Bre waGl3y 


Consider for a moment the first and the last terms in the 
numerator and the denominator of eqn. (13) only. For k =o 
and A = n the symbol Dk, contains only one term, and we have 


IR GU SMG 3.6 6G C 
WHC cog CIDA ceo) are cas rn DCEO nb), 
KO (G5 oo EIDE ob ao) sooo ae OO) gang O) 
(14) 


If D,,(s, s,..., 5) + 0, the product of all zeros p;(i = 1, 2,..., n) 
of the transfer function, eqn. (14), is evidently D,,(0, 0,...,0)/C;Co 
... C,D,,(s, s,..., 5), whereas the product of all its poles 


p;@ =1,2,...,) equals D,,(0,0,...,0)/C,Cz... C,Dy\(s, 5, .. 5). 
Putting the first quotient over the second one we have 

n 
i 1 DAO; 0,..". = 5 O) ; 

Ip, CiCae ne CD S,8, 053.5), 

t 
i=l Di(G30; 1-5) to FOE Os. ons nil) (15) 
Ch Op ROOD ise Ses) TRIG S Si 53 Loans) 


or in words, 


Theorem (12).—The ratio of the product of ail zeros of the transfer 
function of a 3TRCN to the product of all its poles is equal to the 
ratio of the transfer function evaluated for the case of all capacitors 
Open-circuited to the transfer function for the case of all capaci- 
tors short-circuited, provided that in the latter case this transfer 
function does not vanish.* 


Applying Theorem (9) to the case of a network with a 
capacitors, we immediately have 

Theorem (13).—If in the expansion, eqn. (13), of the transfer 

function of a 3TRnCN, the term with p* is missing from the 


numerator, all terms of degree less than k, or all terms of degree 
greater than k, are also missing. 


The two cofactors D,, and D,, may have common factors, and 
the order of the rational functiont T = D,,/D,, may then be 
lowered. What is preserved in the reduced transfer function 
is the difference of the highest and the difference of the lowest 
degrees of non-vanishing terms in the numerator and the 


* For n = 1 this yields the familiar equation’ 
P, _ T(o) 
pi ‘T(s) 


+ The order of a rational function equals the greater of the degrees of the numerator 
and denominator. 
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denominator which must be the same as in the original form, 
eqn. (13). Let W and w denote the highest and the lowest 
degrees of non-vanishing terms in the denominator and let Vand v 
have the same meaning for the numerator. By Theorems (10) and 
(11) we have wx v< V< W. As can be seen, if one of the 
differences f = v — w, or h = W — V is not zero, Theorem (7) 
yields a useful indication on the geometry of such a network, 
namely if f40 each transfer path joining the input and output 
terminals contains at least f capacitors. But, since this dif- 
ference is not f+ 1, at least one transfer path must contain 
exactly f capacitors. On the other hand, if the difference of the 
highest degrees, A, is not zero, it is necessary to consider an 
arbitrary transfer path joining the input and output terminals. 
The nodes through which it passes may be, in general, joined to 
the reference node by means of a number of shunt paths, of 
which at least h must be composed exclusively of capacitors (with 
no capacitor common to two of them). Evidently, as in the 
previous case, for at least one transfer path the number of these 
shunts must be exactly h. 


The complementary case to Theorem (13) may be formulated 
thus: 

Theorem (14).—If in the expansion, eqn. (13), of the transfer 
function of a 3TRnCN the coefficients of pk are equal in the numerator 
and the denominator, this property holds for the coefficients of all 
pi with (a)0 <i PAs or (b)k <i<n. 

As can be seen, the structure of such a network is analogous 
to that described above with the roles of the input and reference 
nodes interchanged. 


(6) THE GAIN LIMIT. OF THE RC LADDER TRANSFER 
FUNCTION 

The upper limit for each coefficient in the numerator of the 
non-reduced expansion, eqn. (13), of the transfer function of a 
3TRCN is the value of the corresponding coefficient in the 
denominator. But this limit may be considerably lower if there 
are some terms missing in the numerator. 

At this stage it is desirable to prove some auxiliary theorems 
concerning the roots of the determinant of the admittance matrix 
of an RC network. The first of these is 


Theorem (15).—The roots of the determinant of an RC network 
derived from the original network by short-circuiting or open- 
circuiting some capacitance are interlaced with the roots of the 
original network. The first and last points in the sequence of the 
interlaced roots are those of the original network. 


In order to prove this, let C,, Cp,..., C,, be the network capaci- 
tances and let D(pC,, pC2, . . ., pC,,), D(s, pC, . . . , pC,,) and 
D(o, pCz,..., pC,) be the determinant of the original network, 
the determinant corresponding to short-circuiting C, and that 
with C, open-circuited, respectively. Since the admittance 
between two nodes of a network may be obtained by dividing the 
determinant of the original network by the determinant of the 

. network with both those nodes short-circuited (Section 10.3), the 
admittance Y measured at the terminals of the capacitance C, is 


D(pe i, peo, 1b Cn) 
D(s; PC2, . . >, PC;) : 


Being an RC admittance, Y has its zeros real, negative, simple 
and interlaced with its poles,!2 the nearest to the origin and the 
furthest out (except for a pole at infinity) being zeros. Thus at 
both ends of the sequence of interlaced roots of the numerator 
and the denominator we find those of the numerator which 
proves Theorem (15) for the case of the short-circuit. Suppose 
now one end of the capacitor C; to be disconnected from the 
network and the admittance Y measured between this terminal 


Mee 


(16) 
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and the node to which it was formerly connected. Analogously 
to the previous case we have: 


=> PC, D0, pC,, p@s eee 
D(wG,, pCa, =. pe) ) 


The numerator, which corresponds to the state of the network 
before the two terminals of Y are short-circuited, is now equal to 
the product of pC, and D(o, pC, ..., pC,,), since the capacitor C; 
is hinged at one of its terminals to the network derived from the 
original one by putting C; = 0. Y has a zero at the origin which 
is not a zero of D(o, pC>,..., pC,,). Leaving out this zero there 
remains the sequence of interlaced roots of D(pC;, pC, . . . , PC,) 
and D(o, pCy,...,pC,,) having at both ends the zeros of the 
former determinant, which proves Theorem (15) in this case also. 

Let the roots of the determinant of an RC network be denoted 
by —);, —p2,..., —P, witho < pj <p, = J... =p, Theomae 
(15) leads at once to a 


Theorem (16).—If we short-circuit some capacitor of an RC 
network, the absolute value of the sum or the product of all roots 


of a8 determinant of each of Ny new eS cannot be smaller 


—1 n—1. 
than = pj Or av Pi, Nor Chee a pi or Bu Pi respectively. 


The proof follows from the fact that, if for each root of the new 


determinant the nearest root of the original determinant with 
smaller absolute value be substituted, the result is the sum or 


the product of the smallest n — 1 numbers of the sequence 
, Py» Whereas, when the substituting root is greater, the 
result is the sum or the product of the greatest n — 1 numbers — 


Pi, P2.+++ 


of that sequence. 

Assume now that in the non-reduced (except for a possible 
reduction by a numerical factor) expansion form, eqn. (13), of 
the transfer function of a 3TRnCN only one term in the 
numerator, say with p*, is different from zero and that the 
defiominator i is a polynomial of nth degree with n different and 
negative roots 0 > — p; > —p2>...>—p,. In this case p* 
is both the least and the greatest power which appears in the: 
numerator of the transfer function. This implies that each 
transfer path between the input and output terminals must 
simultaneously fulfil two requirements. It must contain at least 
k out of the n capacitors, and between its nodes and the reference 
node we must be able to identify at least (n — k) shunt paths 
composed exclusively of different capacitors. Since the network 
contains only n capacitors, each of these (1 — k) shunts consists 
simply of one capacitor and the set of & series and (n — k) shunt 
capacitors is common to all transfer paths between 1 and 2. 
The condition that the transfer function should be of mth degree 
implies that it cannot be achieved by a network with less than 
ncapacitors. This restriction excludes, e.g., such cases as paral 
or series connection of two capacitors without a branch point 
between them. The structure actually represents a ladder 
generalized in such a manner that it may incorporate also some 


Fig. 5.—A generalized ladder network whose transfer function has @ 
numerator with only one term different from zero. } 


3TRN as illustrated in Fig. 5 (the order of stages may of coursé 
be arbitrary). 
Evidently only one aspect of such a network gives the tran 
function different from zero. This unique aspect corresponds to 
short-circuiting all series and open-circuiting all shunt capacitors 
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Nithout loss of generality the series capacitances may be denoted 
by Cj, Co, . . ., C, and the shunt ones by C,,,,..., C,. With this 
totation we have for the transfer function 


k 
} (SS SSS 
re CC epD AS35521: = 58, 0, Os<.. ; 0)p* 
Sez; -. COD, 5.0.05 5)p* +... + Dio, 0,...,0) 


| Kpk 
| papas oes) ON 6g) 


n 
H & + Di) 
i! : tes 
Applying (5.2) we have: 
| k k 
| (a — 
kk OHS, Soc ns SOs te sO) BD (Soeetovet st Ss: Osun a as/O) 
CO I OI (Creates say co Gd OF (G Cram e) 
| Peet atts. = (LD) 
| Consider now the determinant D,,(s,..., 5, pC, ig eee be 


with the first k capacitors short-circuited. Its expansion about 
he values of the remaining (m — k) susceptances is 


| k 


; 
Pils, aialla 5.5 PCy 445 olefe »PC,) 
| k 


ae. 

= C, pai Gris ss Sn..." — + ...+ 
i} 

i k 


DT Sate crs S51 Osan sha) 3, (20) 


{ 


he absolute value of the product of the (n — k) roots of eqn. (20). 
Now remove the short-circuit from the capacitor C,. According 
o Theorem (16) applied to the network with the terminals 1 
ind 0 short-circuited (D,;) the absolute value of the product 
pf the roots of D,,(s, .. ., 5, PCy11,- + +» PC,) is not greater 
han that of the greatest (n — k) roots of Dj,(s, . . ., s, pC, 
1Cy11,+--,PC,). Proceeding further in the same manner, remove 
he short-circuits one after another from all capacitors 
Cnt, + - + C, and finally the original state of the network is 
eached with all capacitors recovered. Since the roots of 
D1 (PC,, pCz, ...,pC,) are the poles of the transfer function, 
‘qn. (18), the gain factor K cannot in this case exceed the product 
4 nA 

of the n — k greatest poles of the transfer function, ic. JT] p;. 

| i=k+1 

_ This limit is the lowest upper limit for K since, as is evident. 
his value can be approached as closely as desired in the ladder 
tructure given in Fig. 6 if C;R; is selected to equal 1/p, and the 


te quotient on the right side of eqn. (19) may be identified as 


Cy Co Cy 


| Peet ive" Rn 


‘ig. 6.—A ladder network whose transfer function has the gain limit 


nA 
equalto II pj. 
i=k+1 


ading effect is diminished on every stage by increasing suffi- 
iently the impedance level of the following stage. Since the 
dder is composed of n capacitors and x resistors it contains the 
ninimum number of elements necessary for realization of the 
ransfer function, eqn. (18). Thus we have 
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Theorem (17).—The most general 3-terminal RC network with the 
transfer function of the type eqn. (18) having only n capacitors has 
a structure as exemplified by Fig. 5 (with an arbitrary order of stages). 
The upper limit for the gain attainable in such a network is equal 

n 
to i Pi and it may be approached arbitrarily closely by the 
i=k+ 
ladder network of Fig. 6 built from the minimum number, 2n, of 
elements. 


(7) CONCLUSION 


The method presented enables some properties of RC networks 
to be deduced from the properties of pure R networks by applying 
topological arguments. In the paper it has been applied chiefly 
to the transfer function of a 3-terminal RC network when 
working between zero source and infinite load impedances. 

This is by no means the only field where the method may be 
used, nor should the limitation to the unbalanced structure be 
regarded as its natural one. Some other applications, e.g. to 
the zeros of the RC network transfer function and the selective 
properties of such networks, will be the subject of a further 
publication. 
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(10) APPENDICES 
(10.1) Proof of Eqn. (4) 


In the case when G, connects some node, other than 1 and 2, 
with the reference node, and thus appears only on one place in 
the admittance matrix, eqn. (4) is well known.7 

In the general.case, suppose that G, connects some two nodes, 
say i and k, one of which at least, say k, is different from 1 and 2. 
G, then appears in the admittance matrix on four places (ii), (ik), 
(ki) and (kk). Let the kth row and column be added to the ith 
row and column respectively (which does not alter the value of 
the determinant). After this is done G, appears only on the 
place (kk), and the coefficients of G, in the network determinant 
and in both cofactors D,, and D,, may be obtained by deleting 
the Ath row and column of the transformed determinant or 
cofactor. But the combined operation of adding the kth row 
and column to the ith row and column followed by deleting the 
kth row and column is equivalent to short-circuiting the nodes i 
and k, which justifies eqn. (4). 

Special attention must be paid to the cases when G, connects 
two out of the three terminals 0, 1 and 2, since after short- 
circuiting G, one of these terminals disappears. To ensure that 
eqn. (4) is comprehensive some conventions must be adopted here. 


(a) If G, connects 0 and 1, D,,(G,) and D,,(G,) are independent 
of G,; therefore we write in this case D,,(s) = D,,(s) = 0. 

(b) If G, connects 0 and 2, Dj» is independent of G, and 
therefore we put D,,(s) = 0. 

(c) If G, connects 1 and 2, since lim7=1, we write 


Gi>o 
D,,(s) = Dj,(s), where D,,(s) is the value of D,, for the 
network obtained by identifying terminal 2 with terminal 1 
(G, short-circuited). 


(10.2) Proof of Theorem (7) 


The conditions of Theorem (7) are sufficient. To prove this, 
take any combination of k conductances G; short-circuited and 
the remaining (x — k) open-circuited. If some transfer path 
belongs to the (a) family then passing through at least (k + 1) G; 
conductances it must be interrupted. If a transfer path belongs 
to the (b) family, the (x — k) open-circuited G; can open at most 
(n — k) out of the (x — k + 1) bridges to the reference node, and 
therefore such a path must be short-circuited to the reference. 
Thus for any such combination we have D,, = 0, which implies 
DE(G,,'Gz,.. «. G,) = 0. 


CEDERBAUM: SOME PROPERTIES OF THE TRANSFER FUNCTION OF UNBALANCED RC NETWORKS 


4 
j it) 

To prove the necessity, suppose that there exists a transfer | 
path between 1 and 2 which does not fulfil the conditions (a) and 
(b). Such transfer path passes at most through & conductances | 
G; and has at most (n — k) G,-bridges to the reference node. 
Evidently there exists such a combination of & short-circuited 
and (n — k) open-circuited G; which closes all series G; conduc- 
tances of this transfer path and opens all bridges to the reference | 
node, maintaining the transfer between 1 and 2 effective. Thus: 
in this case D¥,(G,, Go, . . .. G,) #0, which proves the necessity 
of the conditions. 
To prove that all the paths belong to the same family, (a) or | 
(b), when D‘,(G,, Gy, . . ., G,) = 0, suppose to the contrary that 
there exists one path belonging to the family (a) and another (0 
the same) path belonging to the family (6). Then the former 
path contains at least (kK + 1) of the conductances G;, none of 
which is joined to the reference node, whereas the latter path is |} 
shunted by a number of paths containing at least (n — k + 1) of 
the conductances G; joined to the reference node, and therefore 
distinct from the former (kK + 1) conductances, as well as from | 
one another. Thus there must exist in the network (k + l) 
+(n—k-+1)=(1+2) conductances G; contrary to the | 
assumption. 


(10.3) Admittance between Two Nodes of a Network 


Although the proposition quoted in proof of Theorem (15) 
may be found in the literature,? a short proof of it will be given | 
here. { 

If one of the nodes between which the admittance is measured 
is the reference node 0 and the other is, say, the Ath one, we may 
use the well-known formula 


ye 

Dy 

The minor D,,, obtained from the original determinant by 
deleting the kth row and the kth column is the determinant of 
the network with the mode k identified with the reference | 
node 0. 
Now the node determinant of the network is invariant with 
respect to changes of the reference node.19.1!1 Thus if a new 
reference node is chosen, other than 0 and k, the new network | 
determinant D’ equals D, and the determinant of the network 
with the nodes k and 0 identified with respect to the new reference || 
equals D;,. This proves the proposition. 
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| SUMMARY 
i, The behaviour of a basic remote-position-control system with 


‘yelocity-feedback stabilization and integral-of-error control is investi- 
‘sated, taking torque limitation of the servo motor into account. It is 


put signal is increased and becomes unstable above a critical value. 
oth phase-plane analysis and describing-function techniques are 
“smployed. The experimental behaviour to random input signals is 
ybserved. 

| The effect of other non-linear elements added to eliminate the 
ossibility of amplitude-dependent instability is discussed. 


LIST OF PRINCIPAL SYMBOLS 


| a = Value of acceleration when torque saturation ensues. 

v, = Control signal. 

| v,, = Saturation level of control signal. 

: F, = Torque produced by viscous friction per unit 

angular speed. 

F(w) = Frequency-response transfer-function for the broken 

| loop. 

f = Frequency. 

| h = Magnitude of initial input step. 

= 3arT, = Critical magnitude of input step to make 

| system unstable. 

H =x/h, = A change of variable measuring position in 

terms of the critical step magnitude. 

I, Ig = Signal from the integrator. The suffix 0 refers to 

initial value at t = 0. 

J = Moment of inertia of rotating parts. 

K = ),,axl¥e = Ratio of the maximum limited velocity to 
the critical velocity. 

= Gain. 

= Describing-function in terms of amplitude / for a 

| given non-linearity. 

p = Heaviside operator. 

f— Vine see, 

7 = Time-constant of velocity damping. 

T, = Time-constant of damping due to friction. 

T, = Integrator time factor. 

1 VPs = = A normalized variable representing velocity 

| in terms of the critical velocity. 

x = Output position. 

z = Output acceleration. 

Xo. Yo» Zo = Initial values of x, y, z at t = 0. 

y= a/ Gi Critical velocity attained for the critical 

input step h,. 


NA) 


Yas = Maximum velocity set by velocity-limiting network. 
= TW, = Damping factor. 
= 4/(3T;/7) = A useful coefficient of the ratio of the 


| integrator time factor and the damping time- 
| constant. 
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5 = aTjw) = A design factor to determine the value 
of 7; satisfactory for linear operation. 
6) = Input and output positions. 
= wot/«8 = Normalized time to allow variation of 
several parameters. 
w =2nf. 
@,/27 = Undamped natural frequency of oscillation of the 
basic linear system. 


(1) INTRODUCTION 


The addition of integral of error to the control signal of a 
linear servo-mechanism has the desirable effect of reducing 
considerably the steady-state and low-frequency errors. It is 
well known, however,!.2 that for such systems the sudden 
occurrence of a large error signal which temporarily saturates 
some part of the system can produce a low-frequency oscillation 
of excessively large amplitude. This is due to the action of the 
integrator, and mainly for this reason ‘integral of error’ control 
has not been adopted to the extent that it merits. In systems 
where it has been included, arrangements are often made to 
switch out the integrator at large errors, as in the initial running 
into alignment, or, in two-channel coarse/fine systems, the 
integrator may be placed only in the fine-error channel. 

It is found that satisfactory performance can be obtained if 
an integrator circuit is employed which has the ability to cease 
integrating when the integrated signal rises above a predetermined 
level. This level becomes a design parameter of the system and 
is related to the control-signal level at which saturation of the 
forward chain occurs. 

The undesirable action of the integrator is best shown by the 
consideration of step-function responses, and for this reason the 
phase-plane method of analysis has been employed. This is 
normally restricted to second-order equations, whereas the 
simplest integral control has a third-order characteristic equation. 
It is found possible to utilize the phase-plane technique provided 
that all the trajectories start from a state of rest, i.e. zero initial 
velocities and accelerations. 

In order to discuss the stability of these systems in the presence 
of saturation it has been found useful to use the frequency- 
response approach and the describing-function technique. It has 
not, however, been found practical to analyse the system with 
two non-linearities present at the same time, i.e. saturation of the 
amplifier or servo motor and the deliberate amplitude-limited 
integrator. 

The above two methods of analysis show the improvement 
that can be achieved in stability and transient response by use 
of the limited integrator. They fail to show the behaviour for 
the normal type of continuously varying signal encountered for 
the major portion of the working period of such a system. 
Results have been obtained to show the effect of limited integral 
control on the ability of the system to follow a stochastic sig- 
nal with fixed amplitude-probability distribution and power- 
frequency spectrum. 

Experimental work was based on a servo model using a 


[ 407 ] 


408 WEST AND SOMERVILLE: INTEGRAL 


Type 74 split-field d.c. motor, and an all-electronic simulator of 
the model working at a natural frequency 200 times as great as 
that of the model. 


(2) THE BASIC SYSTEM 
The simplest position-control system employing integral-of- 
error and stabilized by direct velocity feedback is shown 
schematically in Fig. 1. In the linear regime the torque (and in 


INTEGRATOR 


SERVO 


AMPLIFIER MOTOR 


Qi 


Fig. 1.—Basic control system. 


the absence of friction the acceleration also) is proportional to 
the control signal v,. This is composed of the addition of three 
terms, one directly proportional to error, one to the integral of 
error and the third to the output velocity term which introduces 
a stabilizing influence; thus 


t 
1 
Ve Phi (6; i Ao) T [a y)dt di 
iO 


= (EF, 60 — rt 


(1) 


The torque produced per unit control signal is Jw2, which is a 
design constant of the system including the loop gain and the 
moment of inertia J of the rotating parts. The total torque is 


therefore 
J wv, (2) 


= Jy + F605 (3) 


where F,, is the torque produced. by viscous friction and will 
eventually be assumed negligible. 

From the first three equations the overall characteristic 
equation for the linear system is obtained in this form 


4 BS 
| ae + (7 +7,)T;p? + T,p 4 16 = (1 + T;p)6; (4) 
0 


with 7, = F,/J for convenience. 


(2.1) Stability of the Linear System 


Without the integrator, i.e. T; = 00, the characteristic equa- 
tion is 


p2 
E =F (rv + 7,)p ae [6 aed 0; 


with wa the undamped natural frequency and (7 +7,) the 
damping term. In practice 7 would be arranged to give a 
reasonable response. (7 + 7,,)wWo = « may be called the damping 
factor, and « = 2 corresponds to critical damping. 

For positive damping, the system cannot be unstable. The 
addition of integral control and the determination of the required 
value of T; would be achieved after the damping factor had 
been chosen. 

The Hurwitz-Routh? conditions for stability applied to the 
characteristic equation, eqn. (4), give+ 

(hr) Pape 
or Two > Ife . 


(5) 
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Let T,w9 = d/o. The necessary factor 6, by which Two * 
exceeds 1/a to give a reasonable response, depends.on the vain e | 
of « itself; when « = 2, 6 =12 (and Tjwy = 6) is a satis- | 
factory value. & 
The basic linear stable system having been defined, it is now 
possible to consider the effects of torque saturation of the seryo 
motor. 


(2.2) Motion in the Saturated Regime 


It is assumed that torque-limiting or saturation of the servo 
motor will occur when the control signal exceeds a certain value 
V,,» 1.€. when |v,| > |v,,|- 

Under these conditions the total torque is a constant and is 
independent of the control signal whilst it still exceeds v,,. 


becomes 


the solution of which, — allowance for friction, is given 1 
Reference 7. 
If the system is initially at rest with zero velocity and accelera- 
tion and in the condition in which 


0,205 = ae 


an application of an input step of magnitude h immediately 
takes 0; from position —h to the arbitrary zero position. The 
error, since the output cannot move instantaneously, jumps from 
zero to h. y 
It will be assumed that / is many times greater than v,, and 
hence the system will immediately become saturated and the 
ensuing motion will be governed by eqn. (6). 
By integrating with respect to time, the output velocity and 
position may be obtained; thus 
db 


=) Sain 
dt 


6) = tat? —h 
so that the error signal is 
6, — 0 =h — tat? 
=0 


fort >0 
fort <0 


Let the signal from the integrator unit be J; then in general 
1 wt 
1c | (8, — Oo)dt + Ip 
T; 
0 
where J is the initial value, which for this particular case is zero 
(see also Section 9.2). Hence . 


Jp AG — sat?) dt = z(t _ zat) 


The control signal is, from eqn. (1), 


__ fo 
dt 
and the saturated motion continues until this signal has fallen 
to the value v,,. Further reduction brings the system into a 
linear operating condition. g 
Fig. 2 shows the various components of the control signal as 
functions of time. The velocity damping term td@)/dt becomes 
zat and increases linearly with time. The line (A — ra?) is drawr 


Ve = (0; — 9) + I 
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Fig. 2.—Determination of the first boundary. 


jr convenience. The curve (h — rat + /) is also drawn so that 
}s distance from that of the output 6 gives the control signal v,. 
(his very much greater than v,,, the time at which the control 
{gnal reaches the value v,, is very nearly at, but slightly before, 
ae intersection of these two curves. 
| Subsequent motion passes through the linear regime into the 
urate condition of maximum deceleration. Thus, if the 
ange-over from maximum acceleration to maximum decelera- 
‘on occurs before the error 0, — 8 has fallen to zero, the over- 
hoot will be of less amplitude than 4. If, however, the initial 
tep is so great that the intersection, point P of Fig. 2, occurs 
fter 0) has reached zero level (i.e. P is above the horizontal 
ine h), the overshoot will be greater than h and the system will 
iscillate with ever increasing amplitude. The critical magnitude 
of input step for which the output executes oscillations of 
ual amplitudes +h, occurs when P lies on the horizontal line h, 
e. when the error is zero. 
| If this occurs at time 7,, we have 


0, — 0) =h, — tat? =0 


| a2, 
Sogn ee 


‘he velocity attained at this time ¢, is called y. and is 
Ye = VQah,) = at, 

The condition for point P to be on the horizontal line / is that 
| h — tat? — rat + 1=0 

j time 4, i.e. 


I= Tat, 
My h, — gat? =7T,a 
1 ee ete dO 
h, = $1T wp, (10) 
Pi can be viritien in the form 


h, = 380,, 


us an applied step of the order 36 times the extent of the 
ear regime produces instability. For the particular system 
‘escribed in Section 2.1, «'= 2, 6 = 12 and (f,/v,,) = 18. 


(2.3) Phase-plane Analysis 


| In order to study the motion of the system for any arbitrary 
jep h and to determine the regions of saturation and linear 
eration, it is preferable to obtain solutions independent of the 
e z by use of phase-plane analysis. The phase plane is a 
irve of output velocity y = d0/dt as ordinate against position, 
|= 9) as abscissa. 

| The saturated motion given by eqn. (6) can be written 


d70, dy _ dy dx _ Besa, 
dt dt on 


dx dt Vax 
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Hence, by direct integration with respect to x, the trajectory in 
the phase plane becomes 


[2 —¢ | 


yo x0 


x 


adx 


y? — y§ = + 2a(x — x9) 


where Xp and yo are initial conditions. 
For a step of magnitude h as in Section 2.2, the equation of 
motion becomes 
y? = 2a(x + h) 


This equation could have been derived alternatively from eqns. 
(7) and (8) by eliminating f. 

This motion ensues all the time saturation is present, but the 
linear equation of operation (eqn. 4) predominates as soon as 
the control signal v, has fallen to the value v,,. This change-over 
condition can be shown is a curve in the phase plane of such 
form that when the trajectory meets it the initial saturated mode 
of operation is terminated. 

For the cases of interest when h s. v,, the effect of the passage 
through the linear regime is negligible and it is possible to neglect 
the width of the linear regime with very little loss in accuracy 
but with great simplification of the analysis. The change-over 
boundary in the phase plane can be considered as the position 
for which the control signal is zero and it can be assumed that 
acceleration changes from +-a to —a on crossing the boundary. 

The analysis is given in Section 9.1 to determine the equations 
of these boundaries, some of which are shown in Fig. 3 together 
with the trajectory for the critical step h,, namely 


y2 = 2a(x + h,) 


which meets the change-over boundary at x = Oand y, = 4/(2ah,) 

= a\/(37T;) from eqn. (10), as was shown in Section 2.2. 
For analytical simplification the axes of the phase plane are 

normalized in terms of 4, and y, and the new variables of output 


position and speed are 
H =x/h, 
w= yly, } 


An input step of 4 now becomes an input step of H = A/h,. 
The equations of the boundaries become (see Section 9) 
2a Vu 
~  3au + B 


(1) 


(12) 


where B = ie 


and can be drawn by taking a series of values of uw and calcu- 
lating H. 

This is shown in Fig. 3 for several values of 8 for the case in 
which v,,,/h, is negligibly small. 


(2.4) Subsequent Boundaries with reference to the Linear Regime 


Construction of subsequent boundaries may be obtained by 
extending the method employed for the first boundary. This 
method yields a cubic equation with parameters dependent upon 
the initial conditions at the previous boundary, and the deter- 
mination of each point upon the new boundary involves the 
solution of a cubic equation. 

A graphical method may be employed in the construction of 
all the boundaries, when the linear regime is assumed negligible; 
this is shown in Fig. 4 and described in Section 9.2. An extension 
of the method to include the linear regime is included in 
Section 9.3. 
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TORQUE - LIMITED 
TRAJECTORY 


Fig. 4.—Graphical determination of boundaries. 


The phase-plane boundaries shown in’ Figs. 5(a) and 5(b) for 
two different values of 8 have been constructed graphically by 
this method. The number of boundaries will be infinite because 
the value of J, which was zero at the instant of applying an input 
step, is finite and variable at subsequent crossings of the x axis. 
For T; = co the equation of motion becomes that for the second- 
order system, and all the boundaries coincide along a line of 
slope dy/dx = — 1/7, tangential to the first boundary at the 
origin. Responses are respectively stable or unstable, according 
to whether the trajectory meets the first boundary before or after 
crossing the y axis, corresponding to torque reversal either before 
or after the error becomes zero. Therefore, for the systems con- 
sidered, it is possible to obtain stability by ensuring that an even 
boundary does not cross the —y axis or an odd boundary cross 
the +y axis. 

Consecutive boundaries intersect, so that the first boundary 
_ starts at the origin, the second boundary starts on the first 
boundary, and so on. Parabolic motion of the trajectory ensues 
from one boundary to the next, reversing torque each time a 
boundary is crossed. For a stable response, successive ampli- 
tudes of overshoot and undershoot are reduced until a boundary 
is reached at a point on it before the start of the next boundary, 
when the ensuing response becomes immediately unsaturated. 
Subsequent motion may take place entirely in the linear regime, 
although it is possible that the saturated region may again be 
entered, these boundaries not being shown. These sections of 
responses are shown in the diagrams by dotted lines. Time 
responses obtained from Figs. 5(@) and 5(6) are giveh in 
Figs. 8A and 9a. : 


Fig. 5.—Phase-plane trajectory for an input step of 0: 8/- showing the 


lst BOUNDARY 
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3rd BOUNDARY 


Ist BOUNDARY 


2nd BOUNDARY 


. 3rd BOUNDARY 


(6) 


first three boundaries. 


(a) B =3. 
(6) B= V3. 
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3) ADDITICN OF NON-LINEAR ELEMENTS TO CORRECT 
FOR LARGE INPUT SIGNALS 
| Stabilization of the response to large input signals may be 
\chieved by the introduction of a source of non-linearity to 
‘ender the integrator inoperative for large error signals. Satura- 
jion-type limits applied either to the input or to the output of the 
otegrator do not fulfil this function. Placed at the input, they 
imit the signal to the integrator, but this does not prevent the 
yutput signal becoming excessive. Output limits restrict the 
jaagnitude of the output for large input signals but do not alter 
lhe actual integrated voltage. In both cases the response must 


pe such that a negative error shall exist long enough to remove the 
jategrated charge accumulated during the positive-error regions. 
A method which has been found to give very effective stabiliza- 
ion is that illustrated in Fig. 64, where the non-linear element 


De. 
AMPLIFIER 
NON-LINEAR 


FEEDBACK 


c 
j Fig. 64.—Block diagram of limited integrator. 


\fectively short-circuits the integrating capacitor for voltages 
ae it greater than +V. This arrangement also ensures that 
verloading of the integrator amplifier does not occur. The 
‘equired non-linear feedback characteristic is that shown in Fig. 
5B, which can be obtained by a pair of biased diodes. A further 


j 


| 


OUTPUT 


+V_— INPUT (=o) 


| Fig. 68.—Characteristic of the non-linear feedback element. 


ource of non-linearity which limits the sum of error plus integral 
of error, has been found to give extra stabilization to large input 
‘ignals when used in conjunction with the integrator limiting 
\lready described. It has the effect of limiting the maximum 
yelocity achieved during the response, and has been called 
velocity limiting.’ The step-function responses for the limited 


| 
} 
‘ntegrator with and without velocity limiting are derived by 
te of the phase-plane. The effect on overall stability of each 


f the various non-linearities is considered by the describing- 
nction technique in Section 4. 


) 
| 
| 


(3.1) Limited Integrator 


. Boundaries for the step-function response are obtained by the 
‘raphical method described in Section 2.4. The curve of I 
Against x is given by eqn. (18) (Section 9.2) until J reaches the 
maximum value +V, when this value is maintained until x 
thanges sign. The boundaries in the phase-plane when J = +V 
\re given by x + 7y = +V for parabolic trajectories, so that 


Ope Paty = (13) 


dx T 
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BOUNDARY 
(2n + 2) 


(2n+3) 


(2) 


(2n+2) 


BOUNDARY 


x (2nt2) 


BOUNDARY 


BOUNDARY 
(6) 


BOUNDARY 
(2n+3) 


Fig. 7.—Phase-plane trajectory for an input step of 0-84, showing the 
boundaries with a limited integrator. 


(a) ¢) = aie V = 0°3Vinax = 0°2hc. 
(6) B = V3; V = (V3/10)Vmax = 0° 2he. 


value of J is reset to +V each time limiting occurs in the inte- 
grator. The boundaries given by eqn. (13) are separated by +V 
from the boundary for T; = 00, and responses to large signals 
are therefore very similar to those obtained for the corresponding 
second-order system.8 The maximum value for V which will 
just stabilize for large signals is such that the boundaries given 


| 


—— 
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2 
Fig. 94.—Responses of the integral control system with torque , 


+ ZB B= v3. 


saturation level + 


Fig. 8B.—Responses with the limited integrator. Fig. 98.—Responses with the limited integrator. 


= 3: V =0-3Vmax = 0-2he. 
; Oe ‘ B= V3: V = (3/10) Vince = 0+ 2he. 


+1Ohe +1O he 


“WOhe 


Fig. 8C.—Responses up to 6; = 10h, for the system with limited Fig. 9c.—Responses up to 0; = 10h for the system with limited 
integrator. integrator. 
8 =3; V=0:3V nag = 0-2h>. ‘ B= 4/33 VS (4/3/10 eee ee 


‘by eqn. (13) would pass through +,,, thereby preventing the first 
‘boundary from crossing the +y axis, namely 


2h,. 

Vox St dt B 

since Ye = a/(37T;) 
i Bi hi 
os 
cand 2h, = 3a7T, 


It is possible for a trajectory on the phase plane of Fig. 7(4) 
to meet an odd boundary, given by eqn. (13), to reverse accelera- 
‘tion and to reach the consecutive (even) boundary before x has 
changed sign and the integrator output has thereby been reduced 
from its limited value + V. Consecutive odd and even boundaries 
will therefore partly coincide, their equations for the common 
Tegion being identical [eqn. (13)]. Whether the slope of the 
/phase-plane trajectory at its point of intersection with the odd 
boundary is less or greater than the modulus of the slope of the 
boundary (+ 1/7), will determine whether the even boundary will 
be reached immediately or after a section of parabolic trajectory. 
When a trajectory meets an even boundary in the manner out- 
lined above, the ensuing trajectory will run along the even 
ee until x changes sign and therefore obeys the equation 


x+7y = +V. It is necessary to have this equation in terms 
f a time solution for construction of the time response; thus 


dx 

Pope =! mr 

The values of V/V,, in Figs. 7(a) and 7(b) have been chosen to 

‘show the effect of maintaining both V and h, fixed whilst varying 

he integrator time-constant 7; The corresponding time 

esponses are shown in Figs. 8B, 8c, 9B and 9c; Figs. 8A and 9a, 

for comparison, are the responses without the limitation on 
‘integral control. 


whence x + V = (x9 + V)e-eotla (14) 


(3.2) Velocity Limiting plus Integrator Limiting 


The phase-plane boundaries of Fig. 10 are again constructed 
as in Section 3.1, and are similar to those for integrator limiting 


BOUNDARY 1 


BOUNDARY 1 


. 10.—Boundaries with velocity limiting to ymax = ye, Showing the 
final section of the trajectory for large input steps. 
B = 3; V=0-3Vmax = 0-2he. 
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alone, except that for large input steps the first boundary is now 
the horizontal line y = y,,,,. Thus extra stabilization is obtained 
for large input steps for which the final response becomes inde- 
pendent of input amplitude, since the output runs in along the 
horizontal portion of boundary 1 (Fig. 10). The control signal 
is given by 

—x-+I=Ty +4, 


but during velocity limiting the signal —x + J remains constant 
at a limiting value —Kry,. Viscous and coulomb friction being 
neglected, acceleration occurs until v, = 0, after which constant 
velocity ensues. Thus, during velocity limiting, vy,,,. = KTY; 
and 

= Ky, (= constant) 


Vmax 


The time response in this state is given by x = y,,,,f, from which 


eas 5 (s 
x = ky,t=K op 
Wot 
= ap E28 471 


as will be seen from Section 9.1 
Time responses for a particular system with parameters corre- 
sponding to those of Fig. 10, and with K = 1, areshownin Fig. 11. 


+H1O fc 


-1Ohe 


Fig. 11.—Responses with both velocity and integrator limiting. 
8 <= 35 V = 0:3Vinaz = 0:2he. 


Vmax = Ye; 


(4) CLOSED-LOOP STABILITY BY THE DESCRIBING- 
FUNCTION TECHNIQUE 
The use of the describing-function technique applied to the 
open Joop is limited, as a quantitative analysis, to systems in 
which the closed loop may be opened so that the amplitude- 
dependent, frequency-independent non-linearity N(A) is in series 
with the rest of the loop F(w), which is copendent on frequency 


alone. The closed-loop gain is 
i WFO) F(w) 
1 + F(w)N(A) 1 


Thus, provided 1/[N(A)] + F(w) cannot become zero, giving an 
infinite closed-loop gain, the system will remain stable for all 
input magnitudes. The Nyquist diagram of —1/N(A) and F(w) 
will give the phase and gain.margins for any particular magnitude 
of input to the non-linear component, and will indicate instability 
by intersection of the two curves. The inclusion of a second 
non-linear component within F(w) destroys its amplitude inde- 
pendence, and in general the describing-function analysis may 
only be carried out by considering the effect of one non-linearity 
at a time. This provides a qualitative analysis only, for the 
effect of two or more non-linear components in a servo system, 
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and there is the possibility that there may be some interaction 
not indicated by consideration of each one separately. In certain 
cases it is possible to make approximations enabling F(w) to 
be constructed on the Nyquist diagram, while taking account 
of the non-linearity within F(w). 


(4.1) Torque Saturation and Integrator Limiting 


The opened loop of Fig. 12a has the transfer function 


--(@y-L-)-30} 

w Wo aB2\ w 

shown plotted on the Nyquist diagram in Fig. 128, together 
with —1/[N,(4)] for the torque-limiting non-linearity.!° An 


F, 1(w) 


INTEGRATOR 


TORQUE- LIMITING 
NON-LINEAR 
COMPONENT 


SERVO 


AMPLIFIER MOTOR 


85 


F (w) [Vv = 09] 


Fy (w) FOR V=Vm 


! 
RRS) FOR THE TORQUE 


LIMITING NON-LINEAR 
COMPONENT 


F3(w) FOR V= Vm /2 -j3 
L-j4 
F2 (w)[V=0] Ljs 


Fig. 128.—Nyquist diagram showing the effect of torque and integrator 
limiting. 
a=2;6= 73. 


increase in 1/[N,(h)] corresponding to increased signal v; has 
the effect of reducing gain and phase margins until, with 
1/[N,(4)] = 4, instability will occur. The frequency of oscillation 
will be given by 


3 , 3 
(2) = (2), ico =o 
Wo a“B?\ w ap 
For comparison, the transfer function for the second-order 
system open loop (corresponding to V = 0) is shown, when 


Flo) =~ (22)(28 +) 


For practical values of V the effective transfer function for the 
open loop will lie between the two curves, which are the extreme 
cases. By assuming that the signal from the non-linearity 
(Fig. 12a) has always its maximum value, independent of 
frequency, the effective transfer function including the limiting 
integrator may be obtained. This analysis will then, hold 
provided that 1/[N,(A)] is fairly large. Taking the fundamental 
of the maximum output to be (2\/2/7)v,, (r.m.s.), the amplitude 
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error is only 3% at 1/[N,(4)] = 2, decreasing for larger values of. 
1/[N,\(4)]. The signal appearing at the input to the limiting 
integrator will now be (2\/2/7)v,,(wo/w)? in magnitude, at 
frequency w. By reference to Fig. 144 the limiting-integrator 
describing-function for this input and frequency may be found. 
Let this value be the operator (a — jb). Then 


F,(@) = — ie } Jee) + (2%) (a  i6)| 


F;(w) has been constructed by this method for two values of V, 
shown plotted on the Nyquist diagram in Fig. 128. These 
curves coincide with the transfer function for the third-order 
system until limiting occurs in the integrator, when a tendency 
to approach the second-order system (_V = 0) is apparent. For 
large input signals the system without limits on the integrator 
will become unstable for 1/[N,(4)] >4 (Fig. 128). With 
V =0, and with V= JV, ml? stability is obtained for all input 
amplitudes. When V = V,, conditional instability may occur, 
and continuous moines take place at the amplitude for which 
1/[Ny(A)] = 10. 


é 
(4.2) Frequency Analysis of Integrator Limiting | 


Fourier analysis of the limited-integrator output waveform 
shown in Fig. 13 yields for the peak value of the fundamental of 
the output: | 


Ip = {| er— B) cos A + Flos 2A + »| | | 


9] 


where B = v/wCR and A = arc cos [1 — (2V/B)], in the a 
and second quadrants. The limited-integrator ‘a 
| 


in 2A 
bes ilev — B)sin A + ACs 


W=v sin wt 


\v + = (cos wt-i)} 

Fig. 13.—Limited integrator waveforms. if | 
function calculated from the above expression is shown in 
Fig. 144. This describing-function has also been obtained fo 
an experimental limited integrator, and is shown in Fig. 141 
plotted as curves of phase shift and modulus of describi 
function against input amplitude. For a sinusoidal input whose 
amplitude increases in proportion to frequency so that withi 
limits the output would be constant, the waveform appearing a 
the limited integrator output will be unaltered, except in frequency, 
provided the non-linear feedback provides a perfect short-cir 
above the levels + V, and an open-circuit between these le 
The limited-integrator describing-function may therefore be 
at any frequency if the scales of input and describing-func 
are calibrated in terms of wCR and 1/wCR respectively, as 
Figs. 144 and 148. By including a differentiator before t 
limiting integrator the combination of the two units app 
as a non-linearity dependent on amplitude alone. The p 
curve of — 1/[N,(A)] for this non-linearity is shown in Fig. 158 
In the open-loop diagram of Fig. 154 an extra integrator 1S 
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_ Fig. 144.—Theoretical describing-function of the limiting integrator. 
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ss. 148.—Experimental describing-function of the limiting integrator. 
| Theoretical curves are shown in broken lines. 
included to neutralize the differentiator mentioned above. The 


| Bury dependent transfer-function from /; to Jp is now 


F,(w) = fe Cy 


(&) -[1-(3)']} 


jand is shown on the diagram in Fig. 15x. 
The stabilizing effect of the limiting integrator is apparent 
‘from the increase in gain and phase margins for large signals to 
the integrator. This does not take into account the effect of 
‘torque saturation. The occurrence of torque limiting (simul- 
taneous with integrator limiting) has an unstabilizing effect, 
‘since the open-loop transfer function alters in shape when torque 
limiting occurs. F4(w) crosses the real axis at w = wy when 
JF) = — 3/o2R2 = — 1/T 202 

Reduction of the effective value of w? by torque limiting will 
jincrease the value of F,(w) at the real axis, reducing the gain and 
phase margins until instability occurs for w3 = 1/ T/, if limiting 
vin the integrator has not occurred. Stability for large signals is 
itherefore dependent upon whether the stabilizing or unstabilizing 
influence is the more pronounced. Fig. 15c shows experi- 
mental curves of gain margin for two values of V, plotted against 
“frequency, using the circuit and parameters of Figs. 15a and 
158 respectively. For the particular circuit constants it is found 
itthat the onset of integrator limiting provides an immediate 
‘stabilizing action which more than offsets the unstabilizing action 
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Fig. 154.—Open-loop diagram for discussion of effect of integrator 
limiting. 
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Fig. 158.—Nyquist diagram showing effect of integrator limiting. 
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Fig. 15c.—Experimental curves to show the variation of gain margin 
with frequency. 
a=2; B= V3. 


to the reduction of phase shift for large signals to the limited 
integrator, conditional instability in a system is less likely to 
occur when using this integrator than when using input or 
output limits. 
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(4.3) Velocity Limiting 


The open-loop diagram of a system employing velocity 
limiting and error integration is shown in Fig. 16A, where 


F,(w) = oe RTE 
[«+1(5)| 


The Nyquist diagram of F;(w) is given in Fig. 168, together 
with the values of —1/[N,(/)] for the velocity-limiting non- 


INTEGRATOR 
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SERVO 
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ae 


Fig. 164.—Open-loop diagram for discussion of effect of velocity 
limiting. 
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Na(h) 
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Fig. 168.—Nyquist diagram showing effect of velocity limiting. 
= 28 24/3. 


linearity. The effect of increased signals is a reduction of the 
phase margin, giving reduced stability. For the second-order 
system, corresponding to V = 0, 


w 1 
Pole = 
(63) WwW - 
aad?) 
Wo 
shown on the Nyquist diagram in Fig. 16. An increase in the 
input signal will now give an increase in the phase margin and 
increased stability. The actual curve of F(w) for the system 


when the integrator has limits, will lie somewhere between these 
two curves if the effect of torque limiting is neglected. 


(5) STOCHASTIC INPUT TEST 


The response of the system to a noise input of given power and 
defined bandwidth has been obtained experimentally for several 
~ values of V, and is shown in Fig. 17 as an error-spectrum response. 
Such a test corresponds more nearly to a general input than does 
a step or frequency response, and is included for this reason. 

The describing-function for the torque-saturation non- 
linearity for a small sinusoidal signal in the presence of a large 
noise signal is found to be independent of frequency,!! because 
cross-modulation products can be neglected.!12 Thus, in 
accordance with the assumptions of the describing-function 
technique applied to noise signals, the error-spectrum responses 
for V = 0 and for V very large are found to be the same as those 
obtained for simple sinusoidal input to the linear system but, with 
reduced amplifier gain. A particular case of the reduction in 
gain of the saturation characteristic is given in the experimental 
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a=2; @=3. Noise input voltage = 0:5h- r.m.s. 

(a) Linear system response. 

(6b) V = 0:6V max = 0° 4he. bY 
(c) Ve= 0°3 Vmax — 0-2h¢. 
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Fig. 17.—Experimental spectral responses to a noise-signal input. | 
' 
(ec) Input spectrum. } 


oO Ke) 10:0 


ize) 
3 ia VOLTAGE , VOLTS RMS 
9 ‘ 
1S) 
z 
=) 
uw 
9 
= 
oe 
a 
1) 
”n 
WwW 
204 

j () 


Fig. 18.—Experimental curves to show modification of torque-limiting _ 
non-linearity describing-function by an added sinusoidal signal of — 
high frequency. v., = + 1-0 volt. 


(a) Added signal 0 volt. 

(b) Added signal 0-5 volt r.m.s. 

(c) Added signal 1-0 volt r.m.s. 

(d) Added signa] 2-0 volts r.m.s. 
(ec) Added signal 4-0 volts r.m.s. 
(f) Added signal 8-0 volts r.m.s. 


i 


curves in Fig. 18, in which the describing-function is shown for 
several values of an added sinusoidal signal of much higher 
frequency. The reduction in amplifier gain due to the noise 
signal at the input to the saturation non-linear component may 
cause instability if the integrator is not limited. This would be 
so in the responses of Fig. 17. For a noise input which wou 
only just cause instability the frequency of continuous oscillation 
is w = wo\/3/«B (Section 4.1), which for the particular system 
occurs at w = w(1/2/3). Peaks in the frequency-spectrum 
error response may therefore be expected to occur at about this 
frequency. 
The system will obviously become more stable for a give 
amplitude of noise input if the higher frequencies do not exis 
the input, since it is these input frequencies, occurring as err 
signals since the system cannot respond to them, which reduce — 
the effective gain of the amplifier, and therefore the stability. 
Experimental curves are given in Fig. 19 to show the behaviour 
of the limiting integrator with a noise input corresponding 


+ | 


and describing-function at the lower frequencies provides 
necessary stabilizing influence with large noise-signal inputs. 
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Fig. 19.—Experimental curves to show the limited-integrator describing- 
function for a noise input signal of given bandwidth. 

| (a) Noise input = 3V/3-6 volts r.m.s. 

(b) Noise input = 8V/3-6 volts r.m.s. 

(c) Input spectrum. 

! Experimental values: V = 3-6 volts; RC = 0-002 5sec. 
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Fig. 204.—Experimental phase-plane Spence | . a step input just 
greater than ip. a~ =2; 


The linear regimes have been automatically blanked out. 


y 


bie. 20B.—Experimental phase-plane response for a step input just 
i less thanvic, “c= 2; 2 = 3. 


The linear regimes have been automatically blanked out. 


(6) RESULTS 


| Figs. 8A, 8B, 8c, 9A, 9B, 9c and 11, in which the effect of passage 
ough the linear regime is neglected, enable the response of a 
articular system to be determined, and give the necessary 
ormation required to stabilize against large input steps. By 
he addition of non-linear components many of the adverse 
iffects associated with error integration in a torque-limited 
stem are eliminated. 

| The phase-plane boundaries and step responses for the systems 
‘jave been checked by simulator. Figs. 2UA atid 20B show 
-psponses in which the linear regime has been automatically 
 lanked out, for input steps just greater than and just less than /,. 
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Wot (6) 


(c) 


Fig. 21.—Linear response to a step input. 
(a) « =2; B =3. 
(Dyre— 2 Bi A/S 
(ec) @ = 24/3; B/S: 
Figs. 21(a), 21(b) and 21(c) are included for reference, being 
linear responses for the particular values of « and 6 considered. 
All the transient response behaviour has been further checked 
on a small servo model. 


(7) CONCLUSIONS 

The main part of the paper has shown how the transient 
behaviour of an integral controlled system with torque satura- 
tion may be obtained by means of phase-plane methods. This is 
extended to include additional non-linear elements to prevent 
high-amplitude, low-frequency oscillation and to limit maximum 
possible velocities. 

The stability of these systems has been investigated by the 
describing-function technique and by frequency-response analysis. 
These show qualitatively the kind of result to be expected from 
the phase-plane analysis. 

Experimental results for a noise input show that stability can 
always be maintained by reducing the integrator limits by an 
amount dependent on both bandwidth and magnitude of the 
noise signal. 
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(9) APPENDICES 
(9.1) The Phase-plane Boundaries 
Under conditions of saturation the motion of the output is 
given by 
d26 dy 
ee ee eee et 
dt2 Vox cate 
where a = wv, 
Thus by direct integration (see Section 2.3) 


y2 — ye = + 2a(x — Xp) 


where x9 and yo are the initial values of position and velocity. 
These are parabolae in the xy plane and continue provided 
that the servo motor remains saturated. 


The boundary between linear and saturated conditions is 
given by 


U6 ae ar Um 
d0 
where v, = (0, — 0) —7—° +1 
dt 
Consider the response to a step of magnitude h from 0; = 0) = —h 
to the origin with the system initially at rest. If h/v,, is greater 


than unity, saturation will ensue immediately. 
The value of v, is determined by consideration of the three 
components in turn: 


(a) The error 8; — 4. 


This becomes 0; — 6) = — x, since 0; = 0 for t> 0. 


(b) Velocity damping term. . 
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(c) Integrator output. 


1 t 
T= a (6, — Oy)dt 


0 
hs 
ean 
Tio 
1’ dt 
SS |) 
TJ) ay ‘ 
=— A dy since cae 
PF Tea aba 
Integrating by parts, we have 
xy (Spey 
r=- 2 42) 2a 
Ta T;49@ | \ 
But ydy = adx, from which 
xy aa 
l= : d 
Tja Tj Jy @ 2 
3 
pas y ‘ 
Tia nF 3a2T, co 


Hence, by addition of these three terms, the equation;: “of the 
boundary in the xy plane is obtained: 


22;1 7,7 
Cn x TY. T 3a22T, 


If the actual width of the linear regime v,, is assumed to be — 
small compared with the magnitudes under consideration, the 
discussion is simplified by making v,, zero. Thus 


y — 3axy — 3a0T ry — 3a?T;x = 0 


3 


(16) 


is the equation of the boundary for which change-over of — 
saturation from +a to —a occurs. 

This cuts the y axis (i.e. at x = 0) at 

yt = 3a2rT, 

The input step —h, which would give a trajectory to cut the | 

boundary at this point is given by | 


y2 = 2a(x + h,) 
and for x = 0 
h, = 3atT, 


The boundary equations can be unified for all systems by a 
change of the variable. 


Let H = x/h, = x/ZarT;, 

u = yly, = ylar/GB7T;) 

Then the boundary equations become 
_ 242 — Iu 
” Sages B 


and 


CW) 
where B = Nee oti 


It is seen that the ee all pass through the points (0, oO 
and (0, 1) in the Hu plane and are independent of «. 

The time solution for the torque-saturated regions is sive 
from eqn. (8): 


Now 
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2 
Hence ee (22 


A NB 
; Wot 
and a time scale T, = ae can be used. 


The time to reach the critical velocity y, for an initial step h, 

occurs at x = 0, i.e. 

Wol\? _ h 
“B hy 


(9.2) Graphical Determination of Boundaries 


| Under saturation conditions 
| 


26 

Be = oY 2 = a (—a may, of course, be the alternative sm) 
| dt dt 
| Ch. 
“de 
and 
| y2 — yB = 2alx — x9) 
1 t 
Let lh=h= = I Oodt, assuming 0, = 0 
/ Tio 


1 t 
7 aa) xdt 


torix 
AS —dy 


Integrating by parts, 


| phe pe) + ah oD 


‘But ydy = adx; therefore 
| Les 1] xy 3 
| Io x 7), + T. al? lo 
J, xy = y ¥ 
a An i 3@2T,  3a2T; Ye 


and this is the integrator ne 
A boundary i is reached each time the control signal v, becomes 
ZeT0, ep 


| 0, SS 3 = a oes 
The equation enables J to be plotted on the xy phase plane. 
_ Initially, for a step function 4 from x9 = — h, the conditions 
are 
i In = 

Yo =0 

5 ea 

and h es 
a ence aT, * 3a°T. 


This is shown in Fig. 4, where J is plotted vertically against x 
‘or each point x, y of the trajectory 


= 2a(x + h) 


The curve of ry against x is also plotted. 
Thus, at the point C, the integrator output is B,C,, the velocity 
>ignal 76 is A,C,, and if by inspection these points are chosen 


1—7y—x=0 
‘ind this is a point on the boundary. 
| New curves must now be constructed from R, and A, with 


-a as the acceleration and initial conditions xpyo/ that apply 
i A,B, and CE 
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Thus the second boundary would be given by 
A,D, —— A>B, 


This method can be continued until all the change-over points 
for a given trajectory have been obtained. 


(9.3) Graphical Determination of the Phase-Plane Trajectory for 
the Linear System 


The slope of the trajectory in the xy plane is a single-valued 
function of x and y for second-order systems. For a third-order 
system this uniqueness is lost; the slope at a particular point 
depends also on the acceleration. There is still, however, only 
one trajectory for fixed initial conditions of position, velocity 
and acceleration. In many circumstances the initial acceleration 
is known or can be found by the initial-value theorem.® 

For the particular case of the system with integral control, 
eqn. (4) can be written 


p2 1 ys 1 
E ar ark A |e = (1 at ro)! 


d0y 
vata i 
d26, dy dydx _ dy yey ay 
To a en Sey een SU a Sage 
if 0, is zero as in an applied step for t > 0. 
gel 
Hence — — Sa +t )y +x+— 7 J xdt = Ig 


where J, is some constant of integration dependent on the initial 


conditions. If these, at time t = 0, are 
x= Xo 
Vom 0 
and 1 = Zg (the acceleration) 
Zo 
then Ih =X) + @ +7y)¥0 + en 


and is known. 


1 
Let I= — 7 xdt + Io 
dl dlax dl x 
ten eta dee) T, 
dI 58 
and ae ey if 


The slope of the trajectory is given by 


dy _ er a et 
— we—__-___ 
ie » y 


Using small straight-line-segment approximation it is possible 
to plot two trajectories, one for the Ix plane and the other for 
the xy plane. Starting from the known initial values, the first 
value of I may be obtained and used to find the isocline dy/dx 
and hence the next point (x, y) of the trajectory. This in turn 
is used to obtain the isocline dI/dx and then the next value of J. 

This technique is very useful in obtaining the trajectory of the 
non-linear system during its passage through the linear regime 
because the conditions of x, y, z are known on the boundary. 
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SUMMARY 


Crystal resonators suitable for use in telephone system channel 
filters have been made from ethylene diamine tartrate (e.d.t.). Methods 
used in the fabrication and mounting of these units are described. 
The circuits used in the determination of the electrical parameters are 
given, and the results of a large number of measurements are outlined. 
Freedom from unwanted resonances over the desired frequency bands 
combined with the required characteristics has been achieved by 
suitably dimensioning the plates, and by applying electrodes to a part 
of the crystal surface only. Increased activity for crystals mounted in 
air can be obtained by the use of suitably placed reflectors. 


LIST OF PRINCIPAL SYMBOLS 


J, = Parallel resonant frequency of crystal. 
/, = Series resonant frequency of crystal. 
N = Frequency constant of crystal. 
A = Curvature constant of frequency/temperature charac- 
teristic. 
Ty = Inversion temperature of frequency/temperature charac- 
teristic. 
C,,, = Equivalent series capacitance of crystal. 
L,,, = Equivalent series inductance of crystal. 
R,, = Equivalent series resistance of crystal. 
Cy = Shunt capacitance of crystal. 
K = Inductance constant of crystal. 
a = Temperature-coefficient of crystal inductance. 
1 = Length of crystal plate. 
w = Width of crystal plate. 
t = Thickness of crystal plate. 
l’ = Length of plating. 


(1) INTRODUCTION 


Multi-channel carrier telephone systems incorporate large 
numbers of electric wave filters which must be constructed to very 
precise specifications. These filters must include sharply tuned 
resonating circuits having high stability of resonant frequency, 
inductance and capacitance, over the range of temperature met 
with in operation. Such a resonating circuit may be simulated 
_ by a piezo-electric crystal element which is cut at a precise 
orientation from the parent crystal, dimensioned, and so mounted 
as to be free to vibrate at its fundamental frequency. Excitation 
is achieved by thin metal electrodes attached to the surfaces of 
the element. 

For some time past, quartz has been used with success for 
making such resonator crystals. On account of the comparatively 
low frequencies involved, the elements are correspondingly large, 
and, since each must be free of all flaws or twinning, they require 
material of high quality. Natural quartz for use in pieza- Ces 
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applications must be imported, so there are both economic and 
strategic reasons for seeking an acceptable alternative material. — 
Ethylene diamine tartrate (abbreviated herein to e.d.t.) is one 
of the more promising substitutes for quartz so far investigated. 
The discovery of its suitability and the preliminary investigation 
into methods of growing and utilizing it were made by the Bell 
Telephone Laboratories.!-7_ It may be grown in large crystals 
having a good yield of flawless material, and the methods adopted” 
for the growth of crystals used in the experiments which are the 
principal subject of the paper have been described elsewhere by 
L. A. Dauncey.8-!0 As in the case of quartz, it is possible to 
obtain resonators having low or zero temperature-coefficients of 
frequency by suitable orientation with respect to the parent 
crystal. The derivation of these cuts has been carried out mainly 
by Mason,!! Jaffe,!2 Bond!3 and Bechmann.!4 
As compared with quartz, however, e.d.t. offers several 
practical difficulties. It is water-soluble, and, although not | 
deliquescent, is readily harmed by moisture. Because of its 
pronounced anisotropic thermal expansion, coupled with its 
fragility, large crystals are liable to crack if subjected even to small 
temperature gradients. Special care is therefore needed in 
handling and processing the material. 
A further difficulty which may severely limit the use of e. d. Ro 
crystals on a large scale is that, while the crystals themselves are 
harmless, certain hazards are connected with their preparation 
and processing which have been known to result in dermatitis. — 
Although suitable techniques have been devised for designi ng 
and fabricating low-frequency resonators from e.d.t., 
been found suitable for high-frequency applications. ie 
partly to the difficulty of making very thin plates and partly 


pared with quartz. This latter is not surprising in view of thi 
lower crystal symmetry of e.d.t. and the consequent greatel 
importance of cross-coupling effects, further accentuated by 
relatively high piezo-electric activity. i 
The electrical parameters of a crystal unit depend on the 
dimensions, electrode form and method of mounting of the plate. 
Previously published work does not give sufficient information to 
enable a unit with a given performance to be produced. 
present investigation was therefore undertaken so that crys 
could be manufactured with predictable characteristics, includ 
freedom from unwanted resonances over a given frequency range 


(2) CRYSTAL CUTS AND ORIENTATION 
An idealized e.d.t. crystal is shown in Fig. 2(a@), which als 
shows the positions of the three conventional crystallographic 
axes a, b, and c and the orthogonal axes X, Y, and Z. 
principal zero temperature-coefficient cuts considered in 
paper are shown in Figs. 2(b)-2(f). Using the standard 
vention!5 the orientations are also given. 
The 0° Y-cut, the B-cut and the A-cut all operate in the 
fundamental mode of longitudinal vibration. The 0° Y-cut 
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Fig. 1.—Complete crystal unit. 


‘the most widely used and possesses suitable frequency/tem- 
perature characteristics. The B-cut shows similar characteristics 


and may be of use for plates having equivalent inductances 
which cannot be obtained with the Y-cut because of interference 
‘by unwanted resonances. 

| The A-cut has a more complex orientation for production- 
‘scale cutting, and shows unwanted resonances closer to the 
for filters in the frequency range 60-100 kc/s. 

| The Bechmann 77°-cut is employed as a face-shear plate, 
‘using centre-point mounting. It suffers, however, from the 
disadvantage that a cleavage plane almost coincides with the 
ajor surfaces, making wire mounting difficult, and little work 
as done with this cut in the present investigation. 

Fig. 2(f) shows the orientation of a crystal suitable for use 


in its high-frequency shear mode.'! 


(3) THE FABRICATION AND MOUNTING OF FILTER 
CRYSTALS 
Fig. 1 shows a completed crystal unit mounted in an evacuated 
ass bulb. It will be seen that two pairs of electrodes are applied 
to the e.d.t. plate, this method being commonly used in the 
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(@) 


Zz Z -20° ay 


(6) (c) (d) 


N 


<' 


10° TO 20° 


(e) (f) 


Fig. 2.—Orientation of zero temperature-coefficient cuts according to 


United States nomenclature. 
(a) Parent crystal. 
(b) Y-cut (YX). 
(c) B-cut (YX/t) + 20°/—S°. 
(d) A-cut (YZtw) 45°/63°. 
(e) Bechmann 77°-cut (XY/) 77°. 
(/) Thickness shear cut (ZY/) 10° to 20°, 


element appear in two arms of the bridge. The number of crystal 
elements needed to obtain the desired filter characteristic is 
thus halved. 

(3.1) Processing 


The methods used for cutting and lapping are basically similar 
to those employed for quartz crystals. Although it is possible to 
employ such techniques as wet-string cutting, it was found 
preferable to use diamond-loaded saws, thus reducing the amount 
of subsequent dimensioning required. Oil is used as a lubricant 
and coolant. 

The final dimensioning of the crystal blanks is accomplished 
by grinding on stationary cast-iron laps, using 400-mesh Car- 
borundum as the abrasive, with an oil vehicle. The major surfaces 
are dimensioned in a fixture which maintains the upper surface 
of the crystal parallel to the lap. The edges are dimensioned 
in a fixture which maintains the major surfaces perpendicular to 
the lap. 

At each stage in the production of the blank its orientation is 
checked by measurement on an X-ray goniometer. E.D.T. gives 
several strong reflections that are suitable for this purpose. By 
means of these techniqués, tolerances of +0:01 mm on linear 
dimensions and +5’ on orientation may be readily achieved. 
These are, however, unnecessarily close for many applications. 

An improvement in the Q-factor of e.d.t. crystals can be 
obtained by etching. For this process, mixtures of water and 
methylated spirit or water and ethylene glycol were employed, 
the former being preferred for economic reasons. In both cases 
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the etching is terminated by transferring the crystal to ethylene 
glycol as a stop bath. 


(3.2) Wire Mounting and Plating 


Crystal units for use in filters are normally wire-mounted. 
Quartz plates have the wires soldered to a layer of silver and 
lead borate which is fused on the plate at high temperature. 
E.D.T., however, decomposes at about. 120°C in air and an 
adhesive which hardens below this temperature must therefore be 
used. Phosphor-bronze wires 0-008 in in diameter are used for 
crystal mounting. Metal heads 1mm in diameter are soldered 
or welded to the wire and an adhesive is used to attach these heads 
to the crystal surface. 

The thermal expansion of the crystal varies between —11 
and +-90 parts in 10° per deg C in the major faces of a Y-cut plate, 
according to the direction. The adhesive employed must there- 
fore be sufficiently pliant to accommodate the strain in the joint 
due to the difference in expansion between the wire head and the 
crystal. After many experiments the best adhesive was found to 
be a mixture of a thermoplastic polyvinyl ester and a thermo- 
setting Bakelite resin. Unmodified thermoplastic cements 
cannot be used because if they flow at the curing temperature, 
i.e. not over 120°C, they also tend to soften at a high operating 
temperature (60°C). By these techniques crystals were fabri- 
cated which were adequately robust and capable of being 
operated at up to 60°C without mechanical deterioration or large 
changes in electrical parameters. 

After attachment of the wire, silver electrodes are deposited 
on the crystal by an evaporation method. Sputtering cannot 
easily be used for electrode deposition because of the rapid tem- 
perature rise to which the crystal is subjected. Many of the 
experimental plates were mounted in evacuated glass bulbs, 
although it is possible to mount the crystals on mica cages in 
sealed containers filled with dry air. 

In order to minimize the damping effect of the wire attach- 
ments, weights in the form of solder balls are fixed to the mounting 
wires at a distance of one-quarter or three-quarters of a wave- 
length along the wire.16 


(4) MEASUREMENT OF CRYSTAL PARAMETERS 
The equivalent electrical circuit of a piezo-electric crystal for 
frequencies near to that of the main response is shown in Fig. 3A. 


Co 


Fig. 3A.—Equivalent circuit of piezo-electric crystal. 


The equivalent series inductance, L,, may be considered to 
’ represent the inertia of the crystal, the equivalent series capaci- 
tance, C,,, to represent the compliance. The equivalent series 
resistance, R,,,, represents losses due to the motion of the crystal. 
These include both internal loss in the crystal and external losses 
arising from the mounting and air damping. The capacitance 
Cy may be taken as the total static capacitance across the crystal. 
Such a circuit has an impedance characteristic as shown in 
Fig. 3B. At the frequency f,, C,, resonates with L,, and the 
crystal behaves as a resistance R,, in parallel with Cy. Ata 
higher frequency, f,, the system acts as a parallel-resonant 
circuit in which L,, resonates with the series combination of C,, 
and Cy. The crystal has a high resistive impedance at this 
frequency, which is approximately equal to 1/(47f2C3R,,,). 


BIRCH, FRITH, FERGUSON, MILES AND WERNER: THE USE OF 


IMPEDANCE 


foo a 
FREQUENCY —= 


Fig. 3B.—Impedance/frequency characteristic, 


The two frequencies f, and f, are known as the series-resonant 
and parallel-resonant frequencies of the crystal. It may be | 
shown that, to a high degree of approximation, | 


Cy 
af =e = hae, 


The factors of most interest in designing a crystal resonator ~ 
for use in a filter are the resonant frequency, the inductance and ~ 
the series resistance, and the variation of these quantities with 
temperature. 

For the important case of a crystal vibrating in its longi-— 
tudinal mode, the frequency is related to the length / of the plate | 
by the equation, | 

FL Ni 


where N is a constant known as the frequency constant. For 
crystals of finite width this is only true to a first degree of | 
approximation, and it is shown in Section 5.1.2 that the value | 
of N to be used depends on the width/length ratio of the resonator | 
plate. | 
The inductance of the plate is related to the length /, width w_ 
and thickness ¢ of the crystal to a first order of approximation | 
by the equation 


It 


where K is a constant known as the inductance constant. Again, ~ 
it has been shown experimentally that there is a slight variation | 


of K with the width/length ratio. 


(4.1) Measurement of Equivalent Inductance 


1ke/s 


Fig. 4.—Block schematic of arrangement for determination of Ly. 


circuit used in the first method. The crystal is connected in a 
a-network and is shunted by an accurately calibrated variable 
capacitor C which has a very low minimum capacitance (about 


0:05 wk). 


sub-harmonics of the standard 1000c/s signal (500, 333-3, 
250 c/s, etc.). By adjustment of the signal-generator frequency 
‘on the high side of resonance a setting is found at which the 
lower sideband delivered from the mixer stage coincides with the 
| series-resonant frequency f, of the crystal. This is shown by a 

sharp maximum indication of the detector. The signal generator 
jis then oscillating at a frequency f, + 1000/n,, where n, is a 
small whole number. With the multivibrator switched off, 
| C is adjusted for minimum output from the detector, at which 
setting the signal-generator frequency is the parallel-resonant 
frequency for the crystal and capacitor combination. If C, is the 
capacitor reading, 


1000 Cn 
fat ny "2(Cy + Cy) 
| : FC My 
if hi ee 
| rom which (Gna GS x 1000 


Special precautions are taken to ensure that the signal used for 
this setting is free from harmonics. 

) By repeating the process with another sub-harmonic of 
/1000c/s, say, 1000/n,, the unknown shunt capacitance of the 
crystal is eliminated, giving the relation, 


Cn yes ho 


ee a 1000 


‘and from this, since 
1 
ye SS 
j m ~~ 4n2f2C,, 
it follows that 
| ji. = 1 ny = No 
™  872f(C, — C2) 1000 
i In the second method, an inductor L and a capacitor C are 


‘connected across the crystal terminals, as shown in Fig. 5a. 
‘The reactance characteristic of this circuit is shown in Fig. 5z. 


CRYSTAL 


Fig. 5B.—Reactance/frequency characteristic. 

For a given crystal and with the inductance L constant, f, and fo 
lepend on the value of the capacitance C. The third point of 
ero reactance is the series-resonant frequency of the crystal. 
e method consists in determining f, and setting C at some value 
hich makes f, and /, approximately symmetrical about f. 
e crystal inductance L,, is then found from the expression 


Sffgh 


Lm = FFE FH 
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The multivibrator may be set to deliver any one of a series of 
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The true inductance, L, of the coil must be determined 
accurately and the effects of self-capacitance eliminated. This is 
done by making the coil resonate with two values of capacitance 
and measuring the frequency, the capacitor having been accurately 
calibrated. 

The values of crystal inductance obtained by the two methods 
of measurement were found to agree to within 1 %. 


(4.2) Measurement of Equivalent Series Resistance 


The apparatus used for measurement of series resistance is 
basically the same as that used for the measurement of equivalent 
inductance by the first method described. With the crystal 
inserted and the signal generator set to the resonant frequency, 
the output voltage of the generator is noted for a given reading 
on the detector. A short-circuit is applied across the crystal 
terminals and the output of the signal generator is adjusted to 
give the same reading on the detector. From the ratio of the 
two output voltages from the signal generator the crystal 
resistance can be calculated if the constants of the 7-network are 
known. The same apparatus was also used for measuring the 
strength of unwanted resonances, although an automatic 
frequency-scanning method was also used for an approximate 
determination of the frequencies of unwanted modes. 


(5) THE MEASURED PARAMETERS OF E.D.T. CRYSTALS 
(5.1) The 0°-Y-cut 


(5.1.1) Measurement of Unwanted Resonances. 

As has been previously mentioned, more unwanted resonances 
are found in e.d.t. filter plates than in similar quartz crystals. 
It is therefore necessary to predict the frequency and strength of 
these resonances so as to be able to dimension the plates to avoid 
resonances close to the fundamental frequency of longitudinal 
vibration. 

Design data were required for filters covering the frequency 
range 45-110kc/s, and measurements were taken on over 250 
specially made crystals of various dimensions, two batches of 
plates being made at frequencies of 60 and 100kc/s. It was found 
that over this frequency range the frequency constants of 
unwanted modes were sensibly the same for crystals of similar 
width/length and length/thickness ratios. 

It is to be expected that when a crystal with multiple electrodes 
is connected in a filter a component of the exciting field will be 
parallel to the major surfaces. In Y-cut e.d.t. crystals it has 
been found that such a field extites resonances not excited by a 


TO TEST (a) 
EQUIPMENT 


TO TEST 
EQUIPMENT 


Fig. 6.—Connections for measuring unwanted resonances, 
(Sections of crystal perpendicular to length direction.) 


(a) Direct. 
(6) Transverse. 
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field normal to the major surfaces. Fig. 6 shows the two methods 
of electrode connection used in the measurement of spurious 
resonances. These are known as direct and transverse con- 
nections; they excite two series of resonances in Y-cut plates. 
With direct connections the unwanted modes are dependent on 
the width of the plate, but are independent of the plate thickness. 
With transverse connections the resonances are dependent on 
both width and thickness. 

Three series of plates were made, having width/length ratios 
0:35, 0:40 and 0-45, and from the results obtained intermediate 
values can be interpolated. Fig. 7 shows curves of the frequency 
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Fig. 7.—Resonance values with direct connections on Y-cut crystals of 
different width/length ratios. 


constants of resonances obtained with direct connections, against 
width/length ratio. Although no unwanted resonances are found 
below the principal frequency, a well-defined series is situated 
above. The nearest of these unwanted resonances lies approxi- 
mately 12% in frequency above the main response, but this is 
not sufficiently close to preclude the use of e.d.t. crystals in 
filter networks. 

With transverse connections the resonances follow a different 
pattern, and may coincide in frequency with the main resonance. 
A typical resonance spectrum for crystals of width/length ratio 
0-40 is shown in Fig. 8, the frequency constants being plotted 
against the length/thickness ratio. The direct-connection 

~ resonances are also shown on this Figure as straight lines parallel 
to the length/thickness-ratio axis. The curves for plates of 
width/length ratios 0:35 and 0-45 were found to be of similar 
form. The resonances obtained with transverse connections 
were also related to width/length ratio. A typical series of 
curves showing the relation between the frequency constant of 
one such resonance and the width/length ratio is shown in Fig. 9. 

Because of the close proximity of the resonances obtained with 
transverse connections it is not always possible to obtain a 
usable crystal of given inductance by simply varying the dimen- 
sions of the plate. It was therefore necessary to employ partial 
plating to obtain the desired characteristics. This is discussed in 
detail in Section 6. 
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Fig. 8.—Resonance values with transverse connections on Y-cut 
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crystals of width/length ratio 0-40 and different length/thickness 
ratios. 
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Fig. 9.—Variation in frequency constant of transverse resonance 
values for Y-cut crystals of different width/length and length/thick- 
ness ratios. 


(5.1.2) Measurements of Parameters at the Principal Resonant 
Frequency. e 

Measurements were made of the frequency, equivalent induc- 
tance and equivalent series resistance at the main resonant 
frequency. The frequency constant of the main resonance 
is dependent on the width/length ratio but independent 
length/thickness ratio, as may be seen from Figs. 7 and 8. 

The inductance constant decreases slightly with increasin 
width/length ratio or increasing length/thickness ratio. A grapl 
of inductance constant against width/length ratio is given 
Fig. 10. 
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INDUCTANCE CONSTANT AT 26°C, H/em 


0:35 0-40 
WIDTH/LENGTH RATIO 
| Fig. 10.—Variation in inductance constant with width/length ratio. 


| The equivalent series resistance R,,, shows a considerable range 
due to fortuitous differences in mounting. It was thus not 
Dossible to determine practically a relation between series 
vesistance and crystal dimensions. 


5.1.3) Behaviour with varying Temperature. 


| 


| The parameters at the principal resonant frequency were 

measured over the temperature range 15-45°C. 

' The frequency/temperature characteristic is parabolic, the 

‘nversion temperature being dependent on orientation and also 
a smaller extent on dimensions. It is well known that the 

‘quation of such a curve may be expressed in the form 


fo =F 
to 


vhere f = Frequency at temperature T. 

fo = Maximum frequency obtained at the inversion tem- 
perature Tp (at vertex of parabola). 

A = A constant, greater for greater variations of frequency 

with temperature. 


= AT =~ To)? 


| It was found that A, known as the curvature constant, was 
‘\ractically independent of crystal dimensions. 


{ 


Width 
Length 
tatio 


Frequency 


Crystal constant 


E.D.T., 0° Y-cut 
E.D.T., B-cut 
1E-D.Y., A-cut .. 
Quartz, 18-5° X-cut 
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Curvature 
constant 


A 
per °C2 


x 10-6 
1-42 
MeZ6 
0:82 
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The equivalent series inductance L,, is found to be related to 
temperature by the linear equation 


L,, = L,,0A + «T) 


where L,,,9 = Inductance at 0°C. 
a = Temperature coefficient of inductance, independent 
of crystal dimensions. 


Measurements of equivalent series resistance were also made 
at various temperatures, and from these the Q-factor was cal- 
culated. For vacuum-mounted crystals the damping on the 
crystal is largely governed by the adhesive used in mounting. 
In general, a fall in the Q-factor occurs at high temperatures. 
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Fig. 11.—Effect of temperature on the parameters of 
Y-cut crystals. 


Typical curves of inductance, frequency and Q-factor against 
temperature for a crystal mounted in vacuo-are given in 
Fig. 11. 

Mean values of the various constants are given in Table 1, 
which summarizes the parameters for various cuts. The values 
for an equivalent type of quartz plate are also given. 


. Table 1 


CONSTANTS FOR VARIOUS CRYSTAL CUTS 


Temperature 
coefficient 
of inductance 


Frequency 
difference 
of nearest 
unwanted 
resonance 


Inversion 
temperature 


Inductance 
constant 


me 
per °C 


0-004 5 
0-004 7 
0-003 9 
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(5.2) The B-cut 


The frequency spectra of B-cut crystals are similar in form 
to those obtained with Y-cut plates. The two sets of curves 
differ, however, in that for B-cut crystals those resonances found 
with transverse connections are also found with~direct con- 
nections. In general these responses are very small compared 
with the main response in both Y-cut and B-cut plates. 

Measurements were again made of. inductance constant, 
frequency constant and equivalent series resistance. The tem- 
perature characteristics of inductance, frequency and equivalent 
series resistance have the same form as those of Y-cut crystals. 
Average values are given in Table 1. 


(5.3) The A-cut 


In A-cut crystals an unwanted resonance coincides with the 
fundamental response if the width/length ratio is approximately 
0-35. The frequency constant of the A-cut is also smaller than 
that of the B- and Y-cuts. Experimental plates of width/length 
ratios 0-25, and 0-40 were constructed and only plates of the 
lower ratio showed sufficient freedom from unwanted resonances. 
Such crystals, however, are too narrow to permit the use of 
divided plating along their length. 

The resonance spectra and temperature characteristics of the 
A-cut were found to be similar in form to those of the B-cut. 
The measured constants are given in Table 1. 


(5.4) High-Frequency Shear Mode 


The orientation of the thickness shear mode is shown in 
Fig. 2(f). The frequency spectrum of these plates is extremely 
complex, and in order to obtain temperature-coefficient curves 
it was found necessary to use very large plates excited by small 
electrodes. The mean curvature constant of the frequency/tem- 
perature parabola for three 1 Mc/s plates was 0-97 compared 
with 0:04 for BT-cut quartz crystals. Because of the extreme 
difficulty in obtaining freedom from unwanted resonances and 
the fragility of the plates it was considered that the high-frequency 
shear mode was unsuitable for practical use. 


(6) PARTIAL PLATING 

In order to obtain crystals of a specified inductance free from 
unwanted resonances it is often necessary to use electrodes 
covering only part of the crystal surface. The electrodes are 
applied over the full width of the crystal but not over the whole 
length. It has been shown by Cady!7 and others that the 
inductance L, of a thin partially plated crystal operating in the 
longitudinal mode is found from the equation 


Fe ed th Ife 
Sin G 7 
D 
where L; = Inductance of a fully plated crystal of similar 
dimensions. 


l’ = Length of the plated area. 
7 = Length of the crystal. 


This relation does not hold sufficiently accurately for Y- and 
B-cut crystals. Experimental results show inductances smaller 
than given by the equation. The extent of the deviation depends 
on both the length/thickness ratio and the orientation of the par- 
ticular crystal. Fig. 12 shows some typical experimental results 
for both e.d.t. and quartz crystals compared with the theoretical 
curve. 


(7) EFFECTS OF ACOUSTIC RADIATION ON ACTIVITY 

When a low-frequency crystal is mounted in air a considgrable 
radiation of energy occurs from the crystal. In a longitudinal 
mode X-cut quartz bar this radiation is mainly from the ends, 
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Fig. 12.—Effect of partial plating on inductance of Y-cut and B-cut © 
crystals. ql 
(a) B-cut e.d.t.; length/thickness = 10 and 15. | 
(6) Y-cut e.d.t.; length/thickness = 16 and 33, 
(c) 5° X-cut quartz; length/thickness = 33. | 
(d) Theoretical curve of Ly/Ly, = sin? (rl’/20). 
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Fig. 13.—Effect on series resistance of Y-cut crystals of sednctigas in 
acoustic radiation losses from edges. 


(a) Losses reduced by evacuation. 

(hb) Losses reduced by refiecting surfaces at ,/4 from short edges. 

(c) Losses reduced by reflecting surfaces at 4/4 from long edges. : 

(d) Losses reduced by combined use of reflecting surfaces at 4/4 from short 
and long edges (broken line). 


but for Y-cut e.d.t. crystals considerable radiation also occur 
from the edges of the plate. If the radiation is reflected back 
to the crystal by some part of the crystal holder it can produc 
a considerable change in the activity of the plate, giving either 
decrease or an increase, according to the phase of the reflecte 
wave. 


ETHYLENE DIAMINE TARTRATE FOR PIEZO-ELECTRIC FILTER ELEMENTS 


It is found that by placing reflectors at an odd number of 
quarter wavelengths from the crystal a considerable improvement 
in crystal activity can be effected.18 Fig. 13 shows the reduction 


in series resistance obtained with various combinations of 


' reflectors, spaced at a quarter-wavelength from the edges of the 


crystals, compared with that produced by evacuation. For 
Y-cut crystals of width/length ratio 0-35 to 0:45 the reduction 
is proportional to the thickness/width ratio of the plate. It can 
be seen that, by placing reflectors round all the edges of the 
plates, activities very nearly as great as those obtained in vacuo 
can be attained. 
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SUMMARY 


The first 21 Laguerre functions have been tabulated to four decimal 
places (or two significant figures when this is more accurate) for values 
of the argument 0(0-1)1(0:2)3(0-5)6(1)14(2)40(5)100. The practical 
applications of these functions are briefly considered. The zeros of 
these Laguerre functions are also tabulated to 5 places, the last of 
which is not reliable except in the case of the smallest zero for orders 
above 6. Differentiation and integration of Laguerre functions, 
orthonormal properties and addition formulae are briefly discussed. 
Finite or infinite series of Laguerre functions whose sums are well- 
known functions such as products of polynomials and circular or 
exponential functions, step and delta functions, Bessel and Kelvin 
functions, and gamma and error functions are stated. The general 
methods used for deriving some of these results are indicated in 
Section 13. 


LIST OF SYMBOLS 


The symbols listed below occur frequently and have been 
assumed to be well known. All symbols not in this list are 
defined where they appear, and occur only occasionally. 


H(x) = Heaviside unit function. 

Ip(x), 1,(x) = Bessel functions of imaginary argument. 
Jo(x) = Bessel function (of the first kind). 
L,(x) = Laguerre polynomial of degree n. 


(") = Binomial coefficient Sete 
if (n — r)!r! 
p = Heaviside operator. 

{If two functions F(x) and F [p] are operationally 
equivalent, i.e. related by the Carson integral, 
see eqn. (60), the argument is placed in round 
brackets in the x-domain and in square brackets 
in the p-domain with the same symbol F.] 

P(x) = Legendre polynomial of order n. 
iG) U. AX) = Chebyshev* function of order n. 

[T,,(x) = cos (ncos~! x); U,(x) = sin (ncos~! x). ] 
pp = rth zero of L,(x) in ascending order. 
I(x) = Gamma function. 
y(n, x) = Incomplete gamma function. 
8(x) = Dirac delta function. 
A,(x) = Laguerre function of order n, ¢~*/2L,(x). 


(1) INTRODUCTION TO TABLES 
We define the Laguerre function A,(x)+ by the equation 


A (%) bs HILO) ca ak Pee ee ae) 
where L,,(x) is the Laguerre polynomial of order 7 given by 
n ny x2 xn 
L,@) =1-— (1) 4 (6) Cie 


* An alternative spelling is Tschebycheff. 
+ Jahnke and Emde (Reference 1, pp. 32, 33) use the notation /,,(x) in their tables 
of this function. 


= 
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(") being the binomial coefficient 
; 


() =a fe «2 


The Tables give 4,(x) for n = 0(1)20 and for x = 0(0-1)1(0- 2). 
3(0- 5)6(1)14(2)40(5)100. Values are computed to four places of — 
decimals except when An (x)| < 10-3 and there is no zero of — 
A,{x) in the immediate vicinity; in this case the values are given — 
to two significant figures. a 
The recurrence relation between successive Laguerre functions 


is { 

(n+ 1A,10) =Qn+1—-xA@—nm,_31@). @e 

while e—**A,,(x) satisfies the differential equation 
d2z 


s+ + 2k) E+ [02 Pxrt@tk+Pe=0 OF 
for all values of n, & and x. 
If k = — 4, (5) becomes the differential equation satisfied by 


Laguerre pol homiake This last equation can also be derived — 
by regarding Laguerre polynomials as a special kind of confluent — 
hypergeometric function. } 

For numerical work with the Tables which follow, the obvious — 
identity 

LC) = A,C)/Ao@) 
is useful. 

The Laguerre functions have many applications to transient © 
phenomena in electrical networks and dynamical systems. The — 
Fourier transforms (and the allied operational images) of these 
functions correspond to transfer impedance or admittance © 
functions of physically realizable networks. Lee,? Wiener? and 
others have made use of these transforms for network synthesis. 

There are certain repeated networks having a response to unit- 
function excitation naturally expressed in terms of Laguerre 
functions. Such networks have been studied by Wagner,* 
van der Pol and Bremmer,5 and by the authors (see Section 13.6). | 
In a recent Monograph, Lampard® has described two examples 
of ‘Laguerre function filters’. 


(2) ZEROS OF LAGUERRE FUNCTIONS A,,(x) FOR» = 1,2... 
Table 5 gives the values of the 210 zeros of the Laguerre. 
functions A,(x) for n = 1, 2... 20. They are given to five 
decimal places, but the fifth place should not be regarded as 
reliable, except in the case of the smallest zero for n > 7. 4 
The method of calculation is discussed briefly in Section 13. 1 
Since 


L,(k/n) =1 ante =) — op(— )(Q-;)+ 


we expect at any rate the smaller zeros of L,(x) to differ little 
from those of the Bessel function 


Jo[2/ (nx) ] = Io(21/k) = 1 


ee ee a eee ear 


k k2 k3 
“Cnt ae en 
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Table 1 
LAGUERRE Functions A,(x) 
x =0to 10; n=0to 10 
ea Rox) Aix) a(x) 2300) A4(x) As(x) Ag(x) Aax) Asx) Ao(x) Aro(x) 

0 1-0000 1-:0000 1-0000 1-0000 1:0000 1-0000 1-0000 1-0000 1-0000 1-0000 1-0000 

0-1 0-9512 0-8561 0:-7657 0-6799 0-598 6 0-5215 0-4489 0-380 1 0-3154 0:2544 0-1970 

0-2 0-904 8 0-7238 0:-5610 0-4150 0:2847 00-1692 0-:0672 | —0-0221 | —0:0997 | —0-1665 | —0-2232 

0:3 0-8607 0-602 5 0-3830 0-198 4 0-0450 | —0-0803 | —0-1808 | —0-2592 | —0-3180 | —0-3598 | —0-3865 

0-4 | 0-8187 | 0-4912]| 0-2292] 0-0240 | —0-1323 | —0-2468 | —0-3257 | —0-3747 | —0-3990 | —0-4018 | —0-3883 

O05 0:7788 0-3894 0:0973 | —0:1135 | —0-2575 | —0-3470 | —0-3927 | —0-4037 | —0:3882 | —0-3528 | —0-3033 

0-6 0-7408 0-2963 | —0-0148 | —0-2193 | —0-3397 | —0-3953 | —0-4021 | —0-3735 | —0-3204 | —0-2519 | —0-1751 

0-7 0-7047 0:2114 | —0-1092 | —0-2975 | —0-3866 | —0-4038 | —0-3710 | —0-3058 | —0-2220 | —0-1302 |'—0-0385 
| 0:8 0-6703 0-1341 | —0-1877 | —0-3521 | —0-4051 | —0-3825 | —0-3128 | —0-2173 | —0-1120 | —0-0084 |’ 0-0855 
0-9 0-6376 0:0638 | —0:2519 | —0-3867 | —0:4008 | —0-3400 | —0-2383 | —0-1204 | —0-0038 0-1002 00-1848 
1-0 0-6065 0:0000 | —0:3033 | —0-4043 | —0-3791 | —0-2830 | —0-1558 | —0-0245 0-093 4 0:1879 0:2541 
12 0-548 8 —0:1098 | —0:3732 | —0-3995 | —0-2994 | —0-1475 | —0-0086 0-1410 0-2356 0-2883 0-3012 
\ 1-4 0:4966 | —0-1986 | —0-4072 | —0-3562 | —0-1933 0-008 8 0:1469 O=25i01 0-298 3 0-293 8 0-2487 
| 1-6 0-449 3 —0-2696 | —0:4134 | —0-2888 | —0-0798 OnNI29 0-243 4 0:2996 0-2889 0:2280 00-1367 
i 1:8 0-4066 —0-3253 | —0-3984 | —0-2082 0-0282 0-2072 0:2941 0-2930 0-2262 0-1215 0-005 4 
| 2:0 0:3679 —0:3679 | —0-3679 | —0-1226 0-1226 0-2698 0-3025 0-2441 0-1320 0-0030 | —0-1137 
| PLD 0:3329 —0-3994 | —0:3262 | —0-0382 0-1989 0:3010 0:2757 0:1674 0-0266 | —0-1051 | —0-2004 

2-4 0-3012 —0-4217 | —0-2771 0-041 0 0-2549 0-303 7 0:2229 0:0772 | —0:0734 | —0:1878 | —0:2456 
2°6 0:2725 —0-4361 | —0-2235 0-1119 0-2907 0-2826 0-1534 | —0-0144 | —0-1565 | —0:2376 | —0-2488 
' 2°8 0-2466 —0-4439 | —0:-1677 0-1729 0-3074 0-2428 0:0756 | —0:0979 | —0-2154 | —0:2529 | —0-2158 
i 3-0 0-223 1 —0:4463 | —0-1116 0-223 1 0:3068 0:1897 | —0-:0028 | —0-1665 | —0-2474 | —0-2368 | —0-1562 
35 0-1738 —0-4344 0:0217 0-3005 0:2466 0:0309 | —0-1669 | —0-2530 | —0-2176 | —0-1016 0-038 4 
| 4-0 0-1353 —0-4060 0-1353 0-3158 0-1353 | —0:1173 | —0:2496 | —0-2204 | —0-0846 0:0737 0-1867 
| 4-5 0-1054 | —0-3689 0:2240 0:2833 0:0091 | —0-2185 | —0-2442 | —0-1093 0-:0702 0-1947 0-2191 
| 5-0 0-082 1 —0-3283 0-2873 0-2189 | —0-1060 | —0:2599 | —0-1716 0-0267 0-1835 0:2209 0-1442 
I a5 0:0639 —0-2877 0:3276 0-1372 | —0-1943 | —0:2457 | —0-0634 0:1427 0-2249 0-1605 | +0-0143 
6 0-0498 —0:2489 0-3485 0-0498 | —0-2489 | —0-1892 0-049 8 0-2119 0-1949 0-0498 | —0-1107 
¥ 0-0302 —0-1812 0-:3473 | —0-1107 | —0-2604 | —0-0156 0:2066 0-1905 0:0097 | —0-1586 | —0-1990 
| 8 0-0183 —0-1282 0:3114 | —0-2259 | —0-1770 0:1453 0:2202 0:0327 | —0-1640 | —0-1931 | —0-0648 
\ ¥) 0-011 1 —0-0889 0:2611 | —0-2888 | —0-0514 O-231i1 0-1198 | —0-1296 | —0-2020 | —0-0644 0-1174 
| 10 0-0067 —0-0606 0-2089 | —0-3077 0-0741 0-2313 | —0-0232 | —0:2082 | —0-1098 0:0997 0-188 6 
| \ 

The first eight zeros of (7) occur when (6) Notation of van der Pol, Madelung, et al. 
1 k=nx=1-4458, 7-6178, 18-7217, 34-7600, 55-7332, L(x) = yr pas S= BJS es (Sica Des wos (e=Fur) 0) 
n 
. 81-6408, 112-4834 and 148-2607 . (8) s=0 (1 — s)! dxn 
¢ J ; ; so that the polynomial L,(x) given by (10) is n! times our L,(x) 
_ and by comparing (8) for various n with the tabulated zeros of : a n@) & 9.00) e 
| given by (2). 
L,(x), we find that the correspondence between Laguerre and Nott £ Wj 3 
| Bessel zeros is remarkably close unless we are considering (©) Notation of Wiener. 
| i n ! 
| Laguerre zeros of relatively large modulus for the order (value L(x) = 2 ¥ ( ase ae ya (2)! (11) 
s=0 ie oe 


| of n) under discussion. The zeros can be used to determine an 
expansion of a function by means of a Laguerre-function series; 
this is discussed more fully below. A profile diagram showing 
the general behaviour of Laguerre functions of order not 
| exceeding 10 is given in Fig. 1. 


(3) NOTATIONS AND DEFINITIONS 
The following notations for and definitions of the Laguerre 
polynomial are or have been in use in the literature: 
(a) Laguerre’s original notation.’ 


¥ n(n — 1)2. 


s=0 


.. (s+ 1)2 
xs 


f,2) = ‘C=eOn 


(9) 


so that L,,(x) given by (11) is, according to our definition (1), 
(—1)"V/2A,(2x) 
and is thus a Laguerre function, not a polynomial. . 
(d) Notation of Wagner, Tricomi, Doetsch, MacLachlan, et al., 
which is the notation here adopted. 
ex dn 
es 
n! dxn 


n n! 
SG taylan 


lsd 
ae fies 2 rae) LE amt 
n! ( 1) ‘ a2) 
the last member of (12) being a confluent hypergeometric func- 
tion. This is the same as (2), and the definition (1) of the Laguerre 
function is also used by these authors. 


* This function is attributed to Kummer by some writers, with a different notation. 
Abel’s polynomial, designated ®(x) by French writers, also coincides with the definition 
here adopted for L,,(x). 


L,@) 


(e—*x") 


Fynsk at 
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Table 2 
LAGUERRE FUNCTIONS A,,(x) 
x'= O'to 10; w= 11 to:20 
x Au) Ar2(x) A13(x) Ara(x) Asx) A16(x) a7) Ais(x) Aro(x) A20(x) 
0 1-0000 1-0000 1:0000 1-0000 1:0000 1-0000 1-0000 1-0000 1-0000 
0-1 0:1416 0:0907 0:0430 —0-0016 —0:0432 —0-0819 —0:1179 —0-1512 —0-1820 —0-2103 
0-2 —0-2707 —0-3098 —0-3411 —0:3653 —0-3830 —0-3948 —0-4012 —0-4029 —0-4002 —0- 
0:3 —0-4003 —0-4029 —0-3960 —0-3811 —0-3596 —0:3327 —0-3015 —0-2671 —0-2302 —0- 
0:4 —0-3643 —0-3285 —0:2854 —0:2372 —0-1859 —0-1332 —0-0804 —0-0288 0-0207 0: 
0-5 —0-2445 —0-1804 —0-1143 —0-0489 0:0138 0:0722 0:1250 0-1714 0:2108 0: 
0-6 —0-0957 —0-0182 0-0542 0-1191 0-1750 0-2207 0-2560 0-2808 0:2954 0- 
0-7 0-047 3 0-1232 00-1867 0:2362 0:2715 0-292 6 0-3005 00-2963 0; 2813 0: 
0:8 0-1646 0:2262 0-269 1 0-293 6 0:3007 0:2924 0-2709 0-2384 0+1977 0- & 
0:9 0:2467 0:2849 0-3004 0:2955 0-273 1 0-2369 0-1902 0-1366 0:0793 0- & 
1:0 0-2912 0-3010 0:2868 Oe2532z 0-2049 0:-1469 0-083 6 0:0192 —0-0428 —0: 
1-2 0-2800 0:2326 00-1673 0-092 4 0:0151 —0-0585 —0-1237 —0-1770 —0:2163 —0: ‘ 
1-4 0-1760 0-088 8 —0-0012 —0-0847 —0-1547 —0-2068 —0-2388 —0-2504 —0-2430 —0- 
1:6 0:0338 —0-0650 —0-1482 —0-2085 —0-2426 —0-2503 —0-2339 —0-1977 —0-1468 —0- 2 
1:8 —0-1010 —0-1834 —0:2341 —Q-2510 —0:-2367 —0-1967 —0-1382 —0-0691 0-0029 0- 
2-0 —0-1991 —0-2442 —0-2483 —0-2166 —0-1581 —0-:0835 —0-:0035 0:0724 00-1368 0: 
2°2 —0-2471 —0-2445 —0-2008 —0-1286 —0:0424 0-044 3 0-1201 0-1770 0:2105 0: 
2°4 —0-2446 —0-1947 —0:1128 —0-0173 0:0745 0-1495 0-1989 0-2191 0-2105 0: 
2:6 —0-2002 —0:-1123 —0-008 7 0-089 2 0-1650 0-209 3 0:2190 0-1965 00-1483 0- bs 
2°8 —0-1272 —0-0162 0-089 7 0-1701 0:2134 0:2166 0:-1840 0-1246 0-0499 —0-0280 
3-0 —0-0403 0:0759 0:1658 0:2136 0:2156 0-1770 0-1095 0:0274 —0-0546 —0- 
30D 0-1535 0:2142 0:2125 0-1579 0-0700 —0-:0276 —0-1139 —0:1732 —0-1975 —0: 
4-0 022215 0:1796 0:0857 —0:0260 | —0-1233 —0:1837 —0-1974 —0:-1664 —0:1020 —0:0204 
4-5 0-1517 0:0330 —0:0880 —0-1721 —0-1989 —0-1681 —0-0946 —0-0016 0:0870 : 
5-0 0-008 8 —0-1189 —0:1911 —0-1899 —0:1254 —0-0258 0-0755 0-1502 0-1815 
325) —0-1258 —0-1966 —0-1787 —0-0919 0-0228 0:1225 0:1767 0-1739 0-1209 
6 —0:1962 —0:1765 —0-0768 0-048 6 0:1463 0-1829 0-1529 0-0736 —0-0248 —0- 
_. —0-1091 0:0369 0:1519 0-1826 0-1261 0-0180 —0-0912 —0-1589 —0-1644 —0- 
8 0-0990 0:1831 0:1481 0-0310 —0-0949 —0:1654 —0-1540 —0:0747 0-0318 : 
9 00-1867 0-1101 —0-0368 —0-1495 —0:1651 —0-0868 0-0328 0-1294 00-1596 0- 
10 0-0979 —0-0667 —0:1674 | —0-1413 —0-0228 0-1026 0-1603 0-1257 0-0267 —0-0806 


(4) ORTHONORMAL PROPERTIES 
Henceforward we shall only use the notation of (1), (2) and 


(12). The Laguerre functions have orthonormal properties 
ma 0; (m#n) 
| NGO Gee (13) 
J 1; =n) 


Now suppose that we have a function f(x) of x which is 
negligible for x > xg; let us attempt to express it as a Laguerre 
series 


N 
f(x) = 8D aA (kx) (14) 
s=0 
‘where p, k are real but otherwise arbitrary. 
- We then find, by using (13), 
= k| Ef (x)A(kx)dx . (15) 


0 


Now (14) will not be a satisfactory representation unless 
p< 4k, for if > 4k, the right-hand side of (14) is large for 
large x, contrary to the hypothesis f(x) is negligible for x > Xp. 
Again, if  < — 4k, the expression e~»*A,(kx) would contain 
an exponential with positive exponent which could prevent us 
from justifiably replacing the upper limit of integration in (15) 
by xo. Hence in the absence of further information about the 


behaviour of f(x) for x > x9 it is inconvenient to take jz, k except 
in such a way that —4k < w< 4k. If the approximation (14) 
is to be useful it is clearly desirable that «, should be negligible 
when s exceeds a reasonably small value so if w, k can be chosen — 


suitably. If this can be done, the effective value of N in (14) 
iS So, otherwise the right-hand side of (14) is an infinite series. 
The proper choice of pz, k is discussed below for the case when ~ 
F(@®) is given graphically and in Section 13.3 when f(x) is of © 


the form 
f(x) = LA,e-%x (16) 


where the A’s and «’s may be real or may form complex conjugate 
pairs. 
If we know that f(x) can be expressed in the form 


I) = z a(kx)se~ 1/2kx]51 


c— 


(17)* 


then (67) shows that 
ot n n n s(s oad 1) 

f= (> a, \Ao(kx) = (3 set, )Ai(kx) a ips 4 x, aka) 
=e + pt oe 


+ (—1ree,A(kx) . (18) 


* Throughout the paper, an expression of the form e—1/24« is to be interpreted as 
e—ke/2 not e—1/(2k=), 
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Table 3 
LAGUERRE FUNCTIONS A,(x) 
x = 11 to 100; n = 0 to 10 
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Table 4 
LAGUERRE FUNCTIONS A,,(x) 


x = 11 to 100: n = 11 to 20 


Sx 10s 
1-4x 10-4 
0x 10-10 |—6 
5x 10-11|—7 
9x 10—12|—8 
2x10 


© 00 co 
Ata 
rns 
oOunew 
TTF 


ISG, 
—14) 6 


2x 10-11) 5 
2x 10-12) 5 


=0-295:6 
—0°2652 
3) 
0 
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—0:1863 
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alex 105 
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: ee: (e 
In practice, however, we. may not know & and the «, initially. _ 


+ ‘ ; 
g x The following procedure is suggested when we know /(x) as a . 
S 4 function of x (graphically or otherwise) at a number of points ~ 
ae in the interval (0, x9), and we also know that | aff (x)| is negligible — j 
~f co fi j 
S ac Or X > Xo. 
= o= > 5 p A ‘ 
3 rag The nature of the particular problem will give us a sufficient t 
cha) idea of the maximum number N of terms of a Laguerre series 
4, aan that is justified by the accuracy of the data. We then choose k — 
= QSe 
3 Sue so that for x > X9, r< N—1, |A,(kx)| < 10-4. The Tables of — 
ARS A,(x) enable us to determine kx as follows: . 
: 
P LESS 
3 Bria N 17 | 16) 15} 14} 13} 12] 11 wl9|s)7{o|s|4|s A 
. er * 
Moto rare al ia bara | o 
atts , 
Seow kxo | 100 | 95 | 90 | 85 | 80 | 75 | 70 | 70 | 65 | 60 | 55 | 50 | 45 36 7 
—rhoat ' 
2 =4=— NM 
rs certo | ] 
8 ae, ; ‘ . F q 
nese Then, by graphical or other interpolation, we determine the 
a values of f when x = «,,/k (r = 1, 2. erat) yp being, as in the 
4 SB SSgre Table of Zeros, the rth zero of Ay(x) in ascending order. If re 
; 8 SSRSs 3 
; S skSSs N-1 og 
co SK Oyranan 7 
-~ tOMNA Sf) c= De bA (kx) ° e . . . (19) % 
on Or-OoO So y 
ow rrNor 4 
= CO Me DO— F P 3 
3 oi ABLES we then have to solve the simultaneous equations 
$B SHARK 
Sin Sabzz BA 2 k 20) 
: eee cacee Eben) =SEndk) «2 + 
) = u is 
3 Dee eh SON . 
Fin ARAda These equations have an explicit solution i 
Z CBS LELAB ; 
fe) = DAoam noone N « k/)ALx + 
aa: 2BR8 EESSS | 5, = 5 ee. ae 
zZ Bake Sasot a1 N2)R ex) + 
fy, q REAES 2aaas in which the coefficients 
= Cce4umno ona t+ 
in 3 SISSE LBSSe d.(on,)/N2A%,_(cen,) (22) 
2 MROANS anont LANE np. N—1S& Nr. 2 ae ; 
2s OS Chos ; q ; 
eS © R RSSSSF BISBEE canbe worked out in advance for various values of N, as suggested 
= g = So tatty =nMNOe# c : ee 5 
3 S AaSes Sens in Reference 8. The relations between quantities Alone ; 
_ Q VQaqwo oman A,(«y,) are discussed more fully (without proof) in Section 13.2. 
(eo) Ro ONOH-QH amamo 
2 a Yo wosoce Tanase 
ets an Saas coerce (5) DIFFERENTIATION 
N Re CeeEe SSS It can be shown directly from (2) and the recurrence relation (4) 
SRS SOR SSS = for polynomials L, instead of functions A,, that 
3 SS aSSLg SSasa 
2 Poe AE By OAs ore ais 
RD BOSS QOS Liaw) =— yy bed ye ey See ees 
AeQe Mrota wHMIN|® s=0 y 
roNnr~ AM AD (ofhe ol aed 4 
5 SSSo Sales 5822 
: Ree ‘one as, and xL;(x) = a[L,@) — L,1@)] = — 2] L,1@dé 238) 
MONDANH AMEMM A-O-A 0 
. eens agana SSIES It follows from (23a) that 
3 aReHS BEASS SEARS d nea 
RRS AS ON ahaa Str ——[evL,@)] = e* oL.@—->}L@&|. . Ae 
2 See ARGHS SRS¥R ne ee . 
2 [x Wal oc Ltt 9 2 z 
3 $ Bess SARaS FASSe and in the particular case for which a = — 4 we have 
| a DAoron ng¢tam maman ; ; 
ee 
Se SB8SS IKSSR ARSE VO) =-1W,0)-PAG) .. - Ge 
o nn wo on =m D Horror 
s Se ESSE S2ESR SESEE Bes 
ar _ovyos oda ae The results (23a), (23b), (24) and (25) are valid for all values 
TAM TOATH ONoOTO wWOwonwon . . . : 
2 ROS Akane EAeSen —noems of x, and are to be distinguished from the results given below 
3 ADNAN HDONSS Soe soo . 
ST CMA Kel a POSS SENS in (28), (29) and (30). 
TN ANNAN Soren mS 2 . . 
tee YSege gezse Sale The orthonormal properties of A,,(x) are restricted to the range 
g | SoS Seana gresa aeara 0<x<o. Particular interest therefore attaches to the 
* hina Wanted maths meat yan SN Se discontinuous functions, L,(x)H(x), A,(~)H(x), where H(x) is 
MNAme wR OOO COCOCoOC cooose Alc . « 
i SQ2n9 Keays seone the Heaviside unit function defined as 
é QLLSVSShae Seen eweSeen 
SL UB2IS NRA Aasaavececen es 0: aeRO 
girs runing es ke : ; 
oooo 60005 SoS000 SOo000 H(x) ite 4; x=0 Ae ie ae 
Me esta saab dls Cas of bois Goch Sa | ly ee 


~ 


| 
| we note that H’(x) is the Dirac delta function 6(x). We obtain, 
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Fig. 1.—March of the Laguerre functions of orders 1 to 10. 


In the differentiation of the discontinuous function L,(x)H(x) 


using (23a), 
n—1 
lL] = 8) — HU) ZL) . . en 


As stated later, d(x) [expressions (63) and (68)] may be 


‘\expanded as an infinite series of Laguerre functions or poly- 


nomials. The counterpart of expression (23a) thus becomes 


d ee) 
lb @H@)] = HO) Y LG) 


s=n 


(28) 


‘jin the discontinuous case. 


Corresponding to (24), we have 


£ [e*L,CHQ)] = e%*H(x) Eze + p Lo) (29) 


and from (29), when « = — 4, we obtain, corresponding to (25), 


Puede] = HE] R09 + F400] Go 
It should be noted that (29) and (30), like (28), imply the 
presence of a delta function when x = 0. 
In the four following derivatives, valid for x > 0, the factor 
H(x) may be dropped, since the expressions of which the derivative 
is considered vanish at x = 0. 


EDO) —Ay1@)] = FDO) + nO]. GD 
e122) — yO] = eA, WG). BD 
A fell) — hy iC)]} = 212A). . G3) 
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21,0] = HO + Dy) 44,0) — a0] G4) 


The derivative of 4,,(x) with regard to the order n can also be 
found by operational calculus. The result is 


d sinh x — &) 
yy) = a r wA€) => — Mx 40-8 | dé ° (35a) 
sinh 45 3¢ . (356) 


-- [ene a 


(6) INTEGRATION 


The fundamental equation for integration of Laguerre functions 
is obtained by reversing (31), namely 


| Dy + AuOlé =2P,0) —AG@] . GO 


0 
Remembering that Ag(x) is ¢—1/2x%, we deduce, by repeated 
application of (36), 


i AMEE = 2| (1 +2 . (—1)"4+1A,@.) — 400 (37) 
s=0 
0 


J pe) — 


(32) and (33) can also be reversed to give 


An+s410)] 


(38) 


Font 
(—1yA,,, (O]dé = 2 DD aa 


| e—1128D, (OdE = 12x], (x) —A, 020] . (39) 
0 
| ell22X (E)dE = ell2x[A,(x) — A, Col (40) 
0 
If we make x tend to infinity in (37), we have 
(41) 


| (Ode = 2-1)" 
0 


The orthonormal relation (13) should perhaps be noted again 
here; in particular if m = 0, n ~ 0 it gives 

co. 
| é—12EX (dE = O(n + 0) 
0 
The following definite integrals can be obtained operationally: 


(42) 


ey (« — $py" 
| E- xD, (Bx)dx = Ge + py (43) 
0 
7 anBm = (m+n)! 
| e—1/2+B)xX, (ax)A,(Px)dx = (a a8 pyirtad min! (44) 
0 
& (—1)*(m!)/[(m—n)!n!] m>n 
| fe 12xxmQ (x)dx]/m! = + (— 1)" m=n > (45) 
) 0 m<n 


* The integral in (40) may also be expressed, by means of the convolution Uae 
of the operational calculus, as 


ehize f An—m(x — E)Am(E)dE; m real. 


HEAD AND WILSON: LAGUERRE FUNCTIONS: TABLES AND PROPERTIES 


| An la(t + x)]A,(at)dt 
0 


=e U2 [Ly_ (28) —Ly nC] (n> 1) 


=0 (m<xn) 


(7) RELATIONS BETWEEN LAGUERRE POLYNOMIALS OF © 
- ARGUMENT x AND THOSE OF ARGUMENT kx (k REA } 


AND POSITIVE) 


The following results can easily be oy Oa (see 


Section 9). 
us n 
L,(ka) = ()é (1 — k)-sL,(x) . 
n n 
-L,() = kon k — tyes 
ne) =A") (EY = DPT lhe) 
In particular, when k = 2 


L, (2x) =3- a) 2sL,(x) 


n/n 
L Sl JEN PA) 2 
fe) =2-"H (A) LO0 
(‘) being a binomial coefficient as in (3). 


These results can also be expressed in terms of Laguerre 


functions if an appropriate exponential factor is included on the ~ 


right-hand side. 
A relation also exists between the Pogue functions of positive 


order and negative argument, of negative order and positive 


argument, and the functions A,(x). This is expressed by 


AW —2) = Ang) = & ee 2n—sQ.(x) 


This triple relation enables the present Tables to be extended 


into the negative range of order and argument. 
The Laguerre functions of half-integral order are related to 


the Bessel functions of the first kind, of imaginary argument. ~ 


Thus it can be shown, by operational methods, that 
X_1/2(0) = IpGx) 
a X_ 1/20) aie [I,(4x) = 1,(4x)] 


(52) 


Aja) (53) 


From these two relations we can derive expressions for — 


Nem +1/2)); m=0, 1,2..., in terms. of the above Bessel 
functions, by means of the Laguerre recurrence formula (4). 


(8) ADDITION FORMULAE 
In a similar manner, we can prove 


a ye (NG EY L,(Bx) . (54) 


and since the left-hand side of (54) is symmetrical in «, 8 we 
may exchange «, 8 on the right-hand side to obtain also 


La + B)x = 


L,(ce -+ B)x = as LCi (1+ A) Eats) (55) 


* The authors are indebted to Mr. D. G. Lampard for this formula. 


(46)* 


| 


(47) 


(48) 


(49) 


(50) 


(51) 
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Multiplying (54) by 8” and (55) by «” and adding, we obtain the 
alternative symmetrical formula 


+ BOL, [le + B)x] 


=e m(" Vee + Pys[oL, (Bx) + BL, _,(ox)].(56) 
s=0 s 


(9) EXPANSIONS 

The expansions set forth in the following Table are all obtained 
heuristically; typical examples are discussed fully in Sections 13.4 
and 13.5; further details are in Reference 9. In essence the 
method adopted in deriving these expansions is to make use of 
well-established theorems in modern operational calculus,> and 
of the three principal operational transforms of the Laguerre 
polynomials and functions: 


L,@)H(@) = €1/2+A,(x)H(x) = (1 — 2k (57) 
Pp 
—1/2x Dea 
e12L CHG) = Ay(HG) = marl earen ~ a (58) 
= Stiles ed foe sate) Va 
e-*L, (x(x) = 712A, (xX) (x) = ar) . (59) 
In (57), (58) and (59), we use Humbert’s notation* 
F[p] = F@) 
as an abbreviation for 
Fip| = | €—PXF(x)dx (60) 


0 


F[p] in (60) is the transform of a function F(x) [or rather of 
F(x)H(x)] for the range x > 0; it is manipulated algebraically to 
give an expansion of one of the three forms 


BA(! -5); ek xe ae zo (Sy) 
(61) 


where DEN <atoos Oi< k < 00 


The convergence of the corresponding Laguerre expansions in 
the x domain when N is infinite is in general assured, provided 
that the series in the p domain converge over a range of positive 
real values of p.5-!° The rate of convergence is discussed in 
Section 13.3. 


(10) TABLE OF LAGUERRE EXPANSIONS} 


(10.1) Elementary, Expansions (Range 0 < x < 00) 


= = 3-0") Lx) (Laguerre) (62) 

5(x) = YL) (63) 

‘ H(x) = L(x) (64) 
glx = 23 (DL) (65) 


* Humesert, P.: ‘Le calcul symbolique’ (Herman et Cie, 1934). 
+ In Sections 10. 2, 10. 3 and 10.4 the parameter k, which appears on the right-hand 
sides of the expansions, is arbitrary, real and positive. 
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poke = 3 ee + D-S-IL,0x) (66) 
e- tax = = Dy (= cate )As@) (67) 
80) = S09) . (68) 
H(x) = 23 [ras*) — Arg 4109] (69) 
cos Hx = 2 (—1)5[ag(x) + Agy 1 120)] (70) 
sin 4x =3- 1)s[Aog) — Ag. 4109] (71) 
poke =S Bk + P-S-1A,00) (72) 

(10.2) Delayed Functions (Range € < x < «) 
Sx — 8 = kSMKOA KX) (73) 
HG — 8) = KE AKO) Noh: (74) 

; 

p-e-8)/2 =YAO D.C) — Ayu] (75) 
Ax — =TAO eer onm arty (76) 


(10.3) Circular and Exponential Functions 


cos twx = 2k(k2 + w?)-1/2 zs (—1)°7p,,[A/(K2 + w?)12)A (kx) 
ae i foment OY yi 


sin eux = 2k(K2 + w2)- "2 § (—1)9U 9, , [k[k2 + w2)122]A,(kx) 
s=0 
(78) 
é—1/2kx cos wx a . 
= K(k? + 2)-U2 3 w(k2 + wo) 125, , [of(k2 + w2)12IA (kx) 
s=0 (79)* 
€—1/2kx sin wx is 

= RUE + 2) S ws k-+ bones tarts + w)N2]A (kx) 
See (8O)e 
In (77), (78), (79) and (80) the T’s and U’ s are Chebyshev 

functions, as defined by van der Pol and Weijers,!! namely 


T,.() = cos (n'cos! 3 Us) = sin (2. cos! x) 


(10.4) Bessel Functions of Zero Order 


Jol2V/(ax)] = e-2* = : (F) Lk (81) 
(tan 6 = k tan ) 


Jo(x cot #) = sin 0 3 cos" 0 P.(cos @)L (kx); 
pe (82) 


(tan 0 =.k tan p) 


Jo(x cot wf) = 2 sin OY P,(cos 26)A,(2kx); 
s—0 F 
(83) 


* The authors are indebted to Mr. D. G. Lampard for these two formulae. 
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Tol/(ax)] = 2 ee LA,(ak)A, G) (84) 
I(x) = 23 (DKA (Z) (85) 


2x»/(kaB) 
Jo] nae | 


=o exp| 5 (xt Bye tale s(- KA (ox)A,(Bx) (86) 


Like 


a Be, (coe (2kx) 


(a2 k2j12 


en cae 
0) %72 — Dkr £1 


Jo(ax) = (87) 


3 1 1 — r2 “ee 
= (7 = 2kr + IB exp (5x5 —se a) DPA) 
(88) 
e—& Dx] (x) = e—&— DXA. 1)(2x) ef. (52)] 
= [kk — Da}2 S(T +HAQkO|s! . (89) 
s=0 


Tn (82), (83), (87) and (88) the P’s are Legendre polynomials. 


(10.5) Kelvin Functions of Order Zero 


bei /(2mx) = se 1)°725Lp,(x)/ [2225)!] (90) 
bei 2 (mx) = S-Di s+ D! . OD 
ber ¥/(2mx) = 3) (— Dia L g(a) /22+42s-+1)! (92) 
ber 24/(ax) =3(- 1)*725L 9,(0)/(2s)! _ (93) 


cos « ber 24/(ax) + sin « bei 2\/(ax) = y (—1) &25L,,(x)/(2s)! 
v8 (94) 


"sin « ber 24/(ax) — cos « bei 24/(ax) 


= 3 —1)e2HL, (x25 + 1)! . (5) 


(10.6) Incomplete Gamma Function; Error Integral 


Saar enya a (e-Eéndé)|n! 


n+1 +1 
ee aoe JL, 1) 6) 


=e ZOE -10) — L,)] 
ai O7) 


In (96) and (97), L_,(x) is to be interpreted as ex, and n is an 
integer, but if we now put n = — 4 we can extend (96) to obtain 
a result which can be expressed in the form 


.A/m Jerfs/x = e-* ye + s)L,_1@)/s! (98) 


ym + 1, x) is also known as Prym’s function P(x, 2 + 1). 
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(13) APPENDICES 
(13.1) Calculation of Zeros of A,,(x) for L,,(x)] 


Dividing through the recurrence relation (4) by A,(x), we 
have 


L,, 41) neni) 
L(x) L,@) 


The zeros of L,(x) are all real, distinct and positive, and are 
separated by the zeros of L,_ (x), so the last term of (99) can 
be expressed in partial fractions in the usual way. If «,, is the 
rth zero of L,(x) in ascending order, 


(1+ 1) = (2n + 1— x) — (99) 


ee Ls 100) 
E@) y—1 ny se 


since we can express (100) in the equivalent form 


Meee )=—0 . :- ..-c10l) 


nr Nn “hr- 


which is a special case of (235) with x = «,,,. 
Substitute from (100) into (99), and transpose the partial 
| fraction involving «,, if we seek the zero « We then have 


(sae Oe 


S@ri-y-y—"_. . (109) 


Xap — X s=1%ys 


| where the symbol &’ denotes that the term for which s = r is 
| omitted, and «,;, is the as yet unknown value of x nearest to 
| , Which satisfies (102). If Xo is an approximation to «,.1/,, 
we obtain a second approximation x, by substituting x9 for x 
| on the right-hand side of (102). Repeating the process, we 
| obtain a third approximation x, by substituting x, for x in the 
| right-hand side of (102). If x9 is sufficiently close to «,,, we find 
| that the differences d; = (x; — X9), d) = (x2 — xj), etc., form 
| a geometric progression whose common ratio p is very small 
| when r is small compared to n, but | p| may approach and surpass 
| unity when r is nearly equal to n. Instead of repeating the 
| process with x, substituted for x on the right-hand side of (102), 
/ we substitute 


| CF ge (OK = Xp = X,)* .. . ~ (103) 


| and (103) was usually found to be very close to «,,,,, but 
might have to be regarded as a new Xy occasionally. To obtain 
| a good starting approximation Xp, let s,,, denote the right- 
hand side of (102) when x = a, sony this quantity is necessarily 
| found in the process of determining « Then if r< 4, 
we may start with 


4 ore ppl (Sp_2,r eA 3Sn_t,r ay 35p,,) aa OF) 


based on a quadratic rule for Sgr GF —— 2, —1, 0 and 1). 
If r > 4n, we may start with 


XQ = Cy — Oy I(S,-2, Fg Sy sh 2 “+ 38, yet (105) 


| based on a quadratic rule for s,, 4-44 -1(q = —2, —1, Oand 1). 
| It is preferable to calculate "the zeros in the order 


hn2s + + My 2> “nn a 3 . (106) 


jin this way, leaving %, »1 to be determined from the fact that 
the sum of the «’s for a given n is m2. This is a very sensitive 
‘\check on numerical working, as if there is an error in the calcula- 
‘\tion of the zeros (106), a wrong value of ~,, , _, will be obtained 
hich will not satisfy (102). An additional, but less sensitive, 


\check is that the product of the «’s of a given order is n!. 


n+t,r° 


nl» 


* This formula is due to A. C. Aitken. 


(13.2) Orthogonal and Other Properties of A,(a;.,) 


Consider the recurrence relation (4) between successive 
Laguerre functions, and the associated set of n homogeneous 
symmetrical linear simultaneous equations 


ah Eo 4 Gy = 0) 
Gp = GB x)ej 2S = 0 
— = (107) 
(n— QE 5— Qrn—3—xX)E,o5 +@—DE,, = 0 
(n— 1€, »- Qn-—1—xé, =i0 
It is clear that (107) have a non-zero solution 
&: ie Gy Neco Mey 
=: XoOny) : r (Gap) >. oa Xp —2Cpy) >A, -1( ar) : (108) 


if x = «,,, because A,(«,,) is zero. Moreover, this solution is 
clearly a ‘proper vector’, having the ‘proper value’ «,,, of 
equations (107) with x = 0. 

Now suppose that 


D2 = D2 (Cig,) + ARC) Hoes AZ (Gq,) (109) 


Then it is shown in Reference 12 that the quantities ,(«,,)/D,., 
being the quantities described in that reference as ‘rectified 
modes’, have the orthogonal properties 


nr? 


"FAotg Aen) =O if r ee ws) 
a : (110) 
BM, )/ D2 = 1, EA CA Cnn)! DF =0 (+f) 


r=1 


and multiplying the ith equation of (107) [with €, replaced by 
i,(x) and the last zero replaced by — nA,(x)] by A,(~,,)/D, and 
adding, we can deduce 


n—1 
(Cp, = x) » As(%apAs) a AA, (X)Ay_1(%py) 
aay (111) 


prey pene > NA (XA (ppg 1 Lap) 


resi | D(x a Lap) 
But we also have, by the ordinary rule of partial fractions, 


ROD ve A, (pr) 


112 
Ani) 1 Ni (ay MX Tall OLpp) ( ) 
from which it follows that 
D2 = — 2A, )Ay_1(Snr) Re 10 ES) 
In Section 13.1 it was also stated [see (101)] that 
NS) = — NA, (pr) nr Pi te een me AREA) 
so that D, = N\A, 1( np) | [och !2 eta me dey eet S)) 
(x) n Opp A (ny) 
and See ede ee CLG 
Anh) tI AAy {Cn )(X — ony) : ) 
Now since 
A,X) X,-1@) us 4 
ee ee la |e =— a soy CLD? 
nl) An&) > n(x aa ny) ‘ Y 
we deduce from the recurrence relation (4) that 
An _2(X) a. n  (2n — 1 — &),)Onp (118) 


Ani) ~ 2 n(n a 1)(x ee 


and further relations of this nature are deducible similarly. 
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(13.3) Expansion of a Finite Series of Exponentials in Laguerre 
Functions 


A typical transient motion of an electrical or dynamical system 
(with lumped elements) is of the form 


n 
P(x) =F Aemor (119) 
r=[ 
where the «, have positive real parts if the system is stable, and 
the A. are constants, which may be complex. 

A Laguerre-series approximation to (119) can be obtained by 
using (72) for each term of the right-hand side; (72) is valid for k 
complex with positive real part. For a stable system, the 
coefficients obtained when each term A,e—%* is expressed as a 
Laguerre series with argument 2bx will decrease in geometric 
progression with common ratio (a, — b)/(«, + 6) if the a, are 
distinct, and we are at liberty to choose } so that the convergence 
shall be as rapid as possible. Ward!? suggests that 6 should be 
the geometric mean of the «, (which is easily determined from 
the characteristic equation whose roots are the «,) unless a more 
detailed knowledge of the «, and A, suggests that b should 
mainly. be chosen to obtain rapid convergence for the terms 
associated with large |A,|. If the «, are not distinct, but there 
is an m-fold root «, the corresponding term in (x) will have A, 
replaced by a polynomial in x of degree (m — i), and (72) will 
be replaced by an expression of similar form except that the 
coefficient of A,(bx) will now contain a linear combination of 
the coefficients of « in the binomial expansions of (1 + a)-¥ 
for v =1,2...m. The ultimate convergence of the Laguerre 
series will thus not be affected by the presence of repeated ~,, 
but for a large value of m more terms may be needed before the 
trend towards convergence is established. The method described 
by Ward involves very slow convergence in cases where large A, 
are associated with «, whose real parts are of very different 
orders of magnitude. In such exceptional cases we suggest that 
the contribution of large A, terms to (119) be determined in 
exponential form and subtracted from (x) before a Laguerre 
series is found. 

If all the ~. are known and the case is not exceptional as 
described above, the most rapid convergence is obtained!4 for 
|A,| of the same order of magnitude, by plotting the points «, 


Fig. 2.—The smallest circle C enclosing all the points a,, and the 
coaxal system determined by it. 


on an Argand diagram (as in Fig. 2) and determining the smallest 
circle C which contains them all and has its centre on the real 
axis. If (+ b, 0) are the limiting points (L, L’ in Fig. 2) of the 
coaxal system with the imaginary axis as radical axis which 
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includes C, then the Laguerre series should involve functions of 

argument 2bx. 4 
The values of «, most likely to retard convergence of Laguerre 

series are just those most easily found by Head’s adaptation!> | 


of Lin’s iterative method of solving algebraic equations. If the 
equation whose roots are the x, is written in the form 
X[p] = (p? + Bp? + Bo)... (p? + By) 

+ Kp(p? + yp? + yo)... + y,) =0 (120) 


then for a stable system the f’s and y’s are real and positive and 
separate each other, and they are therefore relatively easy to 
determine. 

A useful starting approximation (p + a) to a factor of the 
left-hand side of (120) can often be obtained as follows: 

For small x, let (p + «9) be one of the factors of 


("1 TT; B(y2 ay B,) wee (yx = B,) (121) : 


2 
(p? + B,) + Pg BG = BED 
and for large x, let (p + 9) be one of the factors of 
ON ie, ae. P (B iG vB =o ) cee (B, tig Y,) 122 
Lia Ky, "1 — Ya =) OE =) Sa 


it being understood that zero factors are omitted from the — 
denominators of (121) and (122). 

Now suppose that p + a is an approximation to a linear 
factor of X[p]. Divide (p + «g) into X, stopping at the linear 
term and obtaining a remainder App + Bo. If Bo/Ay = a, we 
now repeat the process with divisor (p + a), and obtain 
remainder A,p + B,. If a, = B,/Aj, the next divisor of Lin’s 
original process would be p + «,, but we take advantage of the 
fact that in general «, — a and «, — a and similar quantities 
formed by repetition of the process are nearly in geometric | 
progression; the next divisor is [cf. eqn. (103)] 


D+ [3 — c4%2)/(2eey — a9 — &)] 


This process fails for repeated or ‘clustered’ roots, whose 
presence can often be detected with sufficient accuracy for 
determining the circle C in Fig. 2 by performing the ‘h.c.f. 
process’ for X[p] and X’[p]. If a divisor of the ‘h.c.f. 
process’ has abnormally small coefficients, the factors of the 
divisor before are nearly repeated factors of X [p]. 
accurate determination of ‘clustered’ factors of X [p] has been 
discussed by Olver!® and will not be further considered here, 
since it is frequently isolated roots of extreme modulus that 
retard the convergence of Laguerre series. 

Wherever division by (p + «) has been mentioned above with 
a complex, the simplest procedure is to divide by the real 
quadratic factor (p + «)(p + &), & being the conjugate of a, 
until there is a quadratic remainder, and finally to divide the 
quadratic remainder by p + « to obtain the required linear 
remainder. 


(13.4) Derivation of Laguerre Expansions 


The following examples show the derivation of Laguerre 
expansions for functions 
é—*H(x), Hx =z &), d(x rh é) (123) 
The operational transform of e~%*H(x) is given by the known 
relation 


e—- eH (x) > (124) — 


pre 


Thess 
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Now 
Bee... p 
ee 1 Pp 2) — ( — 3)(p — 4 
eee. & +p Hy! 
ea Gates So 
EY ee Dee 
@tpor 2 (eH pa) s Re(r>0} (126) 
Since 
cit ee ee 
‘ad ) Sted ae (127) 
it follows that 
é—%*H(x) = ~~ oe rr s) Dae ae (128) 


Since the expansion in (128) is an identity, we may substitute 
p for «, and € for x. We then obtain 


o-| — — 


mis YAO 0<é<oo (129) 


er 


We recognize e—?& as the operational transform of the ‘delayed 
unit function’, i.e. 


; 
| Hx — 6) = e-# . 


(130) 
Noting that 
AL y)d: 131 
sass) * af (ny (131) 
we obtain hl y)dy (132) 


HO — 5 = TAO 
0 


| By differentiating (132) with regard to x, we further obtain 


(133) 


8 — = SMO - 


(13.5) Heuristic Derivation of a Bessel Generating Function for a 
Laguerre Expansion in Two Variables 


We consider the Laguerre series 


loa) 
Gta, B; x) = e—@+8* § (—A)SL,(ax)L,(Bx) (134) 
5s=0 
and suppose that x is a parameter while «, 8 are operationally 
related to two new variables p, g by the definition integral> 
[analogous to (60)] 


GILP, 9; x= pa | i EP aeG(a, B; x)dadB (135) 
LaOVs “0 


We can regard (135) as the result of performing two opera- 
tional transformations analogous to that defined by (60). In 
one of these transformations « is transformed operationally into 
p and x, q and f are parameters, while in the other B is trans- 
formed into qg.and x, p and « are regarded as parameters. Pro- 
vided that (135) exists, these transformations may be performed 
independently, and the known operational transforms (57), 
- (58) and (59) can be applied (with « for x, or with 6 for x and 


q for p). We thus obtain 
Dp XSthpomg. s+! 
Dirt =) (5 on ea oe) 


Gil, @; I= 3 (—"( 
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From (136), by the purely algebraic process of summing a 
geometric progression, we obtain 


Pq 
Gllp, 9; x]] = 7 
Mee le We ae Br 
PE Se cee) eS ARES D 
1+ 56 kx 
(ee == 
1+k x 1+k 
Dae 1+ 
(22% ee 
ie ra 
(138) 
Now let 
exPl+NG(«, B; x) = K(a, B; x) . (139) 


and suppose that if K(a, 8; x) is substituted for G(«, 8; x) on 
the right-hand side of (135), the left-hand side becomes 


KI[p, g; x]]. Then, applying the exponential shift theorem to 
(138), we have 
P 
K . BET Sh 
(Lp, 9; x] PE (140) 


x kx 
nied Sea A spaenint ee hes 
P ‘ol + on 


Now let K[«, g; x] be the function operationally equivalent 
to K[[p, g; x]] when « is transformed into p, and g, x are regarded 
as parameters; K[«,q; x] is (in this case) also operationally 
equivalent to K(«, 8; x) when g is transformed into B, and «, 
x are regarded as parameters. We thus obtain 

}} (141) 


(142) 


xo jae kx 
1+k d+A)q 
But since we have the known relation 


Jol2V/(rB)] = e-10 


el +4J, ee a (143) 


By purely algebraic manipulation of (143), and substituting for 
K(@, B; x) from (139) and for G(a, 8; x) from (134), we find 


1 
Kla, g; x] = ieee a {- 


(141) becomes 
K(a, B; x) = 


1 
LS ks 


Jo ae |- =(1 + Bem SUE IVE MeL B 
3 | ‘ie, ak CLAY 
If k = 1, we deduce 


Jo[xv/(oeB)] = 2 LG 1)A, (ccx)A,(Bx) (145) 


and if in (144) we substitute (—k) for k, 


iE ave | = (1—beko+@x/-b x kSL,,(oex)L,(Bx) (146) 
iy s=0 


(13.6) Time Response of Repeated Bilinear Networks expressed 
in Laguerre Expansions: Preferred Excitation 


Certain classes of repeated passive networks* have a transfer 


function of the form 
ap + by" 
(3 =I i) 


where a, b, c, dare real (c, d+ 0), and n is the number of sections. 
The transfer function of a single section is a bilinear function of p. 


(147) 


* Usually lattice (including all-pass) networks. 
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This expression may be expanded in the alternative forms 


(ae a 
cp+d/) 
3), OG) (a) (480 
s= Pies 
be +ad be — ad\s p—* i 
ro cd ye Cre ‘Ga ene as 
L Cc 


To the expansion (148a) corresponds [from (59)] the time series 


eal Nas EAS: ny sad 
Bra ae! Nha) laa) pare 
which is the time response} of the repeated network to impressed 
excitation H(?). 


Now suppose that we postulate, instead of H(/), an exciting 
function of the operational form 


ty Aes iC 1) H(O* (149) 


r 


peat = exp (— 
c 


<r) vi iC ‘A 701, ee 


The response to this excitation, associated with the transfer 
function expanded in (148a), is then given by 


ele, Sif ae 
OY SOG-9 (2 
<o0(-£)0Y 8 


(150) 


rts 


al 1) dee a(St)HO 


(151) 


(;) 


* In this summation ,_ (Se ) is to be interpreted [from (51)] as exp (Si t). 


+ Here we relate a function of p, F[p] to a function of t, F(t) by means of (60), with 
x replaced by 1. 
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ee 
Alternatively consider an exciting function, applied to (1485), AY | 
of the form 


d |r 
Pp ¢ 


- (152) 
p+- 


= 1,(2£1) EG) ae 
jeer i 

The time response is obtained in this case by interpreting the 
product of the left-hand side of (152) and (1485); it is 


SCPE Sr ( (ESM (ale 059 | 


It will be observed, in both these cases, that the excitations (150) 
and (152), which involve Laguerre functions of order r, lead to 
time responses (151) and (153) which are finite Laguerre series. 
If r is changed to (r + 4), all the Laguerre functions involved 
in (151) and (153) have their orders increased by k, and the series 

are otherwise unchanged. This suggests that the excitations 

(150) and (152) are natural to the network; it is therefore appro- 

priate to call them ‘preferred excitations’. The simplest preferred © 
excitations in these two cases are those for which r= 0. For 

(1482), from (150) this corresponds to 


H(t) = exp (= on 14(21) H(t) 


and for (1484), from (152), it is 


exp ie “) H(t) = Ao (282), 


If an arbitrary exciting function F()MH(@ can be expanded as 
a finite or infinite series of the preferred functions, the time 
response to this excitation can be obtained immediately. Thus 
for (148a) we need to expand F(f)H(f) in the form 


F()H(4) = exp kiss x) 5 2A M(S t) 


while for (1485) we need to expand eee in the Laguerre 
function series 


(154) 


N d 
FOHO = > BA, (221) (155) 


and the corresponding time response is also a series of Laguerre 
functions. M and N may be finite or infinite. 
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SUMMARY 

The hypothesis that the magnetic energy of a current circuit is the 
kinetic energy of the effective conduction electrons, developed in a 
previous Monograph,! is applied to the case of a conducting sphere 
| without resistivity in a uniform magnetic field. A surface current is 
induced which prevents the growth of a magnetic field within the 
| sphere, and expressions are found for the number and velocity of 
effective conduction electrons which carry the current. It is found 
that these electrons are in stable radial equilibrium, moving in circular 
orbits under the action of magnetic forces. 

The well-known Meissner effect in pure superconductors is shown to 
be an expected rather than an unexpected phenomenon, since its 
absence would require, under certain conditions, a supercurrent lacking 
| equilibrium. 

. The theory is shown to lead, by means of a simple assumption, to 
| the basic equations of the London theory of superconductivity, but 
with a different interpretation of the velocity parameter. Finally, the 
inertial supercurrent and magnetic field which should be produced by 
the steady rotation of a superconducting sphere, as deduced by the 
new theory, are shown to be exactly the same as those forecast by the 
} London theory, 


LIST OF SYMBOLS 


(Rationalized M.K.S. units) 


A, A = Vector potential, webers/m. 
B, B = Magnetic flux density, webers/m2. 
C = A constant. 
| e = Electronic charge (a negative quantity), coulombs. 
| E, E = Electric field intensity, volts/m. 
J, F = Force, newtons. 
H, H = Magnetic field intensity, AT/m. 
I = Electric current, amp. 
J, J = Electric current density, amp/m7?. 
| j, = Electric current surface density, amp/m. 
| L = Self-inductance, henrys. 
| L,, = Mutual inductance, henrys. 
| / = Length of circuit, m. 
\ m = Effective mass of conduction electron, kg. 
M = Mass, kg. 
. MM = Magnetic moment, newton-m2/amp. 
| n = Number of effective conduction electrons in surface 
| current on sphere, or the number of superconducting 
electrons per unit volume (London theory). 
p = Perpendicular distance of point on surface of sphere, 
or in surface layer of current, from the axis, m. 
P; = Momentum of superconducting electrons, London 
theory. 
R = Radius of sphere, m. 
r = Radial distance of point from centre of sphere, m. 
_ r = Resistivity, ohm-m. 
i Time secs 
W, w = Energy, joules. 
v,v = Velocity of effective conduction electrons, m/sec. 


Correspondence on Monographs is invited for consideration with a view to 
| publication. aes: : Braet 
Professor Cullwick is Watson-Watt Professor of Electrical Engineering, St. Andrews 


University (Queen’s College, Dundee). 
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Vs» Vy = Velocity of superconducting electrons, London theory, 
m/sec. 
6 = Angle. 
Lo = Primary magnetic constant, 
weber/amp-m. 
p = Linear density of effective conduction charge in fila- 
mentary circuit, coulombs/m. 
p; = Surface density of effective conduction charge on 
sphere, coulombs/m2. 
® = Linking magnetic flux, webers. 
¢ = Electrostatic potential, volts. 
% = Multi-valued scalar potential function, webers. 
A. = Constant in London theory, m/ne2. 
X = Superpotential, London theory. 
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(1) INTRODUCTION 

In a previous Monograph! the consequences of the hypothesis 
that the magnetic energy is the kinetic energy of the effective 
conduction electrons, in a current circuit, were developed. It 
was shown that the hypothesis enables electron-inertia effects in 
closed conducting circuits to be included in electromagnetic 
theory, and that the inconsistency of conventional theory with 
these effects is due to the original view of Maxwell that the 
carriers of an electric current in a conductor do not possess 
inertia. It was suggested that the hypothesis might lead to a 
consistent macroscopic theory of superconductors. 

If a steady or quasi-steady conduction current is due to the 
motion of electrons of effective mass m, charge e, and velocity v, 
the basic relation of the hypothesis is 


m 


J Veet Dy AWD BIN Were Men DY ee Lh) 
e 

where A is the vector potential of the current. It follows that if 

the current changes the self-induced electric field in the conductor 


pes 0A mw 
Ss etsy e ot Sane 


so that the self-induced e.m.f. may be regarded as the equivalent 
of the inertial effect of the current. 

If the circuit is such that v has the same value everywhere, 
both across the section of the conductor (which must be con- 
sidered to be filamentary) and around the circuit, the effective 
conduction charge per unit length of wire is given by 


\ 


mil 


(2)! 


ae a3 (3) 
The velocity of the effective conduction electrons is therefore 
v= fi og LI (4)! 
De Woe" 


According to these relations the effective conduction charge in 
a circuit is determined by the geometry of the circuit, and the 
current is carried by a comparatively small number of effective 
electrons moving with a high velocity. 


[441] 


’ 
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It should be noted that eqn. (1) is independent of the conduc- 
tion current density, which for the steady or quasi-steady state is 
given by J =curl H. The equation specifies the available 
velocity or momentum level which may or may not be occupied 
by effective current-carrying electrons. 


(2) MAGNETIC ENERGY OF COUPLED CIRCUITS 
The magnetic energy of two circuits of mutual inductance L,, is 


Wry == AL 2 + LglIn + $121? (5 


— 


and it is clear that the mutual magnetic energy cannot be included 
in the individual kinetic energies of the two currents. Thus, if 
we express W,, as a function of masses and velocities, of the form 


Wr = IMyry + M02 + 3M (6 


— 


the coefficient M,,, is to be regarded as mutual mass or a product 
of inertia and the middle term as mutual kinetic energy. The 
values of M, and M, are the same as when the circuits are 
isolated, and 4M,v} = 41]? is the kinetic energy of the current 
I, acting alone, or the magnetic energy of the component of 
magnetic field due to /;, considered by itself. Thus p and v in 
each circuit are independent of the coupling. If, however, the 
two circuits are joined in series to become a single circuit, then 
M,, +2M,, and M, merge together and p and v have values 
appropriate to the new circuit. A current circuit, considered as 
a single connected dynamical system, must thus be taken as a 
whole when its properties are being determined. 


(3) A CONDUCTING SPHERE WITHOUT RESISTIVITY 
IN A UNIFORM MAGNETIC FIELD 


(3.1) Induced Surface Current 


Consider a solid conducting sphere of zero resistivity placed in 
a uniform magnetic field of flux density By. Since infinite 
current density would entail infinite energy, the basic law of 


conduction E =Jr, when r=0O, gives E=0O; and _ since 
curl E = — 0B/0dt it follows that 
B =a constant (7) 


inside such a conductor. So if the conductor is originally remote 
from external sources, with no current in it, the internal magnetic 
field must always remain zero whatever external field may be 
applied. As Maxwell? pointed out, such a conductor may be 
regarded as being impervious to magnetic flux. 

When the field By is applied to the sphere, therefore, a current 
must be induced which will cause a component of flux 
density, B,, equal and opposite to By inside the sphere, so that 
the resultant field remains zero. This current must be limited 
to the surface, since in the interior 4)J = curl B =0. Hence 

Bi 


; = — By (8) 
inside the sphere. Outside the sphere the resultant field is 
distorted, as shown in Fig. 1. 

Now in order to produce the component of field B, inside the 
sphere, the induced current must be equivalent to a magnetic 
moment per unit volume equal to 3B,; so to find the necessary 
surface current consider a thin slice of the sphere (Fig. 2) per- 
pendicular to Bo, of radius p = R sin 0 and thickness R sin 060 
= po. The width of the surface of the slice is RS@. If the 
surface current density is j,, the current around the periphery of 
the slice is j,Rd0 and its magnetic moment, jo(current)(area), is 


Lois Rp260 (9) 
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Fig. 1.—Sphere of zero resistivity in magnetic field, 


WER 


Fig. 2,—Surface current on sphere of zero resistivity in magnetic field. 


The volume of the slice is 7p360, so that the magnetic moment 
per unit volume is 


R = Mods 


M = Mols ~ sin 6 (10) 
Hols = 3 
We therefore have gaps 5Bs 
and since B, = By without regard to sign 
3B sin 0. oe 
Pe eS 6 1 
ke Phi 5 Ho sin (11) 


The vector potential of j, is circular, concentric with the current. 
At the surface, where /, flows, it is given by 
2mpA, = 7p?Bo 
or A, = 4Bop = 4BoR sin 6 


The velocity of the effective conduction electrons which con- 


(12) 


os 


= 


stitute the surface current can now be obtained. As in the case — 


of two coupled circuits, v will be the same as if B, existed by 
itself; so from eqn. (1) 


= 5(£) BRsin 8 >: ae 


™/ 


Bi 
| 
7 


4 


“sphere. 


CULLWICK: MAGNETIC ENERGY AND ELECTRON INERTIA IN A SUPERCONDUCTING SPHERE 


If the required value of v is greater than that corresponding to 
the maximum energy which an electron can attain, the current 
cannot be generated and the field By wiil penetrate the interior 


| _ of the sphere. 


Let p, be the surface charge density of effective conduction 
electrons; then 


(14) 


The effective conduction charge in the elementary ring of current 
is therefore 


p,27R2 sin 050 . (15) 
and dividing by e the number of effective conduction electrons is 
_ 67m sin 050 (16) 

[ge? 


(3.2) Magnetic Energy of the Surface Current 
The kinetic energy of the effective conduction electrons in the 
elementary ring of current is 


377 R3 B2 


© sin3060 (17) 


4dnmv2 = 
Ho 


. and integrating from 6 = 0 to 6 = = gives the kinetic energy of 


the surface current on the whole sphere as 


Wo. = a R>(HBy) 


m 


(18) 


This should be equal to the volume integral of 4+H,B, for the 
whole of the field B,. The magnetic energy of B, inside the 


sphere is 
W, ==7R irr (ae 3B, yas 


and the magnetic field of j, outside the sphere is the same as 
that of a magnetic dipole of moment +H,R? at the centre of the 
The field at a point r, 0, when r > R, has components 


3 
Aa H,(*) cos 0 


lig ==(- ia sin 0 


Consider an elementary ring of space, concentric with the axis of 
the current, whose position is given by r, 0 and whose cross- 
sectional area is rd06r. The volume of this ring is 27r2 sin 0d06r, 
and the magnetic energy in it has density 


2 7R(HBo) - . (19) 


eee (20) 


dugH? = HR + H2) = Bee (cos? f) +3sin? @) (21) 
The field energy in the ring is therefore 
8W, = ae a (cos? @ sin 6 + : sin? @) d06r . (22) 


and the total external field energy of j, is 


W,= i dW, = 47 R7H,B, = 47R?(HBo) (23) 
The whole of the magnetic field energy of j, is therefore 
W = W, + W2 = 7R3(HBo) (24) 


which is the same as the kinetic energy of the effective conduction 


| electrons, W,,,, as given by eqn. (18). 
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(3.3) Radial Equilibrium of the Conduction Electrons 
The steady surface current j, consists of electrons moving in 
free circular paths of radius p. Since the conductor has no 
resistivity and the macroscopic internal electric field is zero, the 
current can persist only if the electrons move in the required paths 
under the action of magnetic forces. 
The radial force on a conduction electron due to its motion 
through the external component Bo of the magnetic field is 


So = evBo (25) 
but from eqn. (13) eBy = 2mv|p 
2mv2 
so that ,= (26) 


radially inwards. 

To find the force arising from the current j/, itself, i.e. from 
the component of field B,, let the mass of the surface charge per 
unit area, p,, be M. Then the contribution of the elementary 
ring of current to the magnetic energy of j, is equal to its kinetic 
energy, i.e. 


Wn = 4(27pR50)Mv? = mM Rv?pd6 (27) 
The total radial force on the ring of current due to its own field 
is then pepe tt OW hay \yaein ARMIN ON) 


Wu, constant) 


and since /, is to be kept constant in differentiating, we may put 
Mv = C, a constant, so that 


F,= > (aCRvpd6) = 27M Rv250 (29) 


; Pa) eee 
since, from eqn. (13), ——(vp) = 2v. Dividing F, by the area of 


the surface of the ring, 27pR60, we obtain the radial force on a 
charge of mass M, 
_ Mi? 
D 


so that the radial force on a conduction electron, due to the field 
component B,, is 
mv2 


f=— 
Pp 


(30) 


outwards. 
The total radial magnetic force on the electron is therefore 


oie) eat 
P 


inwards, which balances the centrifugal force mw2/p radially 
outwards. The effective conduction electrons constituting the 
surface current are therefore in radial equilibrium. 

Furthermore, this equilibrium is stable. Inside the sphere, up 
to the inner edge of the surface layer of current, B, = — By 
and the mean value of the axial component of B,, inside the 
thin current layer itself, acting on the current is —4Bp since 
the force f, = —4/o. So if an electron deviates slightly inwards 
from its circular path, it moves into a region of greater B, and 
the outward force f, increases, correcting the deviation, while if 
it deviates slightly outwards, f, decreases. 


GBI) 


(4) THE MEISSNER EFFECT 
Consider a solid spherical non-magnetic conductor at a normal 
temperature situated in a uniform constant magnetic field. 
According to conventional electromagnetic theory, no action 
takes place and the magnetic field, regarded macroscopically, is 
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not disturbed by the conductor; this is consistent with experience. 
Suppose now that the sphere is cooled until it becomes super- 
conducting and its resistivity disappears. This reduction of the 
resistivity to zero is the only change which can be recognized 
by conventional macroscopic theory, and again the magnetic 
field should not be disturbed, penetrating the conductor as 
before. If, however, the field is then altered, by eqn. (7) the 
field inside the conductor should remain constant. This con- 
clusion means, in fact, that such a superconductor should be 
able to maintain a steady supercurrent of any value even when 
there is no applied magnetic field, for the latter could be com- 
pletely removed leaving the supercurrent to maintain an internal 
field of the original value. 

Por some 20 years after the discovery of superconductivity by 
Kamerlingh Onnes? in 1911, it was assumed that superconductors 
behave in this manner. Experiments by Meissner and Ochsen- 
feld* in 1933, however, showed that this is not so, at least for pure 
Superconductors. They found that, when a specimen becomes 
superconducting in a constant magnetic field, the normal com- 
ponent of B at the surface of the conductor vanishes, showing 
that the internal field is removed. 

For a pure superconductor in an external magnetic field it 
therefore appears that the internal magnetic field is always zero, 
no matter how the essential state of affairs is reached; i.e. it does 
not matter whether a magnetic field is applied to a conductor 
which is already superconducting, or whether a conductor is 
made superconducting in.an existing magnetic field. In either 
case the cancellation of the applied field within the conductor 
must be due to the generation of a surface ‘supercurrent’ whose 
value is a function of the applied field. However, if the applied 
field is too strong, the generation of the supercurrent fails to 
take place and the field penetrates the conductor. This critical 
field is found to be a function of temperature for a given super- 
conductor, and may possibly depend on other variables as well. 

The discovery of the Meissner effect led to the view that super- 
conductors lie outside the sphere of classical electromagnetic 
theory. If, however, a conductor with zero resistivity is con- 
sidered to be a body in which at least a proportion of the con- 
duction electrons move about, with a range of velocities, in free 
paths without colliding with the lattice of atoms, then it is not 
difficult to obtain a rough picture of how the effect arises. When 
a sphere is at a normal temperature and in a magnetic field, all 
the conduction electrons must suffer collisions after moving 
short distances in the inter-atomic space, so that although the 
forces which they experience owing to their motion in the mag- 
netic field may affect paths between collisions, they do not 
prevent the electrons from having random motions. The 
electrons cannot therefore be sorted out into a steady macroscopic 
current. This would require a steady electromotive force to 
overcome the resistance, and since the applied magnetic field is 
constant, there is no source of such an e.m.f. 

If the conductor is cooled and becomes superconducting at a 
few degrees absolute, the resistance to steady currents disappears 
and an induced surface current can, under certain conditions, 
flow indefinitely. In the transition from the normal to the 
superconducting state we may suppose that a proportion of the 
conduction electrons become completely immune from collisions 
with the lattice and hence can move in free paths through the 
atomic structure. Owing to the applied magnetic field, these 
paths will be curved, and some of the electrons will settle into 
free stationary orbits. They will then form steady currents 
whose magnetomotive force is easily seen to oppose the applied 
field. Fora perfect Meissner effect the cancellation of the internal 
field must be complete and there can be no internal steady curtént, 
since J = curl H=0. Thus some of the free electrons are 
sorted out into an orderly surface current, leaving a field-free 


CULLWICK: MAGNETIC ENERGY AND ELECTRON INERTIA IN A SUPERCONDUCTING SPHERE 


interior in which other ‘superconducting’ electrons move uf 


undisturbed random directions. 

If the Meissner effect takes place, the present theory by, 
eqn. (13) specifies the velocity of the effective conduction electrons — 
in the surface current, but if conditions are such that this velocity 
cannot be attained, the Meissner effect will not occur. It would 
be going beyond the limits of a macroscopic theory, however, 
to attempt to specify any upper limit for the electron velocity, 
since there may be complex processes in the transition whereby 
the energy of an electron may be increased. Moreover, in 


evaluating v from eqn. (13) it should be noted that m, the effective — 


mass per electron, is not known to any degree of certainty. All — 
one can say is that it probably is equal to or greater than the 
accepted rest-mass of a free electron. 
The Meissner effect, therefore, evidently arises from the 
behaviour of electrons in the superconducting state, and thus a 
full physical theory should be sought in quantum electro- 
dynamics rather than in a macroscopic theory. It is, however, 
easy to show that, given a pure superconductor and not too 
strong a magnetic field, the absence of the effect would be incon- _ 
sistent with the present theory. Let us assume that the effect does 
not take place: then no supercurrent is generated and the internal 
field remains constant at the value By. Next, let the applied — 
field be removed, so that, since the field inside the sphere cannot 
change, a supercurrent must be induced which causes an internal 
field B, = By. The values of p, and v will be the same as in 
the previous analysis, except that in Fig. 2 the current will be 
in the opposite direction. 
however, can no longer be in radial equilibrium, for the stabilizing 
inward force, fo, due to the external field is absent. The resultant © 
radial force on a conduction electron is no longer zero but equal 
to 2mv?/p, outwards, and it is evident that a steady current could 
not persist. The only possible stable physical state when By is 


removed is B =O, and since the internal field cannot have © 


changed during the removal of Bo, it follows that B must 
originally have been zero inside the sphere. 


(5) PERFECT CONDUCTORS AND SUPERCONDUCTORS 


The distinction which we make between a perfect conductor 
and a superconductor is different from that usually understood. 
The distinction adopted by workers in superconductivity is that 
a perfect conductor is one in which the resistivity is zero and in 
which a Meissner effect should not be expected to take place, 
i.e. it is based on conventional electromagnetic theory which, 
following Maxwell, ignores electron inertia. We regard a perfect 
conductor, however, as a superconductor in which all conduction 
electrons would be available to form a supercurrent. Such a 
material apparently does not exist, for in practical supercon- 
ductors there are conduction electrons which, under the action 
of high-frequency electromotive forces, form normal currents 
which generate heat. In the case of a steady supercurrent 
E =0, and such normal currents cannot flow, since they are 
‘short-circuited’. 


(6) LONDON EQUATIONS OF SUPERCONDUCTIVITY 


It is of interest to attempt a more detailed study of the surface 
current on the sphere. In the above analysis it appears, in a 
macroscopic sense, as a current sheet of no finite thickness; but 
if we think in terms of electrons moving through the atomic 
structure, it is evident that the sheet must have a finite thickness, 
however small. Within the sheet there must then be a magnetic 
field given by curl H = J, where J is the ordinary current density. 
In the interior of the conductor the field of the supercurrent 
cancels By completely, so that within the current layer itself this 
cancellation will be incomplete. 


The electrons which compose it, | 


4 | 


q 


| 
. 


The vector potential, Ap, of the external uniform field can be 
closen so that it is concentric with the axis of the sphere. Its 
scalar value is then given by 


(32) 
‘in a direction opposed to A,. At the inner edge of the current 


layer complete cancellation of By by B, commences, so A, = }Byp 
jas given by eqn. (12) and the resultant vector potential is 


Ao = +Bop 


A =A) — A, =0 (33) 
| We may evidently write these relations vectorially 
| A, = ae: 
| 
| 
m aT cas, 4 (34) 
Ao ae a Up 


A=A)+ A, =0 

where V, = 3(e/m)Bop. As we enter the current layer from the 
‘interior of the sphere, v will become progressively less than the 
_ value, v,, necessary for complete cancellation; so suppose that 
(35) 
where wv, is some function of the radial distance of the point from 
the inner edge of the layer where v, = 0. It follows that within 


DD et 


the layer 
| A, =v = — Ay — v4 « (36) 
|so that the resultant vector potential is 

A = Ay + A, = — 04 (37) 
i The magnetic field within the layer is 
| B=curlA = — = curl vg : (38) 


In order to obtain an equation describing the distribution of 
‘current through the layer, it is necessary to relate v, to the 
‘current density, J. It is doubtful whether this is rigorously 
possible in a macroscopic theory, but since both quantities are 
| zero at the inner edge of the layer a possible assumption is that 
vq and J are directly proportional. 


M1 


| Tf, therefore, A fe aA U4 (39) 
| where A is some constant for the material, it follows that 

j B=-—AcurlJ (40) 
and thus fod = curl B = — Acurl curl J 

, curl curl J + ne Se (41) 
| 


| The case considered—that of a solid sphere—is an example of 
a ‘singly connected’ superconductor. Ifasupercurrent is induced 
_|in a closed ring, eqn. (37) is not valid without some modification, 
since vg is zero in the interior of the metal and the line integral 
of A around a path inside the metal and passing once round the 
ring must give the linked magnetic flux. Eqn. (37) may be 
extended to cover this case, that of a ‘doubly connected’ super- 
conductor, by taking eqn. (38): 


curl A = — “curl Va 
f m 
whence A=— sua + grad (42) 


where y is a multi-valued potential function similar to the 
multi-valued magnetic potential of a current circuit. The line 
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integral of A taken around an interior path where vz =0 is 
then $ grad ys = Q, the linked magnetic flux. Eqn. (36) must 
also be put in the general form 


A, = =v = — Ag — v4 + grad (43) 
Eqn. (41) is a basic equation of the London theory of super- 
conductivity.5-6 The constant A then has the value 
nm 
Neer oe i) He RR a (la 
aS (44) 
where 7 is the total number of available superconducting electrons 
per unit volume. But v, in eqns. (39) and (42) appears, not as a 
very small fraction of the true electron velocity v, but as the 
true electron velocity itself, denoted in the London theory by 
v,. Eqn. (39) then becomes J = nev, and eqn. (42) appears in 
the form 
(45) 


where p, is the ‘momentum’ of the supercurrent and X is the 
‘superpotential’. Therefore 

op, dv, pts 

=i — ea 

or ot or 
It is supposed that the acceleration of the electrons is produced 
by the resultant electric field, as in the ‘acceleration theory’ of 
Becker, Heller and Sauter,’ so that 


P, = mv, + eA = grad xX 


(46) 


ov, m ov, 


mm =eE and ae = (47) 
Hence, from eqn. (46) 
oA 1 Op 
E=— ee 48 
Ole re OL ®) 
; 0A : 
and since E = — 37 7 grad it follows that 
“ w®, 
haa grad (49) 


where —grad ¢ is the electrostatic component of the electric 
field. The momentum gp, also satisfies the relations 


curlp, =0, divp, =0 (50) 
and is zero for a singly-connected superconductor. 

The regular solutions of eqn. (41) are such that the current 
decreases very rapidly as the distance from the surface, towards 
the interior, increases. Hence this equation is consistent with 
the Meissner effect and at a depth greater than 1/(A/j19) the 
field and current are practically zero. This penetration depth 
is of the order of 10-® to 10~5cm. 

The fallacy in this ‘acceleration’ theory, on which the London 
equations are founded, is that the electromagnetic basis of the 
concept of electronic mass is completely ignored. In the case 
of a single electron in an electric field EF arising from external 
sources, eqn. (47) is valid and is equivalent to 

e(E +E) =0 (51) 
which states that the electron, regarded as a charge of no inertia 
apart from that of its electromagnetic field, moves in such a way 
that the total electromagnetic force acting on it is zero. The 
component E, is the field, averaged over the charged particle, 
induced by its own motion and, for the quasi-stationary state, 
is given by 


1) Dean Say ETE ee) RA EE ENV ETOH (5 2)) 
In the London theory, however, v, is not the random velocity 


of a single electron in an ‘electron gas’, but the velocity at a 
point in the aggregate stream of conduction electrons in their 
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ordered motion, as is obvious from the relation J = nev,. The 
microscopic concept of discrete charged particles can, in fact, 
be replaced in a macroscopic theory by that of the steady flow 
of an electric fluid in which v, is the velocity field. The ratio 
mfe is thus the ratio of electromagnetic mass to charge of the 
aggregate and so, unless m is to be taken as being non-electro- 
magnetic, eqn. (52) applies to the aggregate stream and E£, is 
the macroscopic average self-induced electric field of the changing 
current. Thus if we adhere to this accepted meaning of electronic 
mass, eqn. (47) actually states 
E,=E=E,+E, 
1 

or =I, — zo 
where Ep is the component induced by the external source. 

Now if the density of the magnetic flux linking the current has 
components By from the external source and B, from the super- 
current, neglecting the very small flux within the thin surface 
current layer it follows that 


By + B, =a constant 


d d 
so that ail BdS = — all BodS 
2s p Ed= } Eodl 


which is incompatible with eqn. (53). 

Nevertheless, the London equations describing the super- 
current itself have proved of considerable value as a phenomeno- 
logical, or—in the language of engineering science—an empirical 
theory, in which the aim is merely to find equations, regardless 
of fundamental principles, which describe what actually happens. 
It now appears, however, that more refined measurements of the 
penetration depth in different superconducting metals and with 

_ varying degrees of impurity, such as in the experiments of 
Pippard’.9 and Faber,? indicate that the theory is not altogether 
satisfactory, even from this limited viewpoint. 

In terms of the theory presented in this paper the problem of 
the depth of penetration of a supercurrent is microscopic rather 
than macroscopic, i.e. it is a problem for quantum electro- 
dynamics to see where the superconducting electrons with the 
necessary energy and freedom may be found. 


(53) 


and therefore (54) 


(7) INERTIAL SUPERCURRENT IN A ROTATING SPHERE 


From eqn. (14), when a supercurrent flows in the surface layer 
of a sphere it is due to the motion of a characteristic charge 
whose surface density is uniform over the sphere, being a function 
of m/e and the radius of the sphere. From eqn. (13) it is also 
evident that this surface charge rotates rigidly about the axis. 
Thus, disregarding the composition of this surface charge in 
terms of electrons, we may think of a superconducting sphere as 
_ possessing an extremely thin shell of negative charge, of uniform 
density, having inertia but completely free to rotate about any 
diameter of the sphere without resistance to motion or electro- 
magnetic reactions. If the sphere is in the superconducting state 
with no applied field, this shell can therefore be set in rotation 
only by an electric field induced by external sources. 

Suppose the sphere to be stationary with no applied field, and 
then to be set into uniform rotation about a diameter. The 
spherical shell of negative charge will remain stationary, owing 
to its inertia, and the rotation of the equal and opposite positive 
charge in the surface layer will constitute a surface current, 
causing a magnetic field. “ft 


: 
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Let w be the angular velocity of the sphere. Then the surface | 
current density will be 
m 3w sin 0 . 

Is = Pik 5 aa Ou 


j 
from eqn. (14). The relation between j, and the internal mag-s 
netic field is eres by eqn. (11), so that 


and B= 2u0 (56) 
inside the sphere. It is of interest to note that this is identical 
with the result obtained, by somewhat lengthy analysis, from the 


London theory.!° 


\ 
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SUMMARY 


A study of some additional evidence has been made to determine 
the polarization of radio waves reflected from the ionosphere at 16 kc/s 
over a transmission path 540km long. The ratio between the ampli- 
tudes of the vertical and horizontal electric fields is found to be 


_ appreciably greater than unity, the mean value of the determinations 
| made here being 5. 


(1) INTRODUCTION 

In a previous paper Bain, Bracewell, Straker and Westcott* 
gave figures for the state of polarization of the radio waves 
received at Aberdeen from the transmitter GBR, which radiates 
at 16kc/s from a site near Rugby. The method of measuring 
this quantity was to record the phase and amplitude of the 
received signals on loop aerials in and at right angles to the plane 
of propagation. When the recorded phase and amplitude are 
plotted as polar co-ordinates, the resulting points in either case 
lie on a characteristic curve (the loop-induction locus) produced 
by the variation of the signal during the day. The respective loci 
will have similar shapes if the polarization remains unchanged 
throughout the day. 

Now suppose that the ground wave at the receiving aerial has 
a magnetic vector Hp. Let the normal component of the down- 
coming wave have a magnetic vector H; (at right angles to the 
plane of propagation) and let the magnetic vector of the abnormal 
component be H, (in the plane of propagation). With the 
assumption, for the moment, of a single downcoming wave, the 
resultant horizontal magnetic field components at the receiving 
site are given by 


Hy, =2H,cosi . 
Hy = Hy + 2H, : 


(1) 
(2) 


where H, is in the direction of propagation, Hy is at right angles 


to this direction and 7 is the angle of incidence of the downcoming 


wave at the receiving aerial. 
The shapes of the loci for “Hy and Hy, given in the 


previous paper were roughly similar, and it was deduced that 


|H>|/|H,| = 1, and that H, leads Hy, in phase by 180°. 
A re-examination of the original evidence and a study of some 


| additional data have now been carried out, and it has been 
found that this estimate of the polarization is incorrect. 
| Although both loci show roughly the same total change from 
| night to day conditions, the change takes place more rapidly 
| for H, than for Hy; hence the polarization of the downcoming 
| wave is presumably changing, which is contrary to the assumption 
| op which the previous calculation was based. 
| realized that a very useful opportunity of determining at least the 
| ratio |H>|/|H,| is afforded by the fact that during the period 
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1st April-15th October, approximately, Hy falls to a very low 
value at the times of rapid change of signal in both the morning 
and the evening. This means that the measured values of H, 
at these times are not upset by incorrect loop setting; for even if 
the loop is not adjusted to suppress Hy completely, the undesired 
component of Hy in the nominal value of H, is of negligible 
amplitude. 


(2) RESULTS 


A number of records which can be treated in this way have 
been obtained at Aberdeen during the summer months. Six of 
these records were taken by the process of simultaneous measure- 
ment of phase and amplitude with loops set parallel to and 
perpendicular to the plane of propagation, and another two by 
measurements of radio bearing with manual rotation of a loop 
aerial. To find the polarization from these observations the 
values of 2H, and H.4(=24), cos i) have to be found at the time 
of minimum Hy. Then, if a value for cosi is assumed, the 
ratio | H;|/|H| can be calculated. 

The value of H, can be read off directly as the amplitude of 
the received signal on the loop set at right angles to the plane of 
propagation at the time when Hy, is a minimum. To find 2A, 
at this time from the phase and amplitude records, however, 
requires a knowledge of the ground-wave vector Hp. This can 
be obtained by a method described by Bain et al., and 2H; can 
then be found from the relation 


2H, = Hy — Ho 


A somewhat different procedure is necessary in dealing with 
the radio-bearing results, which were not accompanied by phase 
measurements. Here the value of |Ho| is obtained from 


|Ho| = 2:02| 1] 


where || is now the value at summer noon. This relationship 
can be deduced from the figures given by Bain et al. for the 
amplitude and phase relations between the ground wave, the 
sky wave and the resultant signal at this time. The value of 
|2H,| at minimum Hy can then be derived from 


|24,| = |Hy| — Aol 


an equation which holds at this time as Hp and 2H; are then in 
phase opposition. 

To obtain H, from eqn. (1), cos i has been taken to be 0-29, 
corresponding to an angle of incidence of 73° for the down- 
coming wave and to an apparent height of reflection of about 
75km. The results of the polarization calculations are sum- 
marized in Table 1. 

It is clear that the ratio of |H;|/|H| is much greater than the 
result quoted in the previous paper, the mean of the tabulated 
values being 5. The variability of the results is no doubt largely 
due to inaccuracies in the measurement of H,, which was always 
of very small amplitude at the times in question. 
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Table 1 


MAGNETIC-FIELD COMPONENTS OF GBR AT ABERDEEN AT THE 
TIME OF MINIMUM Hy 
(Note.—The units of field are arbitrary and differ from day 
to day) 


|Hy| 
Use 
6th September, 1949 0509 Wes) SS ee LO Saul 
6th September, 1949 1902 0-5 3-5 | 0-4 2:6 
7th September, 1949 0512 1-4 67990 0"55 ee) 
7th September, 1949 1901 0:2 5°5: |) 0-4 4-0 
3rd May, 1950 ‘ie 0413 0-0 655") [0:5 Siu, 
Ist September, 1950 0436 DAA | 1157, 0°4 8-5 
4th June, 1951 2045 0:02 0:53 | 0-015 | 10-1 
27th June, 1951 2053 0:06 0-65 | 0-03 6:4 


In reaching the above conclusion regarding polarization, the 
presence of only a single downcoming ray has been assumed. 
The figures might therefore be in error if the low value of H, 
obtained could be ascribed to the fortuitous cancellation of two 
or more vectors due to waves of considerable amplitude reflected 
more than once from the ionosphere. However, the phases of 
all components are altering rapidly near the time of minimum 
Hy, and if the low value of H, were due to such cancellation, a 


large abnormal component would appear shortly before and N 
after this time. Since this is contrary to observation, the previous 
conclusion remains valid. A 

The polarization at other times of the summer day is more _ 
difficult to determine. It is found that the radio bearing remains ~ 
sharp and constant during the time when the zenith distance of 
the sun is less than 92°, and this shows that there is then no ~ 
great increase in the H, component. When the zenith distance 
exceeds 98° there is a comparatively large horizontally polarized — 
component; but at such times a considerable part of the signal 
is due to multiple reflections, and the proportion of once-reflected 
wave in this component has not been determined. Similar 
remarks apply to the signal at all times of a winter day. Other 
comments on this question have been given by Bracewell and — 
Bain. * 

\ 


} 
(3) CONCLUSIONS AND ACKNOWLEDGMENTS 

In the downcoming wave at Aberdeen from the station GBR 
the ratio between its vertically and horizontally polarized com- 
ponents is considerably greater than unity, the mean value being 5. — 

The observational work described here was carried out as part ~ 
of the research programme of the Natural Philosophy Depart- 
ment, University of Aberdeen. 

* BRACEWELL, R. N., and BAIN, W. C.: ‘An Explanation of Radio Propagation at 


16 kc/s in Terms of Two Layers below E-Layer’, Journal of Atmospheric and Terrestrial — 
Physics 1952, 2, p. 216. 
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SUMMARY 
The field distribution near the focus of a microwave lens is studied 
both theoretically and experimentally. 
The relation between vector-field diffraction theory and scalar- 


| field diffraction theory is discussed for this particular problem, and 
| it is shown that in the case in question the principal component of the 
' electric field vector can be evaluated with sufficient accuracy from the 
_ scalar theory. 


Measurements of the transverse component of the electric field have 
been made by a perturbation method using a spinning dipole. The 


| experimental results are in good agreement with the theory. 


The often-discussed phase-shift of 180° in the passage of a wave 
through the focal plane is considered in some detail and the related 


| change in wavelength near the focus is verified experimentally. 


LIST OF PRINCIPAL SYMBOLS 


a = A parameter specifying parabolic taper. 
A(S) = Aperture distribution function. 
C(x) = Real part of Fresnel integral. 
E = Electric field vector. 
H = Magnetic field vector. 
k = Phase constant = 27/A. 
n = Distance measured in the direction of the normal to a 
surface. 
n = Unit vector normal to a surface. 
r= Distances: 
S(x) = Imaginary part of Fresnel integral. 
x, y, z = Cartesian co-ordinates. 
a, 8 = Angles related to ray directions. 
e = Permittivity of medium. 
¢ = Scalar wave function. 
ob = g—kr|x, 
A = Wavelength. 
pe = Permeability of the medium. 


(1) INTRODUCTION 
The determination of the field distribution near the focus of 
an incomnig spherical wave has been of interest for many users 
and has received extensive theoretical study. 
In 1834 Airy! derived an expression for the intensity in the 
focal plane produced by a converging spherical wave limited in 
extent by a circular aperture. At that time the electromagnetic 


| theory of light had not been formulated and Airy used the scalar 


wave theory in his calculations. 
Lommel,” in 1886, gave a more general solution which made 


| it possible to calculate the field at points near the focus, but not 
necessarily in the focal plane. 


The occurrence of a phase shift of 180° on the passage of the 
wave through the focal plane was pointed out by Gouy? in 
1890, and he showed that this was associated with an increase 
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in phase velocity near the focus. Several other papers*>>® on 
the same topic appeared at about that time. 

The first attempt to treat the problem as one of electromagnetic 
wave theory was made in 1909 by Debye,’ who used the Hertzian 
vector method. He showed that the vector field could be 
evaluated from one rectangular component of the Hertzian 
vector and so reduced the problem to a scalar diffraction calcula- 
tion. He also showed that the field along the axis could be 
evaluated in terms of Fresnel’s integrals. 

All these investigators treated the problem from the standpoint 
of the optics of visible light, at a time when the intensity distribu- 
tion was of main interest. In microwave optics, intensity, phase 
and polarization are all of interest and can all be measured 
because coherent monochromatic sources are available. The 
longer wavelength compared with that of visible light makes it 
comparatively easy to measure the fine structure of the diffrac- 
tion pattern. It is therefore possible to study experimentally in 
considerable detail the field distribution near a focal point in an 
electromagnetic field, and to compare the results with the theory. 
This has been the objective in the work to be described. 


(2) THEORY OF FOCUSING 

The theory of the field distribution will first be considered. It 
will be necessary to allow for a tapered aperture distribution, and 
consideration must be given to the vector character of the field. 
It has been thought preferable to avoid introducing the Hertzian 
vector, and it has been verified directly in Section 2.3 that the 
scalar theory can be used to calculate. the principal component 
of the electric field vector with sufficient accuracy for the purpose 
in view. 

(2.1) Fundamental Diffraction Theory 


The diffraction theory of physical optics has developed from 
Huygens’s principle. Fresnel first formulated the principle mathe- 
matically, but it was left to Helmholtz to derive a rigorous 
diffraction formula taking the scalar wave equation as a starting- 
point. Helmholtz considered monochromatic waves only; the 
theory for arbitrary time-dependence was developed later by 
Kirchhoff. A completely analogous procedure for the vector 
waye equation derived from Maxwell’s equations of the electro- 
magnetic field has been worked out by Stratton and Chu.8 

It is unnecessary to consider arbitrary time-dependence here, 
but the vector nature of the field must be borne in mind. How- 
ever, the scalar wave theory will be considered first and its 
application to a vector-field problem deferred for treatment later. 

Let ¢ be a scalar wave function which at any point in space 
satisfies the scalar wave equation 


V7p +k?6=0. (1) 


Consider a volume V within an isotropic homogeneous medium 
bounded by a closed surface S (see Fig. 1). If ¢ is continuous 
and has continuous first derivatives within V and on S, it follows 
from Green’s theorem that the value of ¢ at an interior point 
x’, y’, z’ can be expressed as an integral involving ¢ and its 
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Fig. 1.—Volume V enclosed by a surface S and containing the point of 
observation P. 


normal derivative taken over the surface S. The value of i) is 


given by 
Pp) kr 0 re ikr 
Ani LES é5,(— ) jas A) 


where r is the distance from a variable point on S to the fixed 
interior point x’, y’, z’, and n is the distance measured along the 
outward normal to the surface S. 

This is the formula obtained by Helmholtz for the case of 
sinusoidal time variation. A time factor e/©t is assumed in 
eqns. (1) and (2). 

Now assume that the surface S is an opaque screen separating 
a source from the observer. The observer is assumed to be 
inside the volume V, but this does not restrict his position since 
the surface S may be assumed to be closed by a surface of infinite 
extent. If an aperture S; is made in the screen the field will 
penetrate into the region occupied by the observer. To determine 
the intensity and distribution of the field inside V the values of 
¢ and of d¢/dn must be known over the aperture and over the 
observer’s side of the screen. Usually these values are not 
known, but in order to obtain an approximate solution it may 
be assumed that 


(a) On the surface of the screen = 0, d4/dn = 0. 
(6) Over the surface S;, the values of ¢ and d¢/dn are those 


which would exist if no screen were present. 

When these approximations are made the diffracted field may 
be calculated. 

This procedure gives results which are in reasonable agreement 
with experiment, provided that the aperture is large compared 
with the wavelength. For a small aperture the discontinuity 
at the edge of the aperture modifies the diffracted field pro- 
foundly. As the area of the aperture increases, the relative 
importance of the contribution from the edge often decreases, 
and for sufficiently large apertures it may be negligible. Although 
results based on the assumptions are usually satisfactory, they 
are strictly inconsistent with assumption (a), for, by a theorem 
in the theory of functions, if @ and 0¢/dn are zero over any finite 
‘part of S they are zero at all points in the space enclosed by S. 
Moreover, the two assumptions are mutually inconsistent for the 
same reason. Very illuminating discussions of this difficulty have 
been given by Sommerfeld? and Schelkunoff.!9 


(2.2) Application of Scalar Diffraction Theory to the Calculation 
of the Field Distribution near a Focal Point 


In Section 2.1 it has been shown that the wave function f at 
any point P (Fig. 1) can be calculated in terms of the values of 
¢ and d¢/dn on a surface enclosing P. 

This result will be applied to the idealized situation indicated 
in Fig. 2. The volume V containing the point of observation P 
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Fig. 2.—Diffracting screen with incident spherical wave. 


is bounded by a surface S which is conveniently subdivided in 
the following way. S, is a plane surface in the aperture of the 
infinite plane screen, and S, is the opaque portion of this screen. _ 
S; is the surface of a hemisphere of infinite radius with its centre _ 
in the aperture. ‘2 

The incident wave is taken to be a converging spherical wave 
which in the aperture plane has the form 


ik 


¢ = ime Pa. a ee i 

| 

With the notation of Fig. 2 it is easily shown that 5 | 
od _, 1 \eJkR | 

Fy THe eR) es eee a. . OH 


Substituting eqns. (3) and (4) in eqn. (2) and carrying out the 
remaining differentiations, 


eikK(R— i 
wel [0am (elem 


If KR > 1 and kr = 1, which is certainly true in the experi- 
mental work described later, 


ciK(R- 


4nd = al (cos « ++ cos p= (6) 


This is essentially Fresnel’s diffraction formula adapted to the | 
particular problem. | 
It has been assumed in the derivation of eqn. (6) that the — 
incident wave is isotropic. If this is not so, eqn. (6) can be 
modified by a factor A(S) in the integrand, which can be chosen © 
to take into account any distribution of amplitude over the 3 


aperture. The modified formula is therefore } 
eik(R—) | 
4nd = ik A(S) (cos « + cos f) = dS. . (Dm 

S 


| 
i 
In the experiments described later, a rectangular aperture was ; 
used, and it will be convenient to express eqn. (7) in terms of a 4 
Cartesian co-ordinate system. 

Referring to Fig. 3, consider a rectangular aperture defined : 


by |7| < 7, |€| < & in a plane screen. Let Q be a point in 
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Fig. 3.—Rectangular aperture and co-ordinate system. 


‘the aperture plane, having rectangular co-ordinates 7, €, —Ly 
in a co-ordinate system whose origin is at the focal point O, and 
let P be the point of observation, with co-ordinates x, y, z in 
the same co-ordinate system. The distance PQ is given by 


PQ? = 7? = (x — 9)? + — 2 + @ + G? 


| If attention is confined to a region near O, small in comparison 
with the aperture dimensions, the following approximation holds 
good: 
| r?2 ~ R* — xn + y& — 2p) 
R=P+242 
Expanding binomially and again neglecting higher powers of 
(xn + y€ — 2p), we have 


where 


1 
PO 72K Ren + y€ — 20) 
Thus R-re ar ye Zu). 2 BY 
1 - 1 7? ott & 
Also RZ TE mh MOE st”. +69) 


The maximum value of zCp is much greater than the maximum 
value of x7 + yé in the region of interest around the focal point, 
so that, whilst 1/R can be replaced by 1/Cp in the evaluation of 
(xn + yfl)/R, the more accurate equation, eqn. (9), must be 
used in evaluating z¢?/R. When this is done, 


; é & 
Be (ag 


Eqn. (10) will be used in the phase factor e/k—-” jn evaluating 
eqn. (7). However, the amplitude factor in eqn. (7) does not 
need such careful treatment, and it is permissible to replace Rr 
by @ and to put both cos « and cos 8 equal to unity. When 
these substitutions are made in eqn. (7), the following result is 
obtained: 


ae +20 petn0 2 2 
— ‘|: au exp Ee a ;. ye ae int 2) |anae 
(11) 


R-re (10) 


(2.3) Scalar Theory as an Approximation to the Vector 
Electromagnetic-Field Theory 


Before the integration of eqn. (11) is developed its relevance 
to the microwave experiments will be shown by demonstrating 
that it gives a good approximation to the principal component 
E,, of the electric field vector, provided that the distance of the 
point of observation from the axis in the x-direction is small 
in comparison with the axial distance (y between the lens and 
the focal point, and provided that the aperture distribution is 
‘symmetrical. 
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It may be shown8 that if a volume V enclosed by a surface S$ 
contains no charge or current within its interior or on its bound- 
ing surface, the field at an interior point (x, y, z) is given in 
terms of the field vectors E and H on its boundary surface by 

5 


4nE = J [iou(n x Hb — (n x E) X Vb — 0. E)Vib dS 
Ss Soil tak enter ah ad o> 


47H = [[- joe(n x E)s —(n X A) x Vib — (n. HV |dS 
S AS Peon eg (ast) 


where ys = e-/*/r, and n is a unit vector in the direction of the 
outward normal. 

In these expressions the values of E and H cannot be specified 
independently, but must be chosen to satisfy Maxwell’s equations. 
Moreover, they hold only if the vectors E and H are continuous 
and have continuous first derivatives over S (cf. the similar con- 
ditions on ¢ in the scalar case). For diffraction at an aperture 
bounded by a conducting screen, it is necessary to assume a 
distribution of line charges and currents along the boundary to 
satisfy the field equations on passing across the boundary. 

One method of finding a boundary distribution which satisfies 
the field equations has been proposed by Kottler,’ who showed 
that the field at the interior point (x, y, z) is given by 


47E = | [iwn(n x Hy — (n x E) x Vib — (0. EV ibd 
S 


me ViH.dl . (14) 


attaae 


40H = I [— jwe(n x E)xb — (n x H) x Vb — 2. Ved |dS 
S 
1 ” 
jon, ie 


where dl is directed along the boundary contour. 

In these expressions the values of E and H are those in the 
aperture. It is assumed that everywhere else on the surface E 
and H are both zero. 

It may be shown that eqn. (14) is identical with 


VN arty pane 1 
4rE LG Ex )ds + pep VHdl + § WE xd! (16) 


Assume that in the aperture plane 


E=iE, 


17 
H =jH, Soe 


Then eqn. (16) becomes 
Set s= Ea, Ei x dl 
Ee) ay aD Mis yd. +93 i 


4nE = i| (We 
8) 


For this to give E,(x, y, z) identical with the scalar distribution 
it is necessary to show that the contributions of the two line 
integrals are negligible. . 
In the second line integral, i x dl is perpendicular to i, so 
that this integral contributes nothing to the x-component of E. 
In the first, we note that 


ses Gea! 
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where r=i(x — yn) +i — 2 + Mz + Op) 
—jkr ey 

so that (Vib), = oe = \- = a 


or (Vi), = — eae 


r r 


(19) 


since x <r near the focus, by the previous assumption that 
x < (o. In the line integral the only contributions come from 
the sides of the rectangle parallel to the y-axis. 

If attention is confined to symmetrical aperture distributions, 
H,, is an even function of 7. The distance r is also an even 
function of 7 if x is negligible in comparison with r, as has been 

—jkr 
assumed. That al te 
r or 

It follows from eqn. (19) that (Vy), is an odd function of 7. 
Since 7 has the value — 7 on one of the two sides of the rectangle 
concerned and +7 on the other, the resultant line integral 
vanishes. Hence, if terms involving x/r are negligible in com- 
parison with unity, we can write 


ant. = | PCF) - ea) fs 


The right-hand side of this equation is identical with the right- 
hand side of the basic scalar diffraction equation, eqn. (2), and 
hence eqn. (11), derived from eqn. (2), will give a good approxi- 
mation to the x-component of the electric field near the focal 
point if A(1, €) is interpreted as the x-component of the electric 
field in the aperture plane. 

Further analysis shows that the ratio of axial to transverse 
electric field strengths is of the order x/r, and so the field may 
be assumed to be wholly transverse to an accuracy consistent 
with the other approximations made and the accuracy of 
measurement. 


) is an even function of 7. 


(20) 


(2.4) Distribution near the Focus for Two Special Aperture 
Distributions 


Two special cases are now considered: first, a uniform aperture 
distribution, and second, a parabolic variation of amplitude over 
the aperture. 


(2.4.1) Uniform Aperture Distribution. 


For this case let A(y, €) = 1 in eqn. (11); the integrations 
with respect to 7 and & are then separable; thus 


Hollies, ie 7h Gel +3) d 
green it + #5q) |en 


0 


+&o yé zé2 
x f exp Ee -+- io) |ae sn) 
En 0 


This integral can be evaluated by the method devised by 
Lommel.? The result is 


d(P, P’, 2) = Hkoko exp | i( kz sek 4) 


& 2 


X [Ui2(@, v) + 1U3)2(9, P)] 
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In Fig. 4 contours of equal amplitude, derived from eqn. (22), | 
have been plotted. Experimental results have been obtained — 


[o} 
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Fig. 4.—Theoretical intensity contours in x or y axial planes. 


The main feature is the long, narrow, approximately ellipsoidal — 
region of high intensity near the focal point. ‘Side lobes’ in — 
the -transverse plane will be noticed at about 15cm from the iy 
axis. Further simplification is possible if attention is confined | 
to the field in the focal plane or on the axis. 

In the focal plane z = 0, and egn. (21) can be integrated easily. — 
The result is 


Hye Ajno€o sin p. sin p’ 
AR Se 


When x < fy we can write sin 8 ~ x/€o, where @ is the angular — 
deviation off the axis in the xz-plane. ot 


(24) 


sinp _ sin (kno sin 4) 
Pp. Kigsae 


Hence, (25) 
which will be recognized as the radiation pattern of a uniformly ~ 
illuminated equiphase aperture distribution. Expressed in this 
form, the pattern is independent of the focal distance Co. h 

This familiar radiation pattern can be regarded as a special — 
case of the field distribution in the focal plane of a lens system | 
when. the lens is focused at infinity. The problem under dis-— 
cussion is more general because distances greater than the focal — 
distance must be considered in connection with the variation of 
the field along the axis; this case cannot, of course, arise if the 
lens is focused at infinity. 

Eqn. (24) is plotted against p to show the transyerse field 
pattern in the focal plane, in Fig. 7. F 

Consider now the field variation along the axis, with x = y = 0. 


| 


| factor. 
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In this case* eqn. (21) can be expressed in terms of the Fresnel 


integrals C(x) and S(x) defined by 


C(x) + jS(@x) = [ exerar (26) 
0 


Attention will be confined to a square aperture in order to 


simplify the subsequent formulae, i.e. let £9 = 7p. 


The result for q positive is 


¢= we exp (— jk)"| C( *) + i5(/%)] ber27) 


| For q negative, the expression becomes 


$= ‘hex jkarea| c(,[2) — Beye) | . (28) 


, The factors in square brackets in (27) and (28) have equal 
| moduli but opposite phase angles for given values of |q|. 


The variation of phase along the axis can be expressed as the 
sum of a linear phase change due to the term exp (— jkz), 
together with an additional phase change due to the bracketed 
The resultant phase is given by 


@ = — kz + arctan [ sts) 
ei) | 


where g = kzn/ Gs the upper sign is to be taken for q positive, 
the lower sign for g negative. 


(29) 
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Fig. 5.—Variation in 02 with z. 
No = Eo = 60cm 
Co = 372cm 
Ao = 3:20cm 


In Fig. 5 the last term in eqn. (29) is plotted as a function of 
z for a wavelength of 3-2cm. It will be seen that there is a 
change of 180° due to this term as z varies from —oo to +00. 
This is the phase change referred to in Section 1. It will be 
noticed that the major part of the change of phase occurs 
relatively slowly, over a distance of about one hundred wave- 
lengths, and that the phase varies linearly with distance for small 
distances from the focal plane (z = 0). 

If an approximation be made in eqn. (26) by writing e/@/2° 
~ 1 + j(x/2)¢, small-argument approximations are obtained for 
C(x) and S(x), which, when substituted in eqn. (29), yield 


0 ~ — ke - #5) 


The axial wavelenaet A, is therefore greater than the free-space 
wavelength A, the relation being 


A, = A 3 (30) 


i) 


* (21) can also in general be expressed in terms of Fresnel integrals. 


Lommel’ formulation is here used because his solution was the first historically. 
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This increase in axial wavelength near the focus can be inter- 
preted physically in the following way. The field near the focus 
can be regarded as the sum of an infinite number of plane 
waves. Each plane wave is associated with a ray through 
the focus which makes an angle « with the axis such that 
0<«< arctan (/2)yo/%y. The axial wavelength associated 
with a plane wave traveiling at an angle « to the axis is A sec a, 
where A is the wavelength in the direction of propagation of the 
wave. This point of view is often adopted in explaining the 
increased axial wavelength aS in a rectangular waveguide for the 
Ho; mode, which can be regarded as the sum of two plane waves. 

The axial wavelengths associated with the infinite set of plane 
waves range from A to Asec [arc tan (\/2)no/ So], or, to a first 


approximation, from A to dA au 2), 


The resultant axial wavelength must lie somewhere between 
these limits, and from this point of view eqn. (30) is physically 
reasonable. 

The variation of amplitude with z, obtained from eqn. (28) is 
plotted in Fig. 6 for the dimension of aperture and focal distance 
used in the experiment. 
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Fig. 6.—Variation in intensity on axis. 
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(2.4.2) Tapered Aperture Distribution. 
Assume that the aperture distribution is parabolically tapered; 


then 
2 2 
at.) (1 ae.) 
Un) & 
With this functional form the integrations in eqn. (11) are 
again independent. The final result for ¢ is 
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with analogous expressions for J and J. 

Simpler formulae can be obtained for the field in the focal 
plane and on the axis. 

In the focal plane, 
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SCR a =0,5N* 


Fig. 7.—Effect of tapered amplitude in aperture on the focal-plane 
amplitude. 


2 
Taper is of the form (1 = a). 
ig 


In Fig. 7 the function F(p) is plotted against p for a = 4 and, 
for comparison for a = 0, when F(p) reduces to the distribution 
sin p/p associated with a uniform aperture distribution. 

The taper has the effect, well known in aerial design, of 
broadening the main lobe and diminishing the relative intensity 
of the side lobes. 

The effect of the taper on the axial wavelength can be calculated 
directly from eqn. (11) by using the small-argument approxima- 
tion for exp [j(kn?/2€2)z].' The result is 


ean aC . _ 
e 3X1 ga 
It will be observed that this expression reduces to eqn. (30), as it 
should, when a = 0. ; 


(37) 


(3) EXPERIMENTAL PROCEDURE AND RESULTS 

The theoretical results obtained in Section 2 refer to rather 
idealized field patterns. The experimental procedure was 
designed to produce fields as near to these theoretical patterns 
as could be achieved with the apparatus available. 

The field patterns were measured by means of the spinning- 
dipole technique described by Cullen and Parr.!2 The general 
arrangement of the apparatus is shown in Fig. 8. The lens used 
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Fig. 8.—Schematic layout of apparatus. 


was a three-step ‘egg-box’ type with a square aperture 120 
x 120cm. It is two-point corrected for scanning, and was 
designed to produce a parallel beam. Its focal length is 192.cm. 

The transmitting horn was situated at a point twice the focal 
length from one side of the lens, and the field was measured in 
a region approximately the same distance from the other side 
of the lens. The position of the transmitting horn was adjusted 
to give a symmetrical pattern in a plane transverse to the direction 
of propagation near the focus and to give as good an approxima- 
tion to a spherical wavefront as possible. 

The vertical component of the electric field was measured in 
the horizontal median plane. 

The amplitude distribution across the lens aperture was 
measured with a simple crystal probe and is shown in Fig. 9. 
An average curve drawn through these points gives a taper factor, 
a, of about 0:4. The scatter of these points is due to the egg-box 
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Fig. 9.—Aperture distribution measured at the lens surface. 
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structure of the lens and the steps in its profile. The focal-plane 
intensity calculated from this value of taper is shown in Fig. 10, 


together with the experimental points measured in the focal — 
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DISTANCE ACROSS FOCAL PLANE, cM 
Fig. 10.—Focal-plane intensity calculated for a = 0-4. 
Experimental observations are also shown. 


plane. It will be seen that there is close agreement between the 
experimental and theoretical points. The agreement is sur- 
prisingly close when the large fluctuations in amplitude across 
the aperture are borne in mind. 

This insensitiveness of the focal-plane pattern to wide varia- 
tions in the aperture amplitude distribution is closely related to 
the more familiar insensitiveness of radiation patterns of aerials 
to amplitude variation across the radiating aperture. 

The field pattern in the region around the focus was measured, — 
and is shown in Fig. 11, which is drawn in contours of equal 
intensity and lines of equal phase. The intensity contours are 
mostly of the form to be expected. Some of the distortion may 
be due to the rough amplitude distribution across the lens 
aperture and some to the presence of other reflecting objects — 
near the apparatus. 
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Fig. 11.—Contours of equal intensity and equal phase. 


It will be noticed that the deviations from the general form of 
the theoretical contours are most marked in regions of very low 
field strength, where unwanted reflections are more serious and 
accuracy of measurement is less. Detailed agreement cannot be 
expected, because the theoretical contours are drawn for a 
uniform aperture illumination. The labour of computation for 
the tapered illumination is very much greater than for uniform 
illumination, and only focal-plane and axial distributions have 
been studied in detai! for this case. 

The lines of constant phase in Fig. 11 show the change from 
incoming to outgoing waves on passing the focus. This change 
is closely associated with the phase change of 7 through the 
focus referred to earlier. Owing to the changing curvature of 
successive wavefronts, the wavelength along the axis is greater 
than the free-space wavelength. This axial wavelength has been 
calculated from eqn. (37) for A = 3:200cm and a = 0-4, giving 
A, = 3:224cm. This wavelength was measured by observing 
the distance through which the dipole must be moved to produce 
a phase change equivalent to 50 wavelengths. The measured 
value of A, is 3-23 + 0-01 cm, which is in satisfactory agreement 
with the theory. The effect of the taper is very small, the 
theoretical value of A, for a uniform aperture distribution being 
3:228cm. The so-called ‘anomalous phase change’ at the focus 
is, in fact, a smooth change in phase with distance and not a 
sudden jump of 180°. Near the focus it is apparent only in the 
changed axial wavelength to which reference has been made. 

In the transverse plane there is a sharp change in phase near 
the minima of intensity. In the focal plane this phase change 
is 180°. It cannot be measured directly with the apparatus used, 
but may be shown to occur in the following way. 

The dipole is first set at a point A on the axis on one side of 
the focus as shown in Fig. 12, and the phase shifter is adjusted 
to make the galvanometer reading a maximum. The dipole is 
then moved along the axis to a point B on the other side of the 
focus. The number of successive maxima of the galvanometer 
deflection is noted. The dipole is then moved out along a line 
of constant phase to a point C in the first side-lobe. It is then 
moved back along a line CPD parallel to the axis through the 
same number of maxima as before, and is finally brought into 
the axis along a line of constant phase. It is then found that the 
final position, E, of the dipole is further from the focus than the 
first position by one wavelength. Thus, the phase change along 
the straight line EB is 360° greater than the phase change along 
the straight line DC. By symmetry, the phase change EO is 
180° greater than the phase change DP. But the field at E is in 
phase with the field at D, since both points lie on an equiphase 
surface; therefore the field at P is 180° out of phase with the 
field at O. Hence, the theoretically predicted phase change is 
_ verified. 
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Fig. 12,—Diagram of path of dipole, demonstrating phase change in 
the focal plane between main and side lobes. 


(4) CONCLUSIONS 


The theory of the field distribution near the focal point of a 
microwave lens has been considered in some detail. Previous 
work on the problem based on scalar wave-diffraction theory 
has been extended to allow for a tapered aperture illumination, 
and the application of this scalar theory to the calculation of the 
principal component of the electric-field vector in the microwave 
problem has been justified. 

Experimental work has confirmed the theory within the limita- 
tion of the available equipment. Particularly satisfactory agree- 
ment has been found with the theoretically predicted transverse 
field pattern in the focal plane, and with the theoretically pre- 
dicted increase in axial wavelength in the vicinity of the focus. 
The latter effect is related to the so-called ‘anomalous phase 
change’ of 180° on passing through the focus. A phase change 
of 180° between main lobe and first side-lobe in the focal plane 
which the theory predicts has also been verified experimentally. 
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